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Abstract

For the 2-D nonlinear wave equations �u = F(∂u, ∂2u) with initial data (u(0, x), ∂tu(0, x)) =
(εu0(x), εu1(x)), where x = (x1, x2), x0 = t , ∂ = (∂0, ∂1, ∂2), ε > 0 is small enough, u0(x), u1(x) ∈
C∞

0 (R2), and the smooth nonlinearity F(∂u, ∂2u) = O(|∂u|2 + |∂2u|2), when F(∂u, ∂2u) satisfies the 
null conditions, S. Alinhac in [2] shows that the smooth solution u exists globally. The proof relies on 
the compactness of the support of (u0(x), u1(x)). Recently, for a class of quasilinear wave equations 
�u = Nαβμν∂2

αβu∂2
μνu or �u = Aα∂α(|∂tu|2 − |∇u|2) with small and non-compactly supported initial 

data, where Nαβμν and Aα are constants (0 ≤ α, β, μ, ν ≤ 2), when the related null condition hold, the 
authors in [6] prove the global existence of solution u. In this paper, we will prove the global existence 
for the general 2-D null-form wave equations �u = F(∂u, ∂2u) with non-compactly supported initial data. 
The new key ingredient is to establish a class of weighted L∞-L∞ estimates of solution w to the 2-D linear 
wave equation �w = f (t, x) instead of the usual L∞-L2 estimates used in [2], [6] and so on. From this, 
we also get a better time-decay rate for the “good derivatives” of solution u of nonlinear wave equations.
© 2019 Elsevier Inc. All rights reserved.

MSC: 35L05; 35L70

Keywords: Global existence; Null condition; Null-form; Non-compactly supported initial data; Poisson formula; 
Weighted L∞-L∞ estimate

✩ Fei Hou and Huicheng Yin are supported by the NSFC (No. 11571177, No. 11731007).
* Corresponding author.

E-mail addresses: houfeimath@gmail.com (F. Hou), huicheng@nju.edu.cn, 05407@njnu.edu.cn (H. Yin).
https://doi.org/10.1016/j.jde.2019.08.010
0022-0396/© 2019 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2019.08.010
http://www.elsevier.com/locate/jde
mailto:houfeimath@gmail.com
mailto:huicheng@nju.edu.cn
mailto:05407@njnu.edu.cn
https://doi.org/10.1016/j.jde.2019.08.010


JID:YJDEQ AID:9927 /FLA [m1+; v1.303; Prn:26/08/2019; 12:09] P.2 (1-23)

2 F. Hou, H. Yin / J. Differential Equations ••• (••••) •••–•••
1. Introduction

In this paper, we are concerned with the second order nonlinear wave equation in [0, ∞) ×R2:

{
�u = F(∂u, ∂2u),

u(0, x) = u0(x), ∂tu(0, x) = u1(x),
(1.1)

where x = (x1, x2), x0 = t , ∂ = (∂0, ∂1, ∂2), (u0(x), u1(x)) ∈ C∞(R2), and the smooth real non-
linearity F(∂u, ∂2u) = O(|∂u|2 + |∂2u|2). Without loss of generality, one can write F(∂u, ∂2u)

as the following form:

F(∂u, ∂2u) = A
αβ
1 ∂αu∂βu + A

αβγ

2 ∂αu∂βu∂γ u + Fαβ(∂u, ∂2u)∂2
αβu + O(|∂u|4 + |∂2u|4),

where 0 ≤ α, β, γ ≤ 2, Aαβ
1 and Aαβγ

2 are constants, here and throughout the whole paper, Ein-
stein’s summation convention is used. In addition, the smooth functions Fαβ(∂u, ∂2u) are

Fαβ(∂u, ∂2u) = Fβα(∂u, ∂2u)

= A
αβγ

3 ∂γ u + A
αβμν
4 ∂2

μνu + A
αβμν

5 ∂μu∂νu + A
αβγμν

6 ∂γ u∂2
μνu + A

αβγ δμν
7 ∂2

γ δu∂2
μνu,

where 0 ≤ α, β, γ, μ, ν, δ ≤ 2, and Aαβ···
l are constants for l = 3, 4, · · · , 7.

We call the nonlinearity F(∂u, ∂2u) fulfills the null-form, which means that Al(ω̃) ≡ 0 for all 

l = 1, 2, · · · , 7, where ω̃ = (ω0, ω) = (ω0, ω1, ω2) = (−1, x1|x| , 
x2|x| ) with |x| =

√
x2

1 + x2
2 , and

A1(ω̃) := A
αβ
1 ωαωβ,A2(ω̃) := A

αβγ

2 ωαωβωγ ,A3(ω̃) := A
αβγ

3 ωαωβωγ ,

A4(ω̃) := A
αβμν
4 ωαωβωμων,A5(ω̃) := A

αβμν

5 ωαωβωμων,A6(ω̃) := A
αβγμν

6 ωαωβωγ ωμων,

A7(ω̃) := A
αβγ δμν
7 ωαωβωγ ωδωμων.

(1.2)

The main result in this paper is:

Theorem 1.1. Suppose that the nonlinearity F(∂u, ∂2u) in (1.1) admits the null-form. There ex-
ists a small constant ε0 > 0 such that for ε ≤ ε0, and for the initial data (u0(x), u1(x)) satisfying

∑
0≤k≤N

‖〈|x|〉k∇ku0(x)‖L2 +
∑

0≤k≤N−1

‖〈|x|〉k+1∇ku1(x)‖L2

+
∑

0≤k≤N−4

[
‖〈|x|〉k+1∇ku0(x)‖W 2,1 + ‖〈|x|〉k+1∇ku1(x)‖W 1,1

]
≤ ε,

(1.3)

where 〈|x|〉 = √
1 + |x|2, ∇ = (∂1, ∂2), N ≥ 14 is a fixed constant, and ‖ · ‖Wk,p stands for the 

standard Sobolev norms. Then problem (1.1) admits a global smooth solution u.



JID:YJDEQ AID:9927 /FLA [m1+; v1.303; Prn:26/08/2019; 12:09] P.3 (1-23)

F. Hou, H. Yin / J. Differential Equations ••• (••••) •••–••• 3
Remark 1.1. Consider the 3-D nonlinear wave equation{
�u = F(∂u, ∂2u),

u(0, x) = u0(x), ∂tu(0, x) = u1(x),
(1.4)

where F(∂u, ∂2u) = O(|∂u|2 + |∂2u|2), and

F(∂u, ∂2u) = A
αβ
1 ∂αu∂βu + A

αβγ

2 ∂αu∂2
βγ u + A

αβμν
3 ∂2

αβu∂2
μνu + O(|∂u|3 + |∂2u|3).

When F(∂u, ∂2u) fulfills the null-form, that is, A
αβ
1 ωαωβ = A

αβγ

2 ωαωβωγ =
A

αβμν
3 ωαωβωμων ≡ 0 hold for (ω0, ω1, ω2, ω3) = (−1, x1|x| , 

x2|x| , 
x3|x| ) with |x| =

√
x2

1 + x2
2 + x2

3 , 
then under condition (1.3) with N ≥ 16, analogously we can prove that problem (1.4) has a 
global smooth small data solution u.

Remark 1.2. For the n-dimensional (n ≥ 4) nonlinear wave equation{
�u = F(∂u, ∂2u),

u(0, x) = u0(x), ∂tu(0, x) = u1(x),
(1.5)

where x=(x1, x2, ..., xn), and F(∂u, ∂2u) = O(|∂u|2 +|∂2u|2), when ‖u0‖
H

2[ n
2 ]+4 +‖u1‖

H
2[ n

2 ]+3

is small enough, it follows from Theorem 6.5.2 of [12] that problem (1.5) has a global smooth 
small data solution u.

Remark 1.3. The typical nonlinear null-form wave equation in (1.1) comes from the irrotational 
potential equation of 2-D Chaplygin gases. Indeed, the 2D isentropic Euler equations of Chaply-
gin gases is⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

∂tρ + div(ρu) = 0 (Conservation of mass),

∂t (ρu) + div(ρu ⊗ u) + ∇P(ρ) = 0 (Conservation of momentum),

P (ρ) = P0 − B

ρ
(State equation),

ρ(0, x) = ρ̄ + ερ0(x), u(0, x) = εu0(x),

(1.6)

where t ≥ 0, x = (x1, x2) ∈ R2, P0, B and ρ̄ are positive constants, ε > 0 is small enough, 
(ρ0(x), u0(x)) ∈ C∞

0 (R2), and u = (u1, u2), ρ, P stand for the velocity, density, pressure 
of gases respectively. For simplicity, we assume the sound speed c(ρ̄) = √

P ′(ρ̄) = 1. When 
rotu0(x) ≡ 0, one can introduce the potential function ϕ(t, x) such that u = ∇ϕ. In this case, it 
follows from the Bernoulli’s law that

∂tϕ + 1

2
|∇ϕ|2 + h(ρ) = 0,

where h(ρ) = 1
2 − B

2ρ2 is the enthalpy of the gases and ρ = h−1(−∂tϕ − 1
2 |∇ϕ|2). Substituting 

this into the conservation of mass yields
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�ϕ = Q(∂ϕ, ∂2ϕ), (1.7)

where

Q(∂ϕ, ∂2ϕ) = Qαβ(∂ϕ)∂2
αβϕ = −2

2∑
i=1

∂iϕ∂t∂iϕ −
2∑

i,j=1

∂iϕ∂jϕ∂2
ij ϕ + (2∂tϕ + |∇ϕ|2)�ϕ.

It is easy to know that Q(∂ϕ, ∂2ϕ) in (1.7) admits a null-form.

We now recall some fundamental results closely related to our works. Investigate the second 
order quasilinear wave equation in [0, ∞) ×Rn (n ≥ 3){

gαβ(u, ∂u)∂2
αβu = 0,

(u(0, x), ∂tu(0, x)) = (εu0(x), εu1(x)),
(1.8)

where x0 = t , x = (x1, ..., xn), ∂ = (∂0, ∂1, ..., ∂n), ε > 0 is a sufficiently small constant, 
u0(x), u1(x) ∈ C∞

0 (Rn), gαβ(u, ∂u) = gβα(u, ∂u) (0 ≤ α, β ≤ n) are smooth functions in their 
arguments. Let

gαβ(u, ∂u) = cαβ + dαβu + eαβ
γ ∂γ u + O(|u|2 + |∂u|2),

where cαβ, dαβ and eαβ
γ (0 ≤ α, β, γ ≤ n) are constants, cαβ∂2

αβ = �. By the results in [16]
and [19], one knows that (1.8) has a global smooth small data solution for n ≥ 4. If n = 3 and 
dαβ = 0 for all 0 ≤ α, β ≤ 3, then (1.8) has a global smooth solution when the null condition 
holds (namely, eαβ

γ ωαωβωγ ≡ 0 holds for ω0 = −1 and ω = (ω1, ω2, ω3) ∈ S2), otherwise, the 
smooth solution of (1.8) blows up in finite time (see [1], [7] and [11–15]). If n = 3 and dαβ �= 0
for some (α, β), but eαβ

γ = 0 for all 0 ≤ α, β, γ ≤ 3, then it follows from the results in [4], [20]

and [21] that (1.8) has a global smooth solution u. If n = 3, dαβ �= 0 for some (α, β) and eαβ
γ �= 0

for some (α, β, γ ), when eαβ
γ ωαωβωγ �≡ 0, the authors in [9] have established the blowup result 

of solution u in finite time as long as (u0(x), u1(x)) �≡ 0. In addition, if n = 3, dαβ �= 0 for some 
(α, β), and eαβ

γ �= 0 for some (α, β, γ ), when eαβ
γ ωαωβωγ ≡ 0, the authors in [8] prove that the 

smooth solution u exists globally.
Investigate the second order quasilinear wave equation in [0, ∞) ×R2

{
gαβ(∂u)∂2

αβu = 0,

(u(0, x), ∂tu(0, x)) = (εu0(x), εu1(x)),
(1.9)

where u0(x), u1(x) ∈ C∞
0 (R2), gαβ(∂u) = gβα(∂u) (0 ≤ α, β ≤ 2) can be written as

gαβ(∂u) = cαβ + dαβ
γ ∂γ u + e

αβ
γ δ ∂γ u∂δu + O(|∂u|3),

here cαβ, dαβ
γ and eαβ

γ δ (0 ≤ α, β, γ, δ ≤ 2) are constants, cαβ∂2
αβ = �. By the results in [2]

and [3], one knows that (1.9) has a global smooth solution as long as dαβ
γ ωαωβωγ ≡ 0 and 



JID:YJDEQ AID:9927 /FLA [m1+; v1.303; Prn:26/08/2019; 12:09] P.5 (1-23)

F. Hou, H. Yin / J. Differential Equations ••• (••••) •••–••• 5
e
αβ
γ δωαωβωγ ωδ ≡ 0 for ω0 = −1 and ω = (ω1, ω2) ∈ S1, otherwise, the solution u blows up in 

finite time.
When the compact support property of (u0(x), u1(x)) in (1.9) is removed, the authors in [6]

consider the following two classes of 2-D nonlinear wave equations{
�v = Nαβμν∂2

αβv∂2
μνv,

v(0, x) = v0(x), ∂t v(0, x) = v1(x)
(1.10)

and {
�v = Aα∂α(|∂tv|2 − |∇v|2),
v(0, x) = v0(x), ∂t v(0, x) = v1(x),

(1.11)

where the corresponding null conditions Nαβμνωαωβωμων ≡ 0 for ω0 = −1 and ω = (ω1, ω2) ∈
S1 hold. The authors in [6] make full use of the nonlinear structure Nαβμν∂2

αβv∂2
μνv to prove 

that the smooth small data solution v of problem (1.10) exists globally for the non-compactly 
supported (v0(x), v1(x)). Meanwhile, by Section 5 of [6] one knows that problem (1.11) can be 
transformed into the fully nonlinear wave equation problem (1.10) due to its special structure. 
Obviously, such a quasilinear wave equation �v = ∂1(∂1v∂2v) −∂2(|∂1v|2) = ∂2v∂2

11v−∂1v∂2
12v

does not belong to the class of (1.11), however its nonlinearity actually fulfills the null condition. 
On the other hand, we point out that problem (1.7) does not satisfy the null-forms in (1.10) or 
(1.11). In the present paper, we will prove the global existence of small data smooth solution u
for all the 2-D null-form wave equations �u = F(∂u, ∂2u) with non-compactly supported initial 
data.

Next we give some comments on the proof of Theorem 1.1. As interpreted in [2] or [6], in 
order to prove the global existence of small data solution u of (1.1), such a crucial estimate 

‖∂(∂t + ∂r)Z
αu‖L2 ≤ Cα(1 + t)−1 is required, where Z ∈ {∂, S = t∂t +

2∑
i=1

xi∂i,  = x1∂2 −
x2∂1, Hi = xi∂t + t∂i , i = 1, 2}. In this process, the compact support of (u0(x), u1(x)) should be 
posed for utilizing the basic Hardy-type inequality. To remove the restriction of compact support 
for (v0(x), v1(x)) in (1.10), the authors in [6] use the form of fully nonlinear Nαβμν∂2

αβv∂2
μνv

to let v admit one more derivative than the second order quasilinear nonlinearity Nαβμ∂2
αβv∂μv. 

Starting from this key point, an extra (1 + t)−1 decay can be derived for the lower-order energy 
estimate of v in [6] and further establish the global existence of v. However, the method in 
[6] can not be applied to treat the general null-form nonlinearity F(∂u, ∂2u) in (1.1) due to the 
appearances of such terms ∂αu∂2

βγ u, ∂αu∂βu∂γ u and so on. We have to use new ideas for proving 
Theorem 1.1. At first, motivated by the technique in [10] for treating the second order semilinear 
wave equation, we establish a kind of weighted L∞-L∞ estimate for the solution w of 2-D linear 
wave equation �w = F(t, x) with (w(0, x), ∂tw(0, x)) = (w0(x), w1(x)). Then based on this, 
instead of the L∞-L2 estimates used in [2] and [6], we can derive better time-decay rates for 
the “good derivatives” Tiu (see (2.11) and (3.21) below), where Ti = ∂i + ωi∂t with ωi = xi|x| for 
i = 1, 2. By this, we can complete the proof of Theorem 1.1.

The paper is organized as follows: In Section 2, some estimates with null-form struc-
tures are given. In addition, several basic inequalities are listed or derived. In Section 3, the 
commutations between the vector fields and 2-D linear wave operator are shown. Moreover, 
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the pointwise estimates of the “good derivatives” for the linear equation �w = F(t, x) with 
(w(0, x), ∂tw(0, x)) = (w0(x), w1(x)) are established by the Poisson formula. As in [2], by suit-
able choice of ghost weight and by integration by parts, the related energy estimates for the 
smooth solution u of problem (1.1) are established in Section 4. In Section 5, Theorem 1.1 is 
proved by the continuous induction method together with the local existence of solution u to 
problem (1.1).

Through the whole paper, we will use the following notation:

Z ∈ {∂,S = t∂t +
2∑

i=1

xi∂i, = x1∂2 − x2∂1,Hi = xi∂t + t∂i, i = 1,2}.

The “good derivatives” are

Ti = ∂i + ωi∂t with ωi = xi

|x| and i = 1,2.

Set ω̃ = (ω0, ω) = (ω0, ω1, ω2) = (−1, x1|x| , 
x2|x| ).

Define the energies

Ẽ1[u](t) = ‖∂u‖, Ẽk[u](t) =
∑

|a|≤k−1

Ẽ1[Zau](t),

where k ∈N , ‖ · ‖ = ‖ · ‖L2
x
, and a ∈N7

0 denotes the multi-indices. In addition, set

Ek[u](t) = sup
0≤τ≤t

Ẽk[u](τ ).

For the positive quantities A and B , A � B means A ≤ CB with generic positive constant C
which is independent of t and ε.

2. Preliminaries

In this section, we will establish some estimates for the null-form structures and list or derive 
some basic inequalities.

Lemma 2.1. The null condition

A1(ω̃) = A
αβ
1 ωαωβ ≡ 0 (2.1)

holds if and only if

A
αβ
1 ∂αu∂βu = A00

1 (|∂tu|2 − |∇u|2),

where Aαβ
1 (0 ≤ α, β ≤ 2) are constants.

Proof. Substituting ω0 = −1 into (2.1) yields that for (ω1, ω2) ∈ S1

A00 − 2(A01ω1 + A02ω2) + A11ω2 + A22ω2 + 2A12ω1ω2 = 0. (2.2)
1 1 1 1 1 1 2 1
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Replacing (ω1, ω2) by (−ω1, −ω2) in (2.2), we have

A01
1 ω1 + A02

1 ω2 = 0,

A00
1 + A11

1 ω2
1 + A22

1 ω2
2 + 2A12

1 ω1ω2 = 0.

Together with the choices of (ω1, ω2) = (1, 0) and (0, 1) respectively, this implies

A01
1 = A02

1 = 0, A11
1 = A22

1 = −A00
1 . (2.3)

Inserting (2.3) into (2.2) and taking ω1 = ω2 = √
2/2, we arrive at A12

1 = 0. Thus, proof of 
Lemma 2.1 is completed. �

From Lemma 2.1, without loss of generality, we assume A00
1 �= 0. In this case, let v :=

e−A00
1 u − 1, we then obtain that from (1.1)⎧⎪⎨⎪⎩�v = Ã

αβγ

2

(1 + v)2 ∂αv∂βv∂γ v + F̃αβ(∂v, ∂2v)∂2
αβv + (1 + v)O

(∣∣∣ ∂v

1 + v

∣∣∣4 +
∣∣∣ ∂2v

1 + v

∣∣∣4)
,

v(0, x) = e−A00
1 u0(x) − 1, ∂tv(0, x) = −A00

1 e−A00
1 u0(x)u1(x),

(2.4)

where

F̃αβ(∂v, ∂2v) = F̃βα(∂v, ∂2v) = 1

1 + v

[
Ã

αβγ

3 ∂γ v + Ã
αβμν
4 ∂2

μνv
]

+ 1

(1 + v)2

[
Ã

αβμν

5 ∂μv∂νv + Ã
αβγμν

6 ∂γ v∂2
μνv + Ã

αβγ δμν
7 ∂2

γ δv∂2
μνv

]
.

The new constants Ãαβγ ···
l with l = 2, 3, · · · , 7 also fulfill (1.2). For notational convenience, we 

still denote Ãαβγ ···
l by Aαβγ ···

l . Here we point out that the nonlinear terms (1 + v)O
(| ∂v

1+v
|4 +

| ∂2v
1+v

|4) in the right hand side of (2.4) can be neglected since there is no any influence on the 
proof of global existence of small data solution v to (2.4). In addition, it is convenient to suppose 
that all the coefficients in (2.4) are symmetric

A
αβγ

2 = A
βαγ

2 = A
γβα

2 , A
αβμν
4 = A

μναβ
4 , A

αβμν

5 = A
αβνμ

5 ,

A
αβγμν

6 = A
μνγαβ

6 , A
αβγ δμν
7 = A

γδαβμν
7 = A

μνγ δαβ
7 .

(2.5)

Lemma 2.2. If Al(ω̃) ≡ 0 for 1 ≤ l ≤ 7 (see (1.2) for definitions), then for any smooth functions 
u, v, w and ψ , there exists a positive constant c which only depends on the constants Aαβγ ···

l , 
such that the following inequalities hold

c|Aαβγ

l ∂2
αβu∂γ v| ≤ |T ∂u||∂v| + |∂2u||T v|,

c|Aαβγ

l ∂αu∂βv∂γ w| ≤ |T u||∂v||∂w| + |∂u||T v||∂w| + |∂u||∂v||T w|,
c|Aαβμν

∂3 u∂νv| ≤ |T ∂2u||∂v| + |∂3u||T v|,
l αβμ
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c|Aαβμν
l ∂2

αβu∂2
μνv| ≤ |T ∂u||∂2v| + |∂2u||T ∂v|,

c|Aαβμν
l ∂2

αβu∂μv∂νw| ≤ |T ∂u||∂v||∂w| + |∂2u||T v||∂w| + |∂2u||∂v||T w|,
c|Aαβμν

l ∂αu∂βv∂μw∂νψ | ≤ |T u||∂v||∂w||∂ψ | + |∂u||T v||∂w||∂ψ |
+ |∂u||∂v||T w||∂ψ | + |∂u||∂v||∂w||T ψ |,

c|Aαβγμν

l ∂2
αβu∂2

γμv∂νw| ≤ |T ∂u||∂2v||∂w| + |∂2u||T ∂v||∂w| + |∂2u||∂2v||T w|, (2.6)

c|Aαβγμν

l ∂3
αβγ u∂μv∂νw| ≤ |T ∂2u||∂v||∂w| + |∂3u||T v||∂w| + |∂3u||∂v||T w|,

c|Aαβγμν

l ∂2
αβu∂γ v∂μw∂νψ | ≤ |T ∂u||∂v||∂w||∂ψ | + |∂2u||T v||∂w||∂ψ |

+ |∂2u||∂v||T w||∂ψ | + |∂2u||∂v||∂w||T ψ |,
c|Aαβγ δμν

l ∂2
αβu∂2

γ δv∂2
μνw| ≤ |T ∂u||∂2v||∂2w| + |∂2u||T ∂v||∂2w| + |∂2u||∂2v||T ∂w|,

c|Aαβγ δμν

l ∂3
αβμu∂2

γ δv∂νw| ≤ |T ∂2u||∂2v||∂w| + |∂3u||T ∂v||∂w| + |∂3u||∂2v||T w|,
c|Aαβγ δμν

l ∂2
αβu∂2

γ δv∂μw∂νψ | ≤ |T ∂u||∂2v||∂w||∂ψ | + |∂2u||T ∂v||∂w||∂ψ |
+ |∂2u||∂2v||T w||∂ψ | + |∂2u||∂2v||∂w||T ψ |,

where |T g| = |T1g| + |T2g|.

Proof. Let T0 = 0, as in Section 9.1 of [5], one has

∂α = Tα − ωα∂t , ∂2
αβ = Tα∂β − ωα∂β∂t = Tα∂β − ωαTβ∂t + ωαωβ∂2

t ,

∂3
αβγ = Tα∂2

βγ − ωαTβ∂t∂γ + ωαωβ∂2
t ∂γ = Tα∂2

βγ − ωαTβ∂t∂γ + ωαωβTγ ∂2
t − ωαωβωγ ∂3

t .

This, together with the definition (1.2) of null conditions and direct algebraic computation, 
yields (2.6). �

In the whole paper, we will always make the assumptions

EN [v](t) ≤ Mε(1 + t)M
′ε, M ′ε0 ≤ 1

16
,

EN−4[v](t) ≤ Mε, Mε ≤ 1,

(2.7)

where M and M ′ are positive constants which will be chosen later. In subsequent Section 5, we 
will show that M in (2.7) can be replaced by 1

2M .
Next we cite such a Klainerman-Sobolev’s embedding inequality.

Lemma 2.3 (Proposition 6.5.1 in [12]). For the smooth function u(t, x), then

〈|x| + t〉 1
2 〈|x| − t〉 1

2 |u(t, x)| �
∑
|a|≤2

‖Zau(t, x)‖. (2.8)

In addition, for smooth function u(t, x), we have
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Lemma 2.4. The following inequalities hold for i = 1, 2,

〈|x| − t〉|∂u(t, x)| �
∑
|a|=1

|Zau(t, x)|, (2.9)

〈|x| + t〉|Tiu(t, x)| �
∑
|a|=1

|Zau(t, x)|, (2.10)

〈t〉‖Ti∂u(t, x)‖ �
∑
|a|=1

‖Za∂u(t, x)‖, (2.11)

〈|x| + t〉|Tiu(t, x)| �E3[u](t), (2.12)

|Zu(t, x)| �
∑

j=1,2

〈|x| + t〉|Tju(t, x)| + 〈|x| − t〉|∂u(t, x)|, (2.13)

|u(t, x)| � sup
y

|u(0, y)| + E3[u](t). (2.14)

Proof. (2.9) comes from a direct computation, here we omit it. Next, we prove (2.10). For i =
1, 2,

tTiu(t, x) = (t − |x|)∂iu +
2∑

j=1

ωjxj ∂iu + ωiSu −
2∑

j=1

ωixj ∂ju

= (t − |x|)∂iu + ωiSu +
2∑

j=1

ωj (xj ∂i − xi∂j )u.

This together with (2.9) implies (2.10). In addition, taking the L2-norms of (2.10) directly yields 
(2.11).

Now, we focus on the proof of (2.12). Divide 〈|x| + t〉2|Tiu(t, x)|2 into such two parts:

〈|x| + t〉2|Tiu(t, x)|2

= 〈|x| + t〉2|Tiu(t, x)|2
[
1 − χ

( |x|
〈t〉

)]
+ 〈|x| + t〉2|Tiu(t, x)|2χ

( |x|
〈t〉

)
= J1 + J2,

(2.15)

where χ is the smooth cutoff function satisfying

0 ≤ χ(s) ≤ 1, χ(s) =

⎧⎪⎪⎨⎪⎪⎩
1,

1

2
≤ s ≤ 5

4
,

0, s ≤ 1

4
or s ≥ 3

2
.

(2.16)

For term J1, it is easy to get

J1 � 〈|x| + t〉〈|x| − t〉|Tiu(t, x)|2
[
1 − χ

( |x|)]
� E2

3[u](t). (2.17)
〈t〉
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For term J2, from the Sobolev embedding theorem on the unit sphere, we achieve

J2 �
1∑

k=0

∫
S1

〈t〉2|kTiu(t, x)|2χ
( |x|

〈t〉
)
dω. (2.18)

Therefore,

J2 �
1∑

k=0

∣∣∣∣∣∣∣
∞∫

|x|

∫
S1

〈t〉2 d

dr

[
|kTiu(t, rω)|2χ

( r

〈t〉
)]

dωdr

∣∣∣∣∣∣∣
�

1∑
k=0

∞∫
|x|

∫
S1

|kTiu(t, rω)|2rdrdω + 〈t〉2
1∑

k=0

∞∫
|x|

∫
S1

|χ∂r
kTiu(t, rω)|2rdrdω.

(2.19)

Substituting T1 = T1 − T2 and T2 = T2 + T1 into (2.19) and collecting (2.15)–(2.18), 
(2.12) is then proved.

Inequality (2.13) comes from the following direct computations:

(t∂t + x1∂1 + x2∂2)u = (x1T1 + x2T2)u + (t − |x|)∂tu,

(x1∂2 − x2∂1)u = (x1T2 − x2T1)u,

and for i = 1, 2

(t∂i + xi∂t )u = tTiu + ωi(|x| − t)∂tu.

Finally, we prove (2.14). For any (t, x) ∈R1+2 with |x| �= 0, set ω = x
|x| , we then arrive at

|u(t, x) − u(0, (|x| + t)ω)| =
∣∣∣∣∣∣

t∫
0

d

dτ
u(τ, (|x| + t − τ)ω)dτ

∣∣∣∣∣∣
�

t∫
0

〈|x| + t〉− 1
2 〈|x| + t − 2τ 〉− 1

2 dτE3[u](t) �E3[u](t).
(2.20)

For |x| = 0, we can choose ω = (1, 0) and the same inequality as (2.20) holds.
Consequently, the proof of Lemma 2.4 is finished. �

Remark 2.1. Inequalities (2.13) and (2.14) will be used to control the factor 1
1+v

and 1
(1+v)2

in (2.4). For examples, one can see (4.16) (for application of (2.13)), and (3.25) or (4.15) (for 
application of (2.14)).
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3. Weighted L∞-L∞ estimates by the Poisson formula

At first, the commutations between the vector fields and � are given as follows:

Lemma 3.1. Let v be the solution of (2.4). Then for any multi-index a ∈ N7
0 , we have the follow-

ing equation for Zav:

�Zav =
∑

b+c+d+e≤a

A
αβγ

2,abcde∂αZbv∂βZcv∂γ ZdvZe
( 1

(1 + v)2

)
+

∑
b+c+d≤a

∂2
αβZbvZc

( 1

1 + v

)[
A

αβγ

3,abcd∂γ Zdv + A
αβμν
4,abcd∂2

μνZ
dv

]
+

∑
b+c+d+e≤a

∂2
αβZbvZc

( 1

(1 + v)2

)[
A

αβμν

5,abcde∂μZdv∂νZ
ev

+ A
αβγμν

6,abcde∂γ Zdv∂2
μνZ

ev + A
αβγ δμν

7,abcde ∂2
γ δZ

dv∂2
μνZ

ev
]
,

(3.1)

where Aαβγ ···
l,abcd··· are real constants satisfying Al,abcd···(ω̃) ≡ 0 with l = 2, 3, · · · , 7. In addition, 

similar to (2.5), the coefficients satisfy

A
αβγ

2,abcde = A
βαγ

2,abcde = A
γβα

2,abcde = A
αβγ

2,acbde = A
αβγ

2,adcbe, A
αβμν
4,abcd = A

μναβ
4,abcd = A

αβμν
4,adcb,

A
αβμν

5,abcde = A
αβνμ

5,abcde = A
αβμν

5,abced , A
αβγμν

6,abcde = A
μνγαβ

6,abcde = A
αβγμν

6,aecdb,

A
αβγ δμν

7,abcde = A
γδαβμν

7,abcde = A
μνγ δαβ

7,abcde = A
αβγ δμν

7,adcbe = A
αβγ δμν

7,aecdb .

Proof. Applying Lemma 6.6.5 in [5] to equation (2.4), we then complete the proof of 
Lemma 3.1. �

We now consider the following linear problem{
�u = F(t, x),

u(0, x) = u0(x), ∂tu(0, x) = u1(x).
(3.2)

By the Poisson formula, we have

u(t, x) = uhom(t, x) + uinh(t, x), (3.3)

where

uhom(t, x) = u0
hom(t, x) + u1

hom(t, x)

= 1

2π

∂

∂t

∫
|x−y|≤t

u0(y)dy√
t2 − |x − y|2 + 1

2π

∫
|x−y|≤t

u1(y)dy√
t2 − |x − y|2

(3.4)

and
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uinh(t, x) = 1

2π

t∫
0

∫
|x−y|≤t−t ′

F(t ′, y)√
(t − t ′)2 − |x − y|2 dydt ′. (3.5)

Lemma 3.2. Let uhom(t, x) be defined in (3.4), then we have

〈|x| + t〉 1
2 〈|x| − t〉 1

2 |uhom(t, x)| � ‖ũ0(y)‖W 2,1 + ‖ũ1(y)‖W 1,1 , (3.6)

where ũl(y) = 〈|y|〉ul(y) with l = 0, 1.

Proof. At first, we treat the case of t ≥ 2. In this case, it is then to obtain

2(t + |x − y|)(1 + |y|) ≥ (1 + t + |x − y|)(1 + |y|) ≥ 1 + t + |x − y| + |y| ≥ 1 + t + |x|. (3.7)

On the other hand, similar treatment also works for the situation of t −|x −y| ≥ 1. Indeed, when 
|x| ≤ t , we see that

2(t − |x − y|)(1 + |y|) ≥ (1 + t − |x − y|)(1 + |y|) ≥ 1 + t − |x − y| + |y| ≥ 1 + t − |x|; (3.8)

while, for |x| ≥ t , we arrive at

1 + |x| − t ≤ 1 + |x − y| + |y| − t ≤ 1 + |y| ≤ (1 + |y|)(t − |x − y|), (3.9)

here we have used the fact of |x − y| ≤ t .
Consequently, applying (3.7)–(3.9) to u1

hom, we achieve

〈|x| + t〉 1
2 〈|x| − t〉 1

2 |u1
hom(t, x)| � ‖〈y〉u1(y)‖L1 + (1 + |t2 − |x|2|) 1

2 J , (3.10)

where

J =
∫

t−1≤|x−y|≤t

|u1(y)|dy√
t2 − |x − y|2 . (3.11)

We next deal with the integration J . By t − 1 ≤ |x − y| ≤ t , one has

t − |x| ≤ t − |x − y| + |y| ≤ 1 + |y| (3.12)

or

|x| − t ≤ |x − y| + |y| − t ≤ |y|. (3.13)

Collecting (3.7) and (3.11)–(3.13), we arrive at

(1 + |t2 − |x|2|) 1
2 J �

∫ |ũ1(y)|dy√
t − |x − y| . (3.14)
t−1≤|x−y|≤t
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On the other hand,

∫
t−1≤|x−y|≤t

|ũ1(y)|dy√
t − |x − y| =

t∫
t−1

∫
|ω|=1

|ũ1(x + ρω)|√
t − ρ

ρdωdρ

=
t∫

t−1

∫
|ω|=1

|ũ1(x + ρω)|ρdωd(−2
√

t − ρ)

�
∫

|ω|=1

|ũ1(x + (t − 1)ω)|(t − 1)dω +

∣∣∣∣∣∣∣
t∫

t−1

∫
|ω|=1

d

dρ

(
ũ1(x + ρω)ρ

)
dωdρ

∣∣∣∣∣∣∣
�

∞∫
t−1

∫
|ω|=1

(
|∇ũ1(x + ρω)|ρ + |ũ1(x + ρω)|

)
dωdρ � ‖〈|y|〉u1(y)‖W 1,1 .

(3.15)

Substituting (3.14)–(3.15) into (3.10) yields (3.6) for u1
hom when t ≥ 2.

Next we focus on the estimate of u0
hom when t ≥ 2. From the proof of Lemma 1 in [10], we 

have

2πu0
hom(t, x) = 1

t

∫
|x−y|≤t

u0(y)dy√
t2 − |x − y|2 + 1

t

∫
|x−y|≤t

|x − y|√
t2 − |x − y|2

(y − x

t

)
· ∇u0(y)dy.

By the same argument as for u1
hom with t ≥ 2, one has

〈|x| + t〉 1
2 〈|x| − t〉 1

2 |u0
hom(t, x)| � ‖〈y〉u0(y)‖W 1,1 + ‖〈y〉∇u0(y)‖W 1,1 � ‖〈y〉u0(y)‖W 2,1 .

(3.16)

Finally, we turn our attention to the case of t ≤ 2. As in [14], we deduce that

〈|x|〉|u1
hom(t, x)| �

∫
|x−y|≤t

〈|y|〉|u1(y)|dy√
t2 − |x − y|2 =

t∫∫
0

|ũ1(x + ρω)|ρdρdω√
t2 − ρ2

� 1√
t

t∫
0

dρ√
t − ρ

sup
0≤ρ≤t

[
ρ

∫
|ũ1(x + ρω)|dω

]

� sup
0≤ρ≤t

[
ρ

∞∫
ρ

∫ ∣∣∣ d

ds
ũ1(x + sω)

∣∣∣dωds
]

� sup
0≤ρ≤t

∞∫
ρ

∫
|∇ũ1(x + sω)|sdωds � ‖∇ũ1(y)‖L1 .

(3.17)
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Analogously,

〈|x|〉|u0
hom(t, x)| � 1

t

∫
|x−y|≤t

〈|y|〉|u0(y)|dy√
t2 − |x − y|2 +

∫
|x−y|≤t

〈|y|〉|∇u0(y)|dy√
t2 − |x − y|2

� 1

t
√

t

t∫
0

dρ√
t − ρ

sup
0≤ρ≤t

[
ρ

∫
|ũ0(x + ρω)|dω

]
+ ‖∇(〈|y|〉∇u0(y))‖L1

� sup
0≤ρ≤t

∞∫
ρ

∫
|∇ũ0(x + sω)|dωds + ‖ũ0(y)‖W 2,1

� sup
0≤ρ≤t

[
ρ

∫
|∇ũ0(x + ρω)|dω +

∞∫
ρ

∫
|∇2ũ0(x + sω)|dωsds

]
+ ‖ũ0(y)‖W 2,1

� ‖ũ0(y)‖W 2,1 .

(3.18)

Collecting (3.16)–(3.18) completes the proof of Lemma 3.2. �
Remark 3.1. Different from Lemma 1 in [10], the proof of our Lemma 3.2 does not depend on 
the compactness of supp(u0(x), u1(x)).

Remark 3.2. Here we point out that the control norms ‖ũ0(y)‖W 2,1 + ‖ũ1(y)‖W 1,1 on the right 
hand side of (3.6) are not optimal, and thus the control norms of the initial data in (1.3) can be 
improved (one can be referred to Proposition 2.1 of [18]).

Next, we will use a modified version of Theorem 1.1 from [17] to estimate (3.5).

Lemma 3.3. Let uinh(t, x) be defined in (3.5). For any �1 ∈ [0, 12 ), �2 ∈ (0, 12 ) and κ > 0, then 
the following weighted L∞-L∞ estimate holds

〈|x| + t〉 1
2 −�1〈|x| − t〉�2 |uinh(t, x)| � sup

(t ′,y)∈R1+2
{|y| 1

2 〈|y| + t ′〉1−�1+�2〈|y| − t ′〉1+κ |F(t ′, y)|}.

(3.19)

Proof. For the case of �1 = 0 in (3.19), one sees Theorem 1.1 of [17]. Next, we assume �1 ∈
(0, 12 ). It is easy to know that

〈|x| + t〉−�1 |uinh(t, x)| �
t∫

0

∫
|x−y|≤t−t ′

〈|x| + t〉−�1 |F(t ′, y)|√
(t − t ′)2 − |x − y|2 dydt ′

�
t∫ ∫

′

〈|y| + t ′〉−�1 |F(t ′, y)|√
(t − t ′)2 − |x − y|2 dydt ′,

(3.20)
0 |x−y|≤t−t
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where we have used the fact of |y| + t ′ ≤ |x| + |x − y| + t ′ ≤ |x| + t in the last inequality above. 
Applying (3.19) with �1 = 0 to (3.20) yields

〈|x| + t〉−�1 |uinh(t, x)|
� 〈|x| + t〉− 1

2 〈|x| − t〉−�2 sup
(t ′,y)∈R1+2

{|y| 1
2 〈|y| + t ′〉1−�1+�2〈|y| − t ′〉1+κ |F(t ′, y)|}.

This completes the proof of Lemma 3.3. �
Remark 3.3. For p ∈ ( 3+√

17
2 , 4), R. Glassey [10] has proved (3.19) with �1 = 0, �2 = p−3

2 and 

κ = p2−3p−2
2 > 0.

Based on Lemma 3.2–3.3, the better decay rates of Tiv than (2.12) can be derived as follows:

Lemma 3.4. Let v be the solution of (2.4) and (1.3) holds. For i = 1, 2 and a ∈ N7
0 with |a| ≤

N − 5, there exists a positive constant C which is independent of t and ε, such that the following 
inequality holds

〈|x| + t〉 5
4 〈|x| − t〉 1

8 |TiZ
av(t, x)| ≤ ε + CM2ε2. (3.21)

Proof. In fact, in order to prove (3.21), by (2.9) and (2.10) we only need to prove

〈|x| + t〉 1
4 〈|x| − t〉 1

8 |ZZav(t, x)| ≤ ε + CM2ε2. (3.22)

Denoting Za′ = ZZa and applying Lemma 3.2–3.3 to Za′
v, then

〈|x| + t〉 1
4 〈|x| − t〉 1

8 |Za′
v(t, x)| � ‖〈y〉Za′

v(0, y)‖W 2,1 + ‖〈y〉∂tZ
a′

v(0, y)‖W 1,1

+ sup
(t ′,y)∈R1+2

{|y| 1
2 〈|y| + t ′〉 7

8 〈|y| − t ′〉 5
4 |�Za′

v(t ′, y)|}. (3.23)

Next we treat the term �Za′
v(t ′, y) on the right hand side of (3.23). To this end, applying 

Lemma 2.2 to (3.1) yields that

|�Za′
v(t ′, y)| �

∑
b+c+d+e≤a′,k≤1

|T ∂kZbv||∂∂kZcv||∂∂kZdv|
∣∣∣Ze

( 1

(1 + v)2

)∣∣∣
+

∑
b+c+d≤a′,k≤1

∣∣∣Zc
( 1

1 + v

)∣∣∣{|∂2Zbv||T ∂kZdv| + |T ∂Zbv||∂∂kZdv|
}
.

(3.24)

By using Lemma 2.3–2.4 to (3.24), we further obtain
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|y| 1
2 〈|y| + t ′〉〈|y| − t ′〉 5

4 |�Za′
v(t ′, y)|

� 〈|y| + t ′〉− 1
2 〈|y| − t ′〉 1

4
∑

b+c+d+e≤a′
E|b|+4[v](t ′)E|c|+4[v](t ′)E|d|+4[v](t ′)

×
{

sup
y

∣∣∣Ze
( 1

(1 + v)2

)
(0, y)

∣∣∣ + E|e|+3

[ 1

(1 + v)2

]
(t ′)

}
+

∑
b+c+d≤a′

E|b|+4[v](t ′)E|d|+4[v](t ′)
{

sup
y

∣∣∣Zc
( 1

1 + v

)
(0, y)

∣∣∣ + E|c|+3

[ 1

1 + v

]
(t ′)

}
� E|a′|+4[v](t ′)E[ |a′ |

2 ]+4
[v](t ′)

{
1 + E[ |a′ |

2 ]+4
[v](t ′) + E2

[ |a′ |
2 ]+4

[v](t ′)
}
,

(3.25)

where [s] := sup{k ∈ N : k ≤ s}. Note that |a′| = 1 + |a| ≤ N − 4 and N ≥ 14 in (1.3). Then 
substituting assumption (2.7) into (3.25) derives

sup
(t ′,y)∈R1+2

{|y| 1
2 〈|y| + t ′〉 7

8 〈|y| − t ′〉 5
4 |�Za′

v(t ′, y)|}

≤ C sup
t ′

{
〈t ′〉− 1

8 EN [v](t ′)EN−4[v](t ′)
(

1 + EN−4[v](t ′) + E2
N−4[v](t ′)

)}
≤ CM2ε2 sup

t ′
(1 + t ′)M ′ε− 1

8 ≤ CM2ε2.

(3.26)

Thus, combining (3.23)–(3.26) with (1.3) yields (3.22) and then Lemma 3.4 is proved. �
Remark 3.4. In fact, the weight 〈|x| + t〉 5

4 〈|x| − t〉 1
8 on the left hand side of (3.21) can be re-

placed by 〈|x| + t〉 3
2 −� for any � ∈ (0, 12 ).

4. Energy estimates

Lemma 4.1. Let v be the solution of (2.4) and (1.3) holds. For N ≥ 14, there exists a positive 
constant C which is independent of ε and t , such that the following inequalities hold

E2
N [v](t ′) ≤ Cε2 + C

t ′∫
0

〈t〉−1EN−4[v](t)E2
N [v](t)dt, (4.1)

E2
N−4[v](t ′) ≤ Cε2 + C

t ′∫
0

〈t〉− 5
4 EN−4[v](t)EN−3[v](t)

{
ε + EN [v](t)

}
dt. (4.2)

Proof. For a ∈N7
0 with |a| ≤ N − 1, by integrating 2eq(|x|−t)∂tZ

av�Zav over [0, t ′] ×R2 with 
the ghost weight q(|x| − t) = arctan(|x| − t), we directly get
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‖eq/2∂tZ
av(t ′, x)‖2 + ‖eq/2∇Zav(t ′, x)‖2 +

∑
i=1,2

t ′∫
0

∥∥∥eq/2TiZ
av

〈|x| − t〉
∥∥∥2

dt

= ‖eq(|x|)/2∂tZ
av(0, x)‖2 + ‖eq(|x|)/2∇Zav(0, x)‖2 +

t ′∫
0

∫
2eq∂tZ

av�Zavdxdt.

(4.3)

Here we emphasize that the top-order derivative terms in the expression of �Zav should be 
paid more attention. By the symmetry assumptions of coefficients (2.5), the identity (3.1) can be 
rewritten as

�Zav = ∂2
αβZavAαβ

top(v)

+
∑

b+c+d+e≤a

A
αβγ

2,abcde∂αZbv∂βZcv∂γ ZdvZe
( 1

(1 + v)2

)
+

∑
b+c+d≤a,b<a

A
αβγ

3,abcd∂2
αβZbvZc

( 1

1 + v

)
∂γ Zdv

+
∑

b+c+d≤a,b+d<a

A
αβμν
4,abcd∂2

αβZbvZc
( 1

1 + v

)
∂2
μνZ

dv

+
∑

b+c+d+e≤a,b<a

A
αβμν

5,abcde∂
2
αβZbvZc

( 1

(1 + v)2

)
∂μZdv∂νZ

ev

+
∑

b+c+d+e≤a,b+e<a

A
αβγμν

6,abcde∂
2
αβZbvZc

( 1

(1 + v)2

)
∂γ Zdv∂2

μνZ
ev

+
∑

b+c+d+e≤a,b+d+e<a

A
αβγ δμν

7,abcde ∂2
αβZbvZc

( 1

(1 + v)2

)
∂2
γ δZ

dv∂2
μνZ

ev,

(4.4)

where

Aαβ
top(v) = 1

1 + v

(
A

αβγ

3 ∂γ v + 2A
αβμν
4 ∂2

μνv
)

+ 1

(1 + v)2

(
A

αβμν

5 ∂μv∂νv + 2A
αβγμν

6 ∂γ v∂2
μνv + 3A

αβγ δμν
7 ∂2

γ δv∂2
μνv

)
.

(4.5)

For the term ∂2
αβZavAαβ

top(v) in the first line of (4.4), direct computation yields

2eq∂tZ
av∂2

αβZavAαβ
top(v)

= 2∂α[eq∂tZ
av∂βZavAαβ

top(v)] − ∂t [eq∂αZav∂βZavAαβ
top(v)]

− 2(∂αq)eq∂tZ
av∂βZavAαβ

top(v) − 2eq∂tZ
av∂βZav∂αAαβ

top(v)

+ (∂ q)eq∂ Zav∂ ZavAαβ
(v) + eq∂ Zav∂ Zav∂ Aαβ

(v),

(4.6)
t α β top α β t top
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where for λ = 0, 1, 2,

∂λAαβ
top(v) = 1

1 + v

(
A

αβγ

3 ∂2
λγ v + 2A

αβμν
4 ∂3

λμνv
)

− ∂λv

(1 + v)2

(
A

αβγ

3 ∂γ v + 2A
αβμν
4 ∂2

μνv
)

+ 1

(1 + v)2

[
2A

αβμν

5 ∂μv∂2
λνv + 2A

αβγμν

6 (∂2
λγ v∂2

μνv + ∂γ v∂3
λμνv) + 6A

αβγ δμν
7 ∂2

γ δv∂3
λμνv

]
− 2∂λv

(1 + v)3

(
A

αβμν

5 ∂μv∂νv + 2A
αβγμν

6 ∂γ v∂2
μνv + 3A

αβγ δμν
7 ∂2

γ δv∂2
μνv

)
.

(4.7)

Therefore, applying the fact that Tiq(|x| − t) ≡ 0 and (2.6) to (4.4)–(4.7), it follows from direct 
computation that∣∣∣∣∣∣∣

t ′∫
0

∫
2eq∂tZ

av�Zavdxdt

∣∣∣∣∣∣∣
�

∑
b+c+d≤a,

b<a

(I abcd
1 + I abcd

2 ) +
∑

b+c+d≤a,
b+d<a

Iabcd
3 +

∑
b+c+d≤a

I abcd
4 + Ia

l.o.t. + Ia
top,

(4.8)

where

I abcd
1 :=

t ′∫
0

∫
|∂Zav||∂2Zbv|

∣∣∣Zc
( 1

1 + v

)∣∣∣|T Zdv|dxdt, (4.9)

I abcd
2 :=

t ′∫
0

∫
|∂Zav||T ∂Zbv|

∣∣∣Zc
( 1

1 + v

)∣∣∣|∂Zdv|dxdt, (4.10)

I abcd
3 :=

t ′∫
0

∫
|∂Zav||T ∂Zbv|

∣∣∣Zc
( 1

1 + v

)∣∣∣|∂2Zdv|dxdt, (4.11)

I abcd
4 :=

t ′∫
0

∫
〈|x| − t〉−2|∂Zav||T Zbv|

∣∣∣Zc
( 1

1 + v

)∣∣∣|∂Zdv|dxdt, (4.12)

and

Ia
l.o.t. :=

∑
b+c+d+e≤a

t ′∫
0

∫
|∂Zav||T Zbv||∂Zcv||∂Zdv|

∣∣∣Ze
( 1

(1 + v)2

)∣∣∣dxdt

+
∑

b+c+d+e≤a,b<a

t ′∫ ∫
|∂Zav||∂Zdv|

∣∣∣Zc
( 1

(1 + v)2

)∣∣∣

0
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×
[
|T ∂Zbv||∂Zev| + |∂2Zbv||T Zev|

]
dxdt

+
∑

b+c+d+e≤a,b+d<a

t ′∫
0

∫
|∂Zav||∂2Zdv|

∣∣∣Zc
( 1

(1 + v)2

)∣∣∣
×

[
|T ∂Zbv||∂Zev| + |∂2Zbv||T Zev|

]
dxdt

+
∑

b+c+d+e≤a,b+d+e<a

t ′∫
0

∫
|∂Zav||T ∂Zbv||∂2Zdv||∂2Zev|

∣∣∣Zc
( 1

(1 + v)2

)∣∣∣dxdt,

(4.13)

and

Ia
top :=

∣∣∣∣∣∣∣
t ′∫

0

∫
2eq∂tZ

av∂2
αβZavAαβ

top(v)dxdt

∣∣∣∣∣∣∣
�

∑
k≤2

t ′∫
0

∫
|∂Zav|(1 + |∂∂kv| + |∂∂kv|2)

{
|∂Zav||T ∂kv|

+ |T Zav|
[
|∂2v| + |∂3v| + 〈|x| − t〉−2|∂∂kv|

]}
dxdt + ε3 + E4[v](t ′)E2|a|+1[v](t ′)

�
∑
i=1,2

t ′∫
0

∥∥∥eq/2TiZ
av

〈|x| − t〉
∥∥∥2

E5[v](t)dt +
t ′∫

0

〈t〉−1E5[v](t)E2|a|+1[v](t)dt

+ ε3 + E4[v](t ′)E2|a|+1[v](t ′).
(4.14)

At first, we focus on the treatments of the terms I abcd
l with l = 1, 2, 3, 4.

I abcd
1 : If |c| ≤ N − 7, by Lemma 2.3–2.4 we have

∑
b+c+d≤a,

b<a,|c|≤N−7

I abcd
1 �

∑
b+d≤a,b<a

t ′∫
0

∫
|∂Zav||∂2Zbv||T Zdv|dxdt

�
∑

d≤a,i=1,2

t ′∫
0

∥∥∥eq/2TiZ
dv

〈|x| − t〉
∥∥∥2

E[ |a|
2 ]+4[v](t)dt +

t ′∫
0

〈t〉−1E[ |a|
2 ]+4[v](t)E2|a|+1[v](t)dt.

(4.15)

If |c| ≥ N − 6 ≥ 1, denote Zc = ZZc′
. Then applying (2.13) to I abcd yields
1



JID:YJDEQ AID:9927 /FLA [m1+; v1.303; Prn:26/08/2019; 12:09] P.20 (1-23)

20 F. Hou, H. Yin / J. Differential Equations ••• (••••) •••–•••
∑
b+c+d≤a,

b<a,|c|≥N−6

I abcd
1

�
∑

b+c+d≤a,
b<a,|c|≥N−6

t ′∫
0

∫
|∂Zav||∂2Zbv||T Zdv|

×
[∣∣∣〈|x| + t〉T Zc′( 1

1 + v

)∣∣∣ +
∣∣∣〈|x| − t〉∂Zc′( 1

1 + v

)∣∣∣]dxdt

�
∑

c≤a,i=1,2

t ′∫
0

∥∥∥eq/2TiZ
cv

〈|x| − t〉
∥∥∥2

E9[v](t)dt +
t ′∫

0

〈t〉−1E9[v](t)E2|a|+1[v](t)dt.

(4.16)

I abcd
2 and I abcd

3 : We conclude from (2.8), (2.10) and (2.13) that

∑
b+c+d≤a,b<a

Iabcd
2 +

∑
b+c+d≤a,b+d<a

Iabcd
3

�
∑

b+c+d≤a,b<a

t ′∫
0

∫
〈t〉−1|∂Zav||Z∂Zbv|

∣∣∣Zc
( 1

1 + v

)∣∣∣|∂Zdv|dxdt

+
∑

b+c+d≤a,b+d<a

t ′∫
0

∫
〈t〉−1|∂Zav||Z∂Zbv|

∣∣∣Zc
( 1

1 + v

)∣∣∣|∂2Zdv|dxdt

�
∑

c≤a,i=1,2

t ′∫
0

∥∥∥eq/2TiZ
cv

〈|x| − t〉
∥∥∥2

E9[v](t)dt +
t ′∫

0

〈t〉− 3
2 Emax{[ |a|

2 ]+4,9}[v](t)E2|a|+1[v](t)dt.

(4.17)

I abcd
4 : Analogously to the treatment on I abcd

2 , we achieve

∑
b+c+d≤a

I abcd
4 �

t ′∫
0

〈t〉−1Emax{[ |a|
2 ]+4,9}[v](t)E2|a|+1[v](t)dt

+
∑

b≤a,i=1,2

t ′∫
0

∥∥∥ TiZ
bv

〈|x| − t〉
∥∥∥2

Emax{[ |a|
2 ]+4,9}[v](t)dt.

(4.18)

In addition, it is easy to check that Ia
l.o.t. verifies

Ia
l.o.t. �

t ′∫
〈t〉− 3

2 EN−4[v](t)E2|a|+1[v](t)dt +
∑

c≤a,i=1,2

t ′∫ ∥∥∥eq/2TiZ
cv

〈|x| − t〉
∥∥∥2

EN−4[v](t)dt. (4.19)
0 0
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Therefore, inserting (4.8)–(4.19) into (4.3) and according to the smallness of ε0 and the fact 
of N ≥ 14, we derive (4.1).

Finally, we start to prove (4.2). For |a| ≤ N − 5, applying (2.6) to (4.4) directly, we get∣∣∣∣∣∣∣
t ′∫

0

∫
2eq∂tZ

av�Zavdxdt

∣∣∣∣∣∣∣
�

∑
b+c+d≤a

(I abcd
1 + I abcd

2 + I abcd
3 + I abcd

4 ) +J a
l.o.t.,

(4.20)

and

J a
l.o.t. :=

∑
b+c+d+e≤a,

k≤1

t ′∫
0

∫
|∂Zav||T ∂kZbv|

∣∣∣Zc
( 1

(1 + v)2

)∣∣∣|∂∂kZdv||∂∂kZev|dxdt

=
∑

b+c+d+e≤a,
d+e=a

· · · +
∑

b+c+d+e≤a,
d+e<a

· · ·

�
t ′∫

0

〈t〉− 3
2 E|a|+1[v](t)E[ |a|

2 ]+4[v](t)
{
E|a|+2[v](t)E4[v](t) + E|a|+1[v](t)E|a|+4[v](t)

}
dt

+
∑

c≤a,i=1,2

t ′∫
0

∥∥∥eq/2TiZ
cv

〈|x| − t〉
∥∥∥2

EN−4[v](t)dt.

(4.21)

Applying (3.21) to I abcd
1 and I abcd

4 yields

∑
b+c+d≤a

(I abcd
1 + I abcd

4 )

�
∑

b+c+d≤a,b<a

Iabcd
1 +

∑
b+c+d≤a

I abcd
4 +

t ′∫
0

∫
|∂Zav||∂2Zav|

∣∣∣ 1

1 + v

∣∣∣|T v|dxdt

� ε(1 + M2ε)

t ′∫
0

〈t〉− 5
4 E|a|+1[v](t)E|a|+2[v](t)dt.

(4.22)

In addition, it follows from direct computation that∑
I abcd

2 +
∑

I abcd
3

b+c+d≤a,b=a b+c+d≤a,b+d=a
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�
t ′∫

0

∫
〈t〉−1|∂Zav||Z∂Zav|

∣∣∣ 1

1 + v

∣∣∣|∂v|dxdt

+
∑

b+d=a

t ′∫
0

∫
〈t〉−1|∂Zav||Z∂Zbv|

∣∣∣ 1

1 + v

∣∣∣|∂2Zdv|dxdt (4.23)

�
t ′∫

0

〈t〉− 3
2 E|a|+1[v](t)E|a|+2[v](t)E[ |a|

2 ]+4[v](t)dt.

Therefore, substituting (4.9)–(4.12), (4.17) and (4.20)–(4.23) into (4.3), we achieve (4.2). �
5. Proof of Theorem 1.1

Proof of Theorem 1.1. Applying Gronwall’s inequality to (4.1) and substituting (2.7) into (4.2), 
we achieve

E2
N [v](t) ≤ C1ε

2(1 + t)C2Mε,

E2
N−4[v](t) ≤ Cε2 + CM2ε3(1 + M)

t∫
0

(1 + τ)2M ′ε− 5
4 dτ

≤ Cε2 + CM2ε3(1 + M)

≤ C3ε
2[1 + M2ε(1 + M)],

where C1, C2, C3 are positive constants. By choosing M = max{1, 2
√

C1, 2
√

2C3}, M ′ = 2C2M

and ε0 = min{ 1
16M ′ , 1

M2(1+M)
}, we then have

EN [v](t) ≤ 1

2
Mε(1 + t)M

′ε,

EN−4[v](t) ≤ 1

2
Mε.

Thus, by the continuous induction method and the local well-posedness of problem (2.4) (see 
[12]), then problem (1.1) admits a global smooth solution u. �
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