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Chapter 1

Week 1: The basics

1.1 The wave equation on R!*"

We consider the equation

Ou =0,
where u = u(t, x) is a function on R x R™ = R'*" and O is the wave operator:
O0=07-A.
Here A = 97 + --- + 92 is the Laplacian in z = (z!,...,2™). Thus, we write
0 0
==, 0=—.
T ox?

We also write
Vu = (O1u,...,0u), Ou= (0w, Vu).

0

Occasionally it is convenient to write ¢t = x”, in which case dy = ;.

Remark. For those familiar with Lorentizan geometry, —[1 is just the Laplace-
Beltrami operator relative to the Minkowski metric

N = diag(—1,1,...,1)

on R'*" If we apply the summation convention, and raise and lower indices
relative to this metric, then —O0 = »**9,,0, = 0*0,,, where the indices p, v run
from 0 to n.

1.2 The Cauchy problem

Given functions (initial data) f,g on R™, we consider the Cauchy problem for
the initial hypersurface {t = 0} x R™

(11) Ou = 07 u’t:o = f’ atu|t:0 =9

We want to show that this problem is well-posed:

3



4 CHAPTER 1. WEEK 1: THE BASICS

e The solution u exists for all ¢ > 0;
e 1 is unique;
e u depends continuously on f and g.

This is not very precise; more rigorous statements of this type will be proved
later in the course.

In fact, one has explicit formulas for the solution u of (1.1) in terms of the
data f, g. Before deriving these formulas in dimensions n = 1,2, 3, we will prove
uniqueness of the solution, using the energy method.

Theorem 1. Suppose u € C?([0,T] x R™) solves Ou = 0. Fiz z9 € R3 and
0 <tog <T, and suppose

u=0u=0 for t=0, |z— x| <tp.
Then
u=0 in Q={(t2z):0<t <ty |r— x| <top—t}

(We call Q the solid backward light cone with vertex at (tg,xo).)
Proof. Let By = {x : |z — x9| < to — t} and define the energy

1 2

e(t) = f/ Ou(t, 2)[? da.
2 Jp,

(Recall Ou is the space-time gradient.) Differentiate (see Exercise 1 below) to
get

e(t) = / (upug + Vu - V) do — %/ |Oul® do(x).
By

0B,

Since
div(u:Vu) = Vuy - Vu + upAu,

it follows from the divergence theorem that

et) = div(u; Vu) dz — 1/ Oul® do(z)
B 2 OBy

= / wVu-ndo(z) — 1/ |oul® do(x),
OB, 2

OBy

where n is the outward unit normal of 9B;. But
1 2 2
lusVu - n| < |ug| [Vu| < 3 lug|” + [Vul” ),
and so we conclude that e'(t) < 0 for 0 < ¢ < tg. This implies e(t) < e(0) = 0.

But certainly e(t) > 0, so e(t) = 0. It follows that du = 0 in 2, and hence v = 0
in Q. O
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Ezercise 1. Part (b) below was used in the proof of the uniqueness theorem.
Here B,.(x) denotes the open ball in R™ centered at x with radius r, and S, (x)
denotes its boundary, the sphere of radius r at x.

(a) If f is a continuous function on R™ and = € R™, then

a
d'l" B,

dy = do
W /S et

where do is surface measure. (Hint: Use polar coordinates to write
S0y L@y = [y Jsams F& + pw) do(w)p"~ dp, where 5™ = 5(0)
is the unit sphere.)

(b) Now suppose f = f(r,x), where r € R and z € R". Fix x and set
o) = [ s
B, (x)
Assuming f and 0, f are continuous, show that

§(r) = /B RO / f(ry) do(y).

Sr(x)

(Hint: Write

dy

¢(7’+h)*¢(7")_/ fr+hy) = f(ry)
h Brin(z) h

1
— r.y)dy — r.y)d .
+ {/13T+h,(z>f( ,y) dy /BT@:) f(ry) y}

On the first term use the dominated convergence theorem, and on the
second term use part (a).)

1.3 Solution of the Cauchy problem

1.4 Dimension n = 1: D’Alembert’s formula

The solution of (1.1) in dimension n = 1 is given by D’Alembert’s formula:

| —

x+t
uta) =3 e+ +fe=tl+3 [ o

Theorem 2. If f € C*(R) and g € C'(R), then u defined as above is C* and
solves the Cauchy problem (1.1).

The proof is a simple calculation.
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1.4.1 Dimension n = 3: Spherical mean

Define the spherical mean of a function ¢ : R®> — R by

1
Mgy(z,7) = el ¢(x+ry)do(y) for zeR3 reR.

Observe that

(1.2) My(z,0) = ¢(x)
and that M is an even function of r:
(1.3) My(z,—r) = My(z, 7).

We showed that (see Sogge or Folland) M, satisfies the Darbouz equation
AyMy = (97 + (2/r)0,) My,

provided ¢ € C?(R3).
Next, we set
My (t,x,7) = Myg .y (x,7).

Then an easy calculation shows
Ou=0 < 9;M, = (0} + (2/r)0,) M,.
If we then fix z and set
v(t,r) = rM,(t,x,r),

it follows that u solves Cu = 0 on RT3 if and only if, for each fixed x, v solves
the wave equation on R!*1:

02v = 0?v.
Thus, D’Alembert’s formula expresses v(t,r) in terms of the data
v(0,r) =rMy¢(z,7), Ow(0,r)=rMy(z,r),
and we then obtain a formula for u(¢, ) by noting that

u(t,z) = My(t,z,0) = lim M

r—0 r

Calculating the right hand side, we finally get
u(t,x) = 0y (tMy(t,x)) + tMgy(z,t)

— % . [f(z+ty) + Vf(z +ty) - ty + tg(x + ty)] do(y)
— g [V VI =)+ )] do

where the last equality is valid for ¢ > 0 by a change of variables.
We then have:

Theorem 3. If f € C3(R3) and g € C?(R3), then u as defined above is C* and
solves (1.1) on R1¥3,
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1.4.2 Dimension n = 2: Method of descent

We use Hadamard’s method of descent to get the solution of the case n = 2
from the case n = 3.
Assume
u=u(t,r1,x2)

solves (1.1) on R'*2. Define
v(t,r) = u(t,2’) where =x= (v1,72,23), 2 = (x1,22).
Then v solves a Cauchy problem on R'*3
Ov=0, v(0,z)=f(z"), 0wv(0,z)=g().
By the formula derived for n = 3, it then follows that

o) =0 (£ [ 16 +uaow) + & [ o+ 0ot

T fg2 4

But since the integrands are independent of y3, we get (see Exercise 2 below),

t dy t dy

ult, z) = 0, —/ Flat ty) 2 +—/'gw+m———f
27T |y‘<1 1 _ |y‘2 27T ‘y‘<1 /1 _ ‘y|2

where we dropped the primes on x and y (so now x,y € R?).

FEzxercise 2. Prove that
dy’

L“”“@:?A@“m’hwp

where ¥’ = (y1,12) and y = (v',y3) € S?. (Hint: Parametrize the two
hemispheres over the yiys-plane by (v, +¢(y’)) for || < 1, where ¢(y') =

Vi-1y*)

1.4.3 Higher dimensions

See Folland. The formulas are as follows.

Theorem 4. Suppose n > 3 is odd. If
fe C(n+3)/2(Rn)’ ge Cr(n+1)/2(]Rn)7
then

u(t, ) =y | By (1710, (W32 (t”2 /
Yy

+(t7 1)/ (t”2 /yesm g9(z +ty) da(y))]

flz +ty) dd(y)>

esn-1

is C% and solves the Cauchy problem (1.1) on R'**™. Here v, is a constant.
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By the method of descent one then obtains:
Theorem 5. Suppose n > 2 is even. If
f c C(n+4)/2(Rn), ge C('IL—‘,-Q)/Q(RTL)’
then

ult, ) = 7 [@(t—lam“-”/? (t”—l /| e ty)dy)
y|I<

V1-lyl?

I (t—lat)(n—Q)/Q (tn—l/ g +ty) dy )]
lyl<1

2
1=yl

is C? and solves the Cauchy problem (1.1) on RY*™ where v, is a constant.

1.5 Huygens’ principle

It is evident from the formula we derived, that in dimension n = 3 (and in higher
odd dimensions as well), the value of u at a point (¢,z) (¢ > 0) only depends on
the values of the data f,g on the set {y : |y — x| =t} (or more precisely in an
infinitesimal neighborhood of this sphere, since the formula involves V f).

As a consequence, an initial disturbance at the origin, say a flash of light,
propagates with unit speed and can only be seen on the forward light cone with
vertex at the origin, namely the set {(¢,z) : ¢ = |z|}. This is known as the
(strong) Hyugens principle.

In dimensions n = 1,2 (and in any even dimension n > 2) a weaker version
of Huygens’ principle holds. Then u at (¢,z) depends on the values of f,g in
the ball {y : |y — x| < t}. Consequently, a flash of light at the origin will be
visible to an observer at a point xg in space, at times t > |x¢|, and not just at
t = |xo| as in dimensions n = 3,5, ..., although the intensity of the light will
decay (except in dimension n = 1; see the next section).

Ezercise 3. (Finite speed of propagation.) Suppose f,g are smooth and com-
pactly supported, say

f(z)=g(x)=0 for |z|>R
for some R > 0. Prove that wu(t,-) is compactly supported for each ¢ > 0, and
that in fact

u(t,z) =0 for |z|>t+ R.
Moreover, if n is odd and n > 3, then

u(t,z) =0 wunless t— R < |z| <t+ R.
Show also that the energy
1
(t) =5 / Ou(t, 2)|? da

is independent of .



Chapter 2

Week 2: Weak and even
weaker solutions

2.1 Decay as t —

Consider the Cauchy problem on R'*”,

(2.1) Ou =0, u’t:o =f, 8tu|t=0 =g,

and assume f, g are smooth and compactly supported:
f(@) = g(@) =0 for |o| >R,

for some R > 0. We then have:

Theorem 6. [[u(t,-)|| - = Ot Y/2) ast — occ.

We will prove this in dimensions n = 1,2, 3.

Proof for n = 1. By D’Alembert’s formula,
1 1 T+t
ut) = 5li 4+ fa- 045 [ o

r—t

and so

1 o0
Jut e < Uy 5 [ ol

— 00

Proof for n = 2. It suffices to consider the case f = 0. Then

t dy

2—/ gz +ty) ——.
i< V1=l

u(t,x) =
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Since

(2.2) suppg C {|z| < R},

we have

(2.3) suppu(t,-) C {|z| < R +t}.

Now convert to polar coordinates y = pe’®, 0 < p < 1,0 < § < 27. Then

t 1 2m ) d
u(t,z) = %/0 (/0 g(x +tpe“9)d0) \/%

But in view of (2.2),

|z| — R |z| + R
Pmin S P S Pmax > Pmin = T7 Pmax — £ 3
and the angle 6 is restricted to an interval of length < 1 +C\w|'
We conclude that
Ct b pdp
(2.4) lu(t, 2)] < llgll o —
o 1+ |$| a 1- p
where
(2.5) a = max(0, pmin), b= min(l, pmax)-
(Observe that by (2.3) we may assume |z| < t+ R, and 80 ppmin < 1 and therefore
a<b.)
Since 9R
b_aépmax_pmin = Ta

we can now appeal to the following estimate, which we leave as an exercise.

Exercise 1. Assume 0<a<b<landb—a< i. Then

b pdp <{(b—a)2 ifa<i
— . 1
o V1I—p Vb—a ifa> 3.
(Hint: I a < %, then 1 —p > %. If a > %, bound the integrand by \/bl_fp)

To apply this, note that (with a,b defined by (2.5)):

(i) If pmin < 3, then a < 1, and so |u(t,z)| = O(1/t) in this case, using (2.4)
and the exercise.

(ii) If pmin > 3, then a > 3 and |z] ~ ¢, so |u(t,z)| = O(1/Vt) by (2.4) and
the exercise.
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Proof for n = 3. Again we may assume f = 0, in which case

t
u(t,z) =~ /SQ 9(x +ty) do(y).
From (2.2) it is clear that u vanishes unless
|z - R <t <|z|+R,

so t ~ |z| on the support of u. Moreover, it is clear that the integrand g(x + ty)
(y € S?) vanishes unless y makes an angle < 1/ |z| with wy = —2/|z| € S
The corresponding region on S2 has area <

< |#|7? ~ 72, and we conclude
u(t, 2)| < Crllgll - t™"

Notation. The symbol < stands for < up to a positive, multiplicative constant,
which may depend on parameters that are considered fixed. (For example, in the
above the constant depends on R.) The notation r ~ s means that r < s < 7.

2.2 The equation [u = F' and Duhamel’s princi-
ple

Consider the Cauchy problem for the inhomogeneous wave equation:
(2.6) Ou = F, u|t:0 = f, 8tu|t:0 =g,

which represents waves influenced by a driving force F' = F(t,z). By linearity,
the solution is

uU=v-+w,
where v is the solution of the corresponding homogeneous problem (F = 0),
and w is the solution of (2.6) with zero data (f = g = 0). The idea is that w

is a continuous superposition (integral) of solutions of the homogeneous wave
equation. This is expressed by Duhamel’s principle:

Theorem 7. Suppose F € C"+t2)/2(R™7) if n is even, or F € C(TD/2(R+7)
if n is odd. For each s € R, let v(t,x;s) be the solution of the Cauchy problem

Ov=0, v(0,2;)=0, 9Jw(0,z;s)=F(s,x).

Then u(t,x) = fot v(t — s,x;8) ds is in C% and solves the Cauchy problem (2.6)
with f =g =0.

Exercise 2. Prove this. (Observe that if ¢(t) = f(f (¢, s) dt, where ¢ and Opt)
are continuous, then ¢'(t) = (¢, t) + f; Opp(t, ) ds.)
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2.3 Weak solutions

So far we only considered classical solutions—that is, solutions which are at least
C?—of the Cauchy problem (2.6). However, the solution formulas make sense for
data f,g and F' with very little regularity. For example, D’Alembert’s formula
for the solution of the homogeneous equation in dimension n = 1 makes perfectly
good sense for any f,g € L%OC(R)—the only question is whether the resulting
function u can be said to “solve” the Cauchy problem in some reasonable sense.
The answer is affirmative, as we now demonstrate.

To motivate our definition of “weak solution”, let us start with a classical

solution u € C? of the Cauchy problem on a time-strip
St =1[0,T] x R"™.
Thus, we assume
(2.7) Ou=F on Sr, u’t:O =71, 8tu}tzo =g.
Let ¢ be a test function compactly supported in (—oo,T) x R™. Now multiply

the equation by ¢, and integrate by parts, using the fact that ¢ vanishes near
t="1T, to get

ngdtdsc:/ (Ou) ¢ dt dx
St

T
= /]Rn (—/0 atu8t¢dt—g(ai)¢(0,x)> dx — /ST ul¢ dt dx

:/ ul¢ dt dx + (x)atd)(O,x)dx—/ g(x)o(0, x) du.
St

n

St

R"
This leads us to make the following

Definition. Let f,g € L (R") and F € L{ (S7). We say u € L{. (S7) is a
weak solution of (2.7) if

(2.8) / ulde dt dz :/ Fodtde— f(z)0pp(0, ) d:v—i—/ g(x)¢(0,x) dz
St St Rm n
for all ¢ € CZ° supported in (—o0,T) x R™.
The next result shows that this definition is reasonable.

Theorem 8. A weak solution belonging to C*(St) is a classical solution.

Proof. If ¢ is supported in (0,7) x R™, then (2.8) says that

/qubdtdx:/Fqbdtdac
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and integration by parts shows that [u0¢ = [(Ou)¢. Thus,'

/(Du—F)qutdx:O,

and since ¢ was arbitrary, we conclude that Ou = F' on Sp. (After redefining
F on a set of measure zero.)
It remains to prove that u takes the initial data f,g. Let us prove that

(2.9) Fyu(0, ) = g(x),

leaving the verification of u(0,z) = f(z) as an exercise (see below). First, (2.9)
is equivalent to

(2.10) (0, z)y(x) dx = / g(x)Y(z)dx forall o € C°(R™).

R n

Fix such a . Let a be a smooth function such that

<
alt) = {1 for ¢ <0,

0 for t>1.
Then set 05 (t) = a(kt) for k € N and ¢t € R. Observe that
6,.(0) = 0, Or(t) =0 for t>1/k.
Now take ¢ = ¢, in (2.8), where
o (t, ) = O (t)Y ().
Then the right hand side of (2.8) reads (we take k so large that 1/k < T)

1k
(2.11) / < [ F( ot dt) V() de + / g@)() do.

Since F' € C(St) (we showed Du = F), the first term is O(1/k) as k — oo.
We claim that the left hand side of (2.8) equals

(2.12) Owu(0, z)(x) dx + O(1/k).
Rn,

Equating (2.12) with (2.11) and passing to the limit k¥ — oo then gives (2.10).
It remains to prove the claim. But the left hand side of (2.8) is

1/k
/ST u(t, )0y (t)y(x) dt do — /n </0 u(t, z)a(kt) dt> Ay(z) dx.

!We use the fact that if h € L{ _ and [ hy = 0 for all ¢ € CZ°, then h = 0. (We identify

functions in L] _ which are equal almost everywhere.)
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The second term is O(1/k), and after an integration by parts, the first term
becomes

- Oyu(t, z)0; (1) (x) dt d.
St

(There are no boundary terms, since 6}, (t) = 0 for t = 0,7.) A second integra-
tion by parts transforms this into

1/k
/n </0 O2u(t, z)a(kt) dt) Y(x)dx + . Opu(0, ) (x) du.

Again, the first term is O(1/k), proving the claim. O

Exercise 3. Complete the proof of the theorem by showing that «(0,z) = f(x).
Proceed as in the proof of (2.10), but now choose 0;(t) = £b(kt), where b is
some smooth, compactly supported function such that

b(0) =0, b(0)=1.

Thus 0;(0) = 0 and 6,,(0) = 1 for all k, and the support of 6 shrinks to the
origin as k — oco. (You should find that the “error terms” are now O(1/k?).)

Example. Recall D’Alembert’s formula for the solution of the Cauchy problem
(2.13) Ou =0, u}tzo = f, atu|t=0 =g

on Rt

xz+t
(2.14) Wt z) = Sf@+ ) + fa -]+ %/_t J.

N | =

Clearly, this defines a function u € L{ (R?) if f,g € L] (R), and we claim that
u is a weak solution of (2.13) on [0, 00) x R.

There are two ways to do this: by direct calculation or approximation by
smooth function. Let us briefly outline both procedures.

First method: Direct calculation. The key is to show, for all A € LL (R)

loc
and ¢ € C°(R?),
(2.15) / / Az + 0)06(t, ) dt dz = — / A2) [0:6(0, ) + 0.6(0, )] da,
R Jo R
(2.16) / / Az —t)0¢(t, ) dt dax = / A(z) [-0:9(0,2) + 0;0(0, z)] dx
R Jo R
Exercise 4. Prove these formulas by changing variables (¢, z) — (£, ), where
E=xz+t, n=z—t.
Thus,

§—n _ &+

5 5 2dt dz = d€ dn,
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and the region ¢ > 0 is transformed into £ > 1. Moreover, if we set

Y& m) = ot ),
then ¢ = —40:0,%.
Applying (2.15) and (2.16), we obtain

/R /O ) % [f(@+ 1)+ fz — )] Og(t,x) dt du = — / f(2)0:$(0, ) dz.

R

Similarly, since f;jtt g=J; g — fomft g, we find that

/R/OOO;(/jg) D¢(t,x)dtdx/R</O$g>3x¢(0,x)dx,

and an integration by parts shows that the right hand side equals

/R 9(2)(0, ) dz.

This proves that u solves (2.13) in the weak sense.

Second method: Smooth approximation. Here we employ an approximation
technique to prove that u is a weak solution. Recall that C2° is dense in L!.
Therefore, if we fix a compact interval [—a,a], we can find sequences f;,g; in
C2° such that

i [ plde [ lg-glde—0 ws oo

Let w; be given by (2.14) with f,g replaced by fj,g;. Then u; solves the
corresponding Cauchy problem in the classical sense, and hence also in the
weak sense:

(2.18) /R/Oooujﬂaﬁdtdx— —/Rfj(:c)atqb((),x) dx+/jo(x)¢(O,x) dx

Fix ¢ € C°(R?). We want to pass to the limit and conclude that u solves (2.13)
in the weak sense:

(2.19) /R/OooquSdtdx: —/Rf(x)atgb(&:c)dx—i—/Rg(x)qS(O,x) dx

Clearly, RHS(2.18) converges to RHS(2.19), if we choose a in (2.17) so large that
the support of ¢ is contained in [—a, a] X R. But since w is given by D’Alembert’s
formula (2.14), it follows from (2.17) that u; — u in the L' norm on the support
of ¢, if we take a sufficiently large. In fact, we have to take a so large that for
any backward light cone with vertex at a point (¢,x) € supp ¢, t > 0, its base
in the plane ¢t = 0 is contained in [—a, a]. (Draw a picture). It then follows that
also LHS(2.18) converges to LHS(2.19).
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2.4 Even weaker solutions

In the previous section we defined the concept of weak solution of the Cauchy
problem for locally integrable initial data. Now we weaken the regularity as-
sumptions on then data f and g even further: we merely assume they are
distributions on R™. We consider the case n = 1 in detail, and leave the higher
dimensional cases as exercises.

Let us start by recalling some basic properties of distributions.

2.4.1 Distributions

A good reference for this material is Folland’s book on real analysis.

Let Q be an open set in R™. Let C°(92) be the set of smooth functions
¢ : R™ — C compactly supported in £2. Such functions are called test functions.
Convergence in the space of test functions is defined as follows:

¢;—¢ in CF(Q)

means that (i) there is a compact K C Q such that supp ¢; C K for all j, and
(if) 0%¢; — 0%¢ uniformly for all multi-indices a.

Exercise 5. Let e; be the j-th standard basis vector on R”, let ¢ € C(Q),
and define the difference quotient

¢(z + hej) — d(x)

3 .
Prove that A{qu — 0;¢ as h — 0 in the sense of C2°(€2). (That is, GO‘A{L(;S —
0°0;¢ uniformly as h — 0, for all multi-indices a. Note that since 0“¢ is again
a test function, you may without loss of generality take a = 0. Now use the
mean value theorem.)

A ¢(z) =

A distribution on  is a linear functional v on C¢°(€2) which is continuous,
in the sense that

$p;—¢ in CFEOQ) = (u,¢;)—(u,¢).

Note that one writes (u, ¢ ) rather than u(¢) for the value of u at a test function
¢. We denote by D'(Q) the set of distributions u on €, and we equip it with
the topology of pointwise convergence. Thus, sequential convergence in D’(2)
has the following meaning;:

(220) u; »u in D'(Q) <<= (uj,¢)—(u,¢) foral ¢eC> ().

Exercise 6. Show that any u € L{ () defines a distribution by setting

loc

(u,0) = /U($)¢(x) dz.

(The linearity is obvious; the point is to check that w is continuous.) Show also
that u,v € L () define the same distribution iff u = v (almost everywhere).
Thus we may consider L. () as a subset of D'(2).

loc
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It is customary to write

(2.21) (u,8) = / u(@)p(z) dx

even when u is not a function. This convenient abuse of notation clarifies many
operations on distributions (translation for example).

Exercise 7. For any z¢ € Q2 and multi-index a, show that the map ¢ — 9%¢(z0)
is a distribution on Q and that it is not given by a locally integrable function.

If we take Q = R™, a = 0 and xy = 0 in the previous exercise, we get the
famous delta function

(6,0) = ¢(0),
which of course is not a function (it is a measure).

The following characterization of distributions is sometimes useful.

Theorem 9. Let u : C°(Q) — C be linear. Then u € D'(Q) iff for every
compact set K C Q there exist Cg > 0 and N € N such that

(2.22) (u, @) <Cx D 070,
la| <Nk
for all test functions ¢ supported in K.

Proof. Clearly (2.22) implies that (u, ¢; ) — (u, ¢) whenever ¢; — ¢ in C°(Q2).
Conversely, assume the condition in the theorem fails to hold. Then there exists
a compact set K C Q and a sequence ¢; in C°(K) such that

(i)l > D 1105l e
lee| <j

— 0

By homogeneity we may assume (u, ¢; ) = 1 for all j. But then ||0%¢;||;
as j — oo for all o, so ¢; — 0 in C°(2). But (u, ¢, ) does not converge to 0,
so u ¢ D'(Q). O
2.4.2 Operations on distributions

Many of the usual operations on functions carry over to distributions. For
example, to motivate the definition of differentiation of a distribution, consider
smooth functions u,v on €2, and let a be any multi-index. Then

v=0% <= /v¢dm = (—1)lel /uaaqﬁdw,

as follows from repeated integration by parts. Consequently, for any u € D’(Q),
we define its partial derivative 0%u as a distribution by

(0u,6) = (u, (~)16% ).
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Exercise 8. Show that 0“u as defined above is actually a distribution on €,
and that

u; —u in D'(Q) = 0%; — 0% in D'(Q).
(See the definition (2.20).)

Multiplication of u € D'(2) with a function ¥ € C*(Q) (note that  is not
required to be compactly supported) is defined by

(Yu,¢) = (u,v9).
To see that this defines a distribution, we have to check that
oj—¢ in CF(Q) = Yo~ in CF(Q).

This is immediate from the product rule:

a
(2.23) (W)= 3, g0"vde.
Bty=a
(Here a! = ajlas! - -+ a,! for a multi-index o = (aq,...,ap).)

Exercise 9. Prove that the product rule holds for the product of a distribution
u with a smooth function .

Next, we recall the definitions of reflection, translation and convolution with

a smooth function. For simplicity, we take 2 = R"™ from now on. Also, we write
C° instead of C2°(R™) and D’ instead of D'(R™).
The reflection of a test function ¢ is the function ¢ () = ¢(—=z). Note that

/u(—x)d)(m) dx = /u(x)qﬁ(—x) dz.

This holds for any locally integrable function, and we take it as the definition
of u™ for any u € D':
(v, 0) = (u,¢7).
Let y € R™, and define the translation of ¢ € C° by ¢,(x) = ¢(x+y). Since

Juta+vo@)ds = [ @t - o

when u is locally integrable, we define u, for u € D’ by

(uy, @) = (u, 90—y )

Finally, we consider the convolution of a distribution with a test function.
If w is locally integrable and 1) is a test function, then

uxp(z) = / u(y)d(z — y) dr,
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and since Y(z —y) =¥ (y —x) = (¥7)—x(y), this leads us to define
wx () = (u, (7))
for u € D', ¢ € C°. A more suggestive notation is
wxp(z) = (u, Pz —-)).
Exercise 10. Show that u * 1 is C* on R™ and that
0% (u*1) =ux*xd = (0%u) *x 9

for all multi-indices . (Hints: The second equality is trivial. To prove the
first equality, note that by induction, it suffices to prove 0;(u * ¢) = u * 9;¢ for
j=1,...,n; use exercise 5.)

There is another, equivalent, definition of the convolution. It is suggested
by the fact that

/u s« (x)p(x) do = /u(yw~ «¢(y) dy

for sufficiently regular functions. It is therefore natural to try to define 9 * u as
a distribution by

<1/)*U7¢> = <ua¢~*¢>

for any ¢p € C2° and uw € D’. Tt is not hard to show that this definition agrees
with our previous definition. In other words,

<u,w~*¢>>=/<u,w<x—->>¢<x>dx

for all ¢ € C2°. That is to say,

(u [ o= 0wras )= [ (wvta =) ot
We leave it as an exercise to prove this using Riemann sums (see Folland).

2.4.3 Compactly supported distributions

We denote by E' (Q) the set of compactly supported distributions on 2. Recall
that u € D’(Q) is compactly supported if there is a compact K C Q such that
u = 0 on the complement of K, in the sense that

(u, 0y =0 forall ¢eC(Q\K).

The intersection of all such K is suppu. (The smallest closed set outside of
which u vanishes.)
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We remark that u can be extended to a linear functional on C*°(R™): Choose
¢ € C2°(Q) such that ¢ =1 on a neighborhood of suppu. Then evidently

(u,0) = (u, (o)
for all ¢ € C*°(Q2), and we can take this identity as the definition of u for all
¢ € C(R™). It is easy to check that this extension is independent of the choice
of ¢. In particular, u can be regarded as an element of E (R™). We often write
E’ instead of E'(R™).
Let u and ¢ be as above. Applying Theorem 9 on the compact set supp ¢ C €2,
we see that there exist C' > 0 and N € N such that

(@) <C Y 107

la|<N

for all ¢ € C°°(R™). By the product rule we then get

(2.24) (@) <C" Y7 10° e

lo| <N

for all ¢ € C°(R"), where K = supp(. Thus, every compactly supported
distribution is of finite order.

Given u € E', extended to C°° (R™) as above, choose a compact set K which
contains the support of « in its interior. Then it follows from

Next, observe that if ¥ € C2° and v € E’, then ¢ * v € E'. But we know
Y*xv € C, whence ¢ xv € C°. We can therefore define the convolution w * v
of any u € D’ with any v € E' by (cf. our second definition of the convolution)

(u*xv,0) =(u, v x¢).
Exercise 11. With notation as above, prove that:

(a) uxv € D' (Hint: You have to check that if ¢; — ¢ in C° and w € E,
then w * ¢; — w * ¢ in C°. Recall that w is of finite order, so we have
an estimate of the type (2.24).)

(b) 9%*(u*v) = ux 0% = (0%u) * v for all multi-indices a.

2.4.4 Smooth approximation
It is an important fact that the test functions are dense in D’(2).
Theorem 10. C°(Q) is dense in D' (Q).

See Folland for a complete proof. The idea is write £} as a union of an
increasing sequence of compact subsets K, and to choose ¢; € C2°(€2 such that
¢; =1on Kj. Also let x. be a smooth and compactly supported approximation
of the identity. Given u € D’(2), one then defines

(225) U; = XEj * (qu),
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where ; — 0. Clearly u; € C2°() if one chooses ¢; sufficiently small, and it is
not hard to check that u; — w in D'(£2).

It is not hard to check that for the particular sequence u; constructed above,
one has estimates (2.22) with constants Cx and Nk independent of j. This
turns out to be true for any convergent sequence of distributions however; see
the next section.
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Chapter 3

Week 3: Some facts about
distributions

3.1 Continuity properties of D'(Q2)

Recall that for a linear functional u : C°(Q2) — C, the following statements are
equivalent:

(a) u e D).
(b) (u,¢;) — (u,d) whenever ¢; — ¢ in C(Q).

(¢c) For every compact K C Q, there exist C > 0 and Nx € N such that

(1) [we) <Ck > 0%~ forall ¢eCX(K).

la| <Nk

It is natural to pose the following
Question. Suppose

u; —u in D'(Q),

Then is it true that
(3.2) (ujs¢5) = (u, 0)7

The answer is yes, but this is far from obvious.

When trying to prove (3.2), the natural course of action is to exploit the
bilinearity of the pairing (-, -) and write

(uj,dj) —(u, ) = (uj, ¢5 — @) + (uj —u, 9) .

23
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Since u; — u, the second term on the right hand side converges to 0, but it is not
at all clear that the first term does. Notice, however, that if the estimate (3.1)
were to hold for all the u;, with constants C'x and Nk independent of j, then
also the first term on the right hand side of the above equation would converge
to 0, since ¢; — ¢. This turns out to be true, which is quite remarkable,
considering the fact that D’(Q) has the topology of pointwise convergence.

Theorem 11. If u; — u in D'(Q), then for every compact K C Q, there exist
Ck and Ng, independent of j, such that (3.1) holds for all the u;.

This striking result comes out of the Uniform Boundedness Principle, which
in fact implies a stronger statement (we will need this later):

Theorem 12. Consider an indexed family {ux}rer C D'(Q). If

sup |(ux, @) < oo forall ¢ € C*(Q),
Ael

then for every compact K C €, there exist Cx and Nk such that

sup|(ur, ¢)] < Cix > 0%l forall ¢ e CZ(K).

|a|<Nk

The proof is relegated to an appendix.
Let us note the following interesting corollary.

Corollary. Let {u;} be a sequence in D'(2). Suppose

hm <Uj, ¢>

j—o0
exists for every ¢ € CX(Q), and denote the limit by (u,¢). Then the map
u: C® — C so defined belongs to D'().

Proof. Obviously, u is a linear functional on CS°(Q2), and the continuity follows
immediately from Theorem 12. U

This further implies:
Corollary. D'() is complete.

In other words, every Cauchy sequence {u;} in D’(Q2) has a limit in D’(12).
Indeed, since uj — u — 0 as j,k — oo, then (u;,¢) is a Cauchy sequence in C
for every fixed test function ¢; hence it converges in C, and we can apply the
previous corollary.

3.2 Time-dependent distributions

Consider a map
R — D'(R"), t— u(t).
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Since D’(R"™) has a topology—mnamely the topology of pointwise convergence—it
makes sense to talk about continuity or differentiability of v as a function of
t. Thus, u is continuous at tg iff ¢ — (u(t),¢) is continuous at tg for every
¢ € C°(R™), and u is differentiable at ¢q iff there exists a v € D'(R™) such that

for every ¢ € C°,

d
%<’U,(t),¢> |t:to = <’U,(b>.

We then write ' (t) = v. If u,u/, ..., u®) exist and are continuous on R, we say
that u is of class C* and write u € C*(R,D’) or just u € C*. If u € C* for all
k, we say u € C™.

Proposition 1. Every u € C(R,D'(R")) defines a distribution on R1™™ by

(u,) = / (u(t)0(t,)) de for W € C(RY™).

Proof. First observe that the integrand is a continuous and compactly supported
function of ¢, so the integral exists. The functional u thus defined belongs to
D'(RY*7) iff (3.1) holds for every compact K C R**". Tt suffices to take K of
the form I x K’ where I C R and K’ C R™ are compact. But by Theorem 12
there exist C g > 0 and Ny g € N such that

SH§|<U(7§)7¢>| <Crx Y, [0°¢ll~ forall ¢eCX(K'),
te

la| <Ny g+

Apply this for each ¢t € I with ¢ = ¥(¢,-) and then integrate in ¢ to get the
desired estimate. O

Now assume u € C1(R, D'(R")). Then u and ' can both be interpreted as
elements of D’(R'*™), and the question naturally arises whether

(3.3) Ou = u’

in the sense of D'(R'*™™). The answer is yes. Indeed, (3.3) is equivalent to the
condition that, for every 1 € C°(R1T),

[ a0, (0ot ) de = [ (o), 0(e0) dr
R R
But since u is C!, we have

d
(3.4) 7 (a9t ) ) = (' (8), (8, ) + (ult), 0 (E, ) )
and integration in ¢ gives the desired identity.

Exercise 12. Prove (3.4). Note that if f(t) = (u(t),®(t,-)), then

H{f+m) - f(0)}
1 1
= < E{u(t—&- h) —u(t)}, ¥(t,-) > + <u(t+ h), E{¢(t+ h,) —(t,)} > .

Use Theorem 12 on the last term (cf. the discussion in section 1).
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3.3 Distributional solutions of [u = 0.

We consider again the Cauchy problem on R'*",

(3.5) Ou =0, u’t:o =f 8tu‘t=0 =g.

First observe that the equation Ou = 0 makes sense for u € D’(R!*"). In fact,
Ou=0 <= (u,0¢)=0 forall ¢ec CXR™").

We could also replace R'*” by any open subset. However, it does not make sense
to say that u satisfies the initial conditions, since in general we cannot restrict
u to the plane t = 0. But if u is a time-dependent distribution of class C' as
defined in the previous section, then the initial condition is clearly meaningful
(cf. also (3.3)).

Theorem 13. For all f,g € D'(R™) there exists a time-dependent distribution
u € C*(R,D'(R™)) which solves the Cauchy problem (3.5).

The solution is also unique; we leave this as an exercise for next week.

To prove the theorem, one simply takes the representation formulas for
smooth initial data, and see that they make sense also when f and g are distri-
butions. In fact, in every dimension n, the solution formulas can be written

(3.6) u(t) = W'(t) « f + W(t) * g,
where
(3.7) W e O=(R,E'(R"), W(0)=W"0)=0, W(0)=24.

(Here § is the point mass at the origin in R™.) Recall that E’(R") is the space
of compactly supported distributions. In fact, we shall see that

supp W(t) C {x : || < J¢[},
and, moreover,
suppW(t) C {z : |z| = |t|]} ifnisodd, n >3,

which is merely a statement of Huygens’ principle.

Let us for the moment simply assume the existence of W (t) with the stated
properties, and show that (3.6) defines a solution of (3.5) for arbitrary f,g €
D'(R™).

First, since W(t) is compactly supported for each ¢, the convolutions in
(3.6) are well-defined for all f,g € D'(R™). Thus, (3.6) defines a smooth time-
dependent distribution (see Exercise 2 below).

Secondly, the initial conditions are satisfied, since

w0) =W'(0)« f+W(O0)xg=0xf=Ff
W (0)=W"0)x f+W'(0)xg=0xg=g.
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Finally, to see that Ou = 0 in the sense of distributions, we use a simple
approximation argument. Choose sequences f;,g; € CS°(R™) such that f; — f
and g; — ¢ in D'(R™). Let u; be the solution of (3.5) with initial data f;, g;.
Then

wi(t) = W'(E) % 5+ W (D) % g5,

whence (see Exercise 2)
u; —u in D(R'™).

But then
Ouj — Ou in D/(R'™),

and since Ou; = 0 for all j, we must have u = 0.

Exercise 13. Given v € C*(R, E/(R”)) and f € D'(R™), define

and prove:
(a) ue C®(R,D'(R")).

(b) If f; — f in D'(R™), and we set u;(t) = v(t) * f;, then u; — w in the sense
of D/(R™).

(Hint: Use the fact [see the next exercise] that the convolution product of two
distributions is continuous in both arguments. For part (b), use the Dominated
Convergence Theorem, recalling that Theorem 12 furnishes estimates of the type
(3.1) which are uniform on compact intervals in ¢.)

Exercise 14. Recall that for u € D’ and v € E, we defined u* v € D’ by
(3.8) (uxv,0) = (u,v"x¢@) for ¢eCF.

Recall also that if v € C2°, then u * v agrees with the C*° function u * v(z) =
(u,v(x —-)). In other words, we have the identity

(3.9) [ vt =) (@) do = (w75 ).
The purpose of this exercise is to extend the convolution product to
(D' x E'YU (E' x D)

and prove that it is commutative, so that u *x v = v * u. Moreover, we want to
prove that the product is continuous in both arguments.

We break this into a number of steps. At the outset, let us record some facts
that will be used:

(i) Any u € E’ can be extended to a functional on C® by (u,¢) = (u,(¢)
where ¢ € C2° and ( =1 on supp u.
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(i)

(iii)

(iv)
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Assume uj,u € E'. The statement u; — u in E' means that (u;,¢) —
(u,¢) for all $ € C>°. Note that if the u; are all supported in a fixed
compact set K, then this is equivalent to saying that (u;,¢) — (u,¢) for
all ¢ € C°. (Choose a cut-off ¢ € C° such that ( =1 on K.)

If u € E' and ¢ € C°, then u * ¢ is a C™ function, given by u * ¢(x) =
(u, dp(x—-)).

Assume x € O and [p, x(z)dz = 1. Set x. = e "x(x/e). If u € E,
then u# ye — u in E' as € — 0.

Now prove the following:

(a)

Equation (3.8) defines a distribution u % v whenever u € E’ and v € D'.
Thus, the convolution product is extended from D’ x E’ to (D’ x E') U
(E' x D)

(Hint: In view of facts (i) and (iii) above, the right hand side of (3.8) makes
sense. Proving that the linear functional u x v so defined is a distribution,
boils down to the following: If w € D’ and ¢; — ¢ in CZ°, then w * ¢;
converges uniformly on compact sets to w * ¢.)

Prove that if u € E/, ¢ € C* and 1 € Cg°, then
(ux@)* v =ux(¢*).

Note that both sides are C*° functions. (Hint: This can be reduced to
the identity (3.9).)

If u,v € D’ and at least one of them has compact support, then
(3.10) (u, "% @) =(v,u"x¢p) for ¢eCx.

(Hint: By symmetry, we may assume u € D’ and v € E’. Show first that
(3.10) holds when v € C'2°; this can be reduced to the identity (3.9), since
v k¢ = ¢*v". For general v € E', use fact (iv) and part (b).)

Convolution is commutative. That is, u * v = v * u whenever u,v € D’
and at least one of them has compact support. (Hint: Show that this is
equivalent to (3.10).)

The convolution product is continuous in both arguments. (Hint: By
commutativity, it suffices to prove two things. First, if u; — uw in D’ and
v € E’, then uj*v — u+v in D', This follows easily from (3.8). Secondly,
one has to show the same thing if u; — u in E’ and v € D'. Again this

follows from (3.8), since the assumption u; — u in E’ means that [see fact
(ii)] (uj —u,¢) = 0as j — oo for all p € C>.)



3.4. WHAT IS W(T)? 29

3.4 What is W (t)?

It remains to find W (t) satisfying (3.7) and such that the solution of (3.5) is
given by (3.6) for all f,g € C*(R™). Of course, W(t) depends on the space
dimension n. We only consider n = 1, 2, 3, leaving the higher dimensional cases
as an exercise.

Dimension n = 1. In this case we have d’Alembert’s formula:

x+t
u(t, ) = 5[f(z+ )+ Fa— 1) +%/_t 0

Define W (t) € D'(R) by

1 [t
(W.o)=3 [ ¢ for oeCE®).
—t
It is easy to check that [W(t) = g](z) = % ;jtt g for g € Cg°.
Since
d t
G ([ o) =e+ o0,
we have

W'(t) = %[5(- +1t)+6(-—1)].
In particular, this implies
W/(6)* fl(w) = 5[+ )+ Fa— 1)

for f € Cg°. The higher derivatives are given by

1
(W), ) = 5[6*7D(@) + (1) 1oV ().
We conclude that W (¢) has all the required properties.

Dimension n = 3. In this case the solution of (3.5) for f,g € C° is

t t

o) =o (= [ se—maot))+ = [ et ioty)

(Here we have changed variables y — —y, which does not affect the value of the
integral.) The solution is therefore of the form (3.6), if we take

W(t) = t(t),

where & € C*°(R, E'(R3)) is defined by

(=000 =3 [ otmdsty)
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Then
1

T ar

(=0.0) = 1= [ Vo) ydo(y)

and the higher derivatives are given by

(20(),0) =1 [ Do)y, ....v)do(y).

47 yES?2

where
n

Dk¢(ty)(ya7y) = Z ajl 8]k¢(ty) Yji = Y-
J1se-Jk=1
Observe that
2(0) =4, ¥(0)=0.

(The latter holds by the Divergence Theorem.)
Since & € C°°(R, E'(R3)), it follows that W € C*°(R, E'(R?)), and we have

w'(
/

Y=X{)+tX(t) = W'(0) =4,
W'(t) = 2%/

t
t) (t) +t3"(t) = W"(0) = 0.
Thus (3.7) is satisfied.

Dimension n = 2. The solution is now given by

t dy t dy

o R e B B
27 /|y|<1 1— ‘y|2 271 Jiy<1 /1 _ |y|2

which is of the form (3.6) if we set

u(t,x) = 0

W) = t0(1),
where © € C®(R, E'(R?)) is given by

01).6) = = [ olty)—2

27T |y|<1 /1_ |y|2

Remark. If we consider ¢ as a function on R? which is independent of y3, then
(O(t),¢) is just (X(t), ¢).
For k > 1,

<@<’“> (t), ¢> _ L D ¢(ty)(y, - -, y)

Moreover,
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(The latter follows by the above remark, since ¥'(0) = 0.)
Since © € C®(R, E'(R?)), it follows that W € C>(R, E'(R?)), and we have

W'(t)=0(@1)+te'(t) = W'(0)=4,
W'(t) =20'(t) +t0"(t) = W"(0)=0.
so (3.7) holds.

Exercise 15. Find W (t) for n =5,7,... and n =4,6,....

3.5 Proof of Theorem 2

We are given an indexed family {uy}rer C D/(Q2) such that

sup [(ux, @) < oo forall ¢ e CF(Q),
Aerl

and we want to prove that for every compact K C €2, there exist C'x > 0 and
Nk € N such that

sup|{ur, )| < Cic > 10%]l - forall ¢ e C(K).
€

la|<Nk

To prove this, fix the set K. The space C2°(K) is a Fréchet space: a complete
Hausdorff' topological vector space whose topology is induced by a countable
family of seminorms. In this case the seminorms are

16l oy = 0%l L »

where « runs over the set of multi-indices. (See Folland’s Real Analysis, section
5.4, for a brief discussion of topological vector spaces.) In fact, every Fréchet
space is a complete metric space. Convergence in this topology on C°(K)
means the following:

¢;j—¢ In CF <= |¢— q5||(a) — 0 forall a.

As a consequence, we see that a linear functional u : C°(2) — C belongs to
D'(Q) iff u|C*(K) is continuous for every compact K C .

Returning to the proof of the theorem, then, we have that uy|C°(K) is
continuous for every A € I. But the conclusion of the theorem then follows
immediately from

Theorem. (Uniform Boundedness Principle.) Assume that

o X is a Fréchet space whose topology is given by a countable family of
seminorms {pn}3°;

e ) is a normed vector space;
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o {Th}aer is a family of continuous linear operators from X into ) which
18 pointwise bounded, in the sense that

sup | Thz|| < oo forall zeX.
Ael

Then there exist C >0 and N € N such that

N
sup [|[Thz| < C’an(x) forall ze€X.
AT T

The theorem is usually stated for the special case where X is a Banach space.

The proof is based on the Baire Category Theorem, which states that if X
is a complete metric space and X = |J{° E; where each E; is closed in X, then
at least one F; has a nonempty interior. Recall that every Fréchet space is a
complete metric space.

In the present situation, one defines the sets E; by

E; = {x € X :sup || Thx|| S]}-
xel

Since the T are continuous, each Ej; is closed, and since the family {T\} is
pointwise bounded, we see that X = [J{° E;. Therefore, some E; has nonempty
interior, by the Baire Category Theorem.

One can show that for every xy € X, the finite intersections of the sets

Uggne ={x € X :pp(z —x0) <€}, neN, >0,

form a neighborhood base at zg. (See Folland.)
Since F; has nonempty interior, it then follows that there exist o € &,
N € N and € > 0 such that

N
ﬂ Ua;one C E]

n=1

But this implies that Ey; contains an open neighborhood of the origin in X,
essentially by translation.

In fact, if
N

S m U0n67

n=1
that is to say, if p,(z) < e for n =1,..., N, then obviously

N
Tot+x€E ﬂ Uzonsv

n=1

whence
[Trz[l < 1T (zo + )| + [[Thzoll < 25
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for all A. Thus z € E»;.
Fix 6 > 0 and x € X. Then

N -1 N
zZ=¢ (6 + an(x)> UAS m Uone,
1

n=1
because p,(z) < e for n =1,..., N. Therefore,

sup [ Taz[| < 27,
A

which by linearity and homogeneity implies

. N
2
sup | The| < ;J <5+an(x)> :
1

Since 6 > 0 was arbitrary, we get the desired conclusion.
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Chapter 4

Week 4: More on
distributional solutions

4.1 Uniqueness of distributional solutions

Fix T > 0, and assume that u € C1([0, T], D'(R™)) solves

(@1) Ou=F on Sr=(0,T)xR"
u|t:0 = fa Oyu = 9,

where F' € D'(St) and f,g € D'(R™). (The equation Ou = F' is understood in
the sense of distributions on Sr.)

Theorem 14. The solution of (4.1) is unique in the class C1([0,T],D’(R™)).

Since O is a linear operator, it suffices to prove that if f =g =0and F =0,
then v must vanish on S7. We leave the proof as an exercise:

Exercise 16. Prove the following statements.
(a) If u € C%(]0,T), D'(R™)), then for any ¢ € C°°(R**") such that
o(t,-) € CE(R"™) forall ¢
we have
T T
| om0t de= [ (Euw.o.) @
+(u(t), &o(t,)) o — (' (t).6(t,)) 5,

where we write a(t)|2 = a(T) — a(t).

35
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Hint: Since Ou(t) = u” (t) — Au(t), it suffices to show

T T
/ (u(t), 26(t,-) ) di = / ((8), 6(t,-) ) dt
0 0
T (ult), Bub(t,) ) 1T — (u (1), (8, )) IF.

Integrate by parts twice to prove this (see equation (4) in the notes from
last week).

(b) If u € C*([0,7],D'(R™)) and Ou = 0 on S, then u € C?([0,T], D'(R")).
[In fact, u € C*°([0, T, D'(R™)).]

Hint: 9?u = Awu, and the right hand side belongs to C*([0, T], D'(R")). By
equation (3) from last week we have 87u = 9;(u’). Now apply Proposition
2 below.

(c) Assume that u € C([0,T], D'(R™)) solves (4.1) with f = g = 0and F = 0.
Prove that u vanishes on St.

Hint: By part (b), u € C?(R,D’), so we can apply part (a), with ¢ the
solution of the following Cauchy problem with initial data at t =T

Op=0 on R!™
¢(Ta ) = ¢0a 8t¢(Ta ) = ¢1a

for arbitrary ¢o, ¢1 € C°. Conclude that u(T) = /() = 0.
Proposition 2. Let u,v € C([0,T],D’'(R™)) and set S7 = (0,T) x R™. If
du=vwv in the sense of D'(St),
then u € C([0,T], D'(R"™)) and v’ = v.

Proof. We are given that
[ s t=vawie ) di = [ (o.0(e,9) di
for all ¢ € C°(St). Now take

P(t,x) = 0(t)¢(x)

where § € C°((0,T)) and ¢ € C°(R™). Considering ¢ to be fixed, the above
equation then reads

/ (FO0@) + g®)0(0)} dt=0 forall 0 C((0,T)),

where f,g € C([0,T]) are given by
f(t):<u(t)7¢>’ g(f,):<1}(t),¢>.
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But this means that
f'=g in the sense of D'((0,T)),

and since f and g are both continuous, it follows from Proposition 3 below that
f' = ¢ in the classical sense, that is,

& (ult), 6) = (0(0),0) .
Since ¢ € C°(R™) was arbitrary, this finishes the proof. O

Proposition 3. Let Q C R"™ be open. If u € C(Q) and the distributional
derivatives 0%u are also in C(Q) for all |a| < k, then u € C*(Q).

Proof. By induction, it suffices to consider £ = 1. The problem is then to prove
that Oyu,...,0,u exist in the classical sense at every point of 2, and agree
with the distributional derivatives, which are assumed to be continuous. Since
we only consider partial derivatives in the coordinate directions and at a given
point, it suffices to take n = 1 and assume that u is a function in C([a, b]) whose
distributional derivative on (a,b) agrees with a function v € C([a,b]). Thus,

/u(ac)(—l)(b'(:c) dr = /U(m)qb(x) dr forall ¢ € C®((a,b)).
Now define U : [a,b] — C by

Ulz) = /xv(t) dt + u(a).

Note that U’ = v in the classical sense. Thus (U — u)’ = 0 in the sense
of distributions, so by Proposition 4 below, U — u is a constant, and since
U(a) = u(a) it follows that u = U € C*. O

Proposition 4. If u € D'(I), where I CR is an open interval. Then
v =0 = u = const.

Proof. Fix ¢ € C2°(I) with [ ¢ = 1. If u were a constant, that constant would
necessarily be (u,¢). Thus, we want to prove that

(u—A(u,¢),¥p)=0 forall ¢ e CX().
First note that the left hand side equals {w, ), where

()
n(x)=/;9,

then n € C°(I) and ' = 6. Finally, then,
<u_ <u7¢>7¢> = <’LL,77/> = _<u/a77> =0,

since v/ = 0. This concludes the proof. O

But [0 =0, so if we set
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4.2 A fundamental solution for [

Recall that a fundamental solution for a constant-coefficient linear differential

operator
L= Z a0, 0%
la|<N

is a distribution w such that Lw = §, where 0 is the point-mass at the origin.
Observe that if f € Cg°, then

Lwxf)=(Lw)xf=0xf=f.
Conversely, if w is a distribution such that L(w  f) = f for every f € C$°, then

(Lw) x f = f for all f € C2°, and this implies Lw = §.
Now consider O on R, Define W, € C(R,D’'(R")) by

W)  t>0,
0 t <0,

where W (t) is the “wave propagator” defined last week. Thus W, € D’(R'*™)
with action

oo
(We) = [ (0. 0(00)
on a test function ¢ € C°(RM*™).
Theorem 15. W is a fundamental solution for OJ.

Equivalently,
(4.2) OWyxF)=F forall FeCX®RM™).
(Convolution product in R**™.)

Exercise 17. Prove (4.2) and hence the theorem. (Hint: Fix F € C°(R¥*™)
and choose tg so that F(t,z) vanishes for ¢ < tg. Now use Duhamel’s principle
with initial time ¢ = tg instead of ¢ = 0. That is, show that

t
u(t,z) = / W(t—s)xF(s,x)ds
to
solves Ou = F. Then show that u = W, % F.)
4.3 Loss of classical derivatives

In space dimensions n > 1, the solution of

Ou=0, ul,_o=/f dul_,=g
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loses up to n/2 degrees of differentiability from time ¢ = 0 to any time ¢ > 0.
More precisely, to ensure

u(t) € C*(R") for t >0,
we must assume, in general,

fecn?, g e /2 (n even),
feon=n/2 g oitn=D/2 (n 6qq).

Intuitively, this is because “weak” singularities at ¢ = 0 propagate on forward
light cones, thus interacting at times ¢ > 0 to create “stronger” singularities.
We will not try to make this precise.

In contrast, there is no loss of L?-differentiability from t = 0 to t > 0. That
is, if the initial data have weak derivatives in L? up to some order k, then so does
the solution w(t,-) for all times ¢t > 0. The energy identity, which we consider
next, illustrates this principle.

4.4 Energy identity
Recall that du denotes the spacetime gradient:

ou = (ug, Vyu).

Theorem 16. Suppose u € C*([0,T] x R™) solves Ou = 0 and that u(t,-) is
compactly supported for every t. Then

[0u(t, )| L2 = [10u(0, )| .2
forall0<t<T.

Proof. Consider the energy
1 2 1 2
e(t) = [ 10ult.0)? de = 3 |0u(t, ]2,

Differentiate e(t), and integrate by parts, to get

(4.3) e'(t) = /,, wOudz.

Since Ou = 0, we get €'(t) = 0, hence e(t) is constant. O

With a little more work we can prove the following energy inequality for a
solution of the inhomogeneous wave equation. (The assumptions of compact
support and smoothness of u in these theorems can be removed by approxima-
tion arguments similar to ones we will encounter later on.)
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Theorem 17. Suppose u € C*([0,T] x R™) and u(t,-) is compactly supported
for every t. Then

t
10ut, ) L2 < 0u(0, )| .2 +/O 1Bu(s, )l 2 ds

forall0 <t <T.

Proof. Define the energy as in the proof of the previous theorem. Applying the
Cauchy-Schwarz inequality to (4.3), we have

e'(t) < [|0u(t, )l 2 1Bult, )l L2 = v/2e(t) [Bult, )l 2 -
Thus, whenever ¢/(t) # 0,

!
d W Lo, ).

aVO=570 <

It follows that .
1
Vel < Vo) + 5 [ 15,2 ds.
0

which is exactly what we want. O

4.5 The L? theory
4.5.1 The Fourier transform
The Fourier transform of f € L'(R") is

(14) FH€) = 1) = s [ @) e

We let S(R™) be the class of Schwartz functions:
SR") = {f € C®®") : |fl| 0 < o0 for all N, o},

where
7 ix ey = sp (1 [al) 107 Fa)

is a seminorm for every N € N and every multi-index o. When equipped with
the topology induced by this countable family of seminorms, S is a Fréchet
space, and in particular a complete metric space. The topology is characterized
by the notion of sequential convergence:

fi=f in § <= |fi—fllyao—0 forall No

Recall the following basic facts concerning the Fourier transform on S:
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@) [ fa=f3.
(i) F(f*g) = (2m)"/2f§.
(i) F(2*F)() = (i) F(£).
(iv) 0°F(&) = F [(—iz)*f].
(v) F maps S isomorphically onto itself, with inverse F~': S — S given by
G et de

(vi) (Plancherel’s Theorem.) F : S — S extends to a unitary isomorphism
F:L? — L2, Thus,
172 = 1|7 -

Also, if f € L' N L?, the fis given by the integral (4.4).

Flg(z) =

The dual of S, denoted &', consists of all continuous linear maps u : S — C.
Clearly,
¢p;—¢ in CF = ¢;—¢ in S,

and since C2° is dense in S, we may consider S’ to be a subset of D’. It is then
easy to see that &’ in turn contains the set of compactly supported distributions.
We summarize:

E'cScD.

The elements of §" are called tempered distributions. The main advantage of
tempered distributions is that they have a Fourier transform: In view of (i) and
(v) above, the Fourier transform extends to an isomorphism of S’ onto itself,
given by

(@,¢)=(u,9).
Recall also that if u € E’, then @ is a C* function, given by

() = (2m) " {u, Be),

where E¢ € C*°(R") is the function E¢(z) = e~™¢.
We say that a function ¢ € C*°(R") is slowly increasing if ¢ and all its
partial derivatives have at most polynomial growth at infinity:

0% (x)| < Co(1+ |z))N @ for all a.

Then ¢ € S whenever ¢ € S, and this gives a continuous map from S into
itself. Therefore, if u € S’ and 1 is slowly increasing, we can define their product
Yu € S by

(Yu,9) =(u,vpg) for ¢€S.
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4.5.2 Solution of wave equation by Fourier analysis
Let u be the solution of
Ou=0 on R u‘t:o =1, 8tu|t:0 =9,

where f,g € S(R™). Now apply the Fourier transform in the space variable:

N 1 Ciae
u(t, &) = e /Rn e w8yt ) da.

Then Ou = 0 transforms to, using property (iii) above,

~

dait,€) + €1 a(t,€) =0, @(0,€) = F(£), 9,a(0,€) = G(&).

But for fixed &, this is an initial value problem for a second order ODE in time,
whose solution is

(4.5) t, €) = cos(t |E) 7€) + Smféf')a(s).

On the other hand, we know that
u(t,) =W (t)* f+W(t) x g.

Since W (t) € E’ , we can apply the Fourier transform to the last equation, which
gives

At €) = (2m)"2W (8)(€) F(&) + 2m)" 2 W (£)(£)3(©).

Comparing this equation with (4.5), we conclude:

(46)  WHE = <2w>”/2sm|(2'5'),

Now recall Duhamel’s formula for the solution of Clu = F' with vanishing initial
data at t = 0:

W (£)(€) = (2m) /2 cos(t |€]).

u(t,z) = /0 W(t —s)x* F(s,z)ds.

Applying the Fourier transform and using (4.6) we then have

o [tsin(t—s)lél
u(té)—/o B F(s,&)ds.

Thus, the solution of the full inhomogeneous Cauchy problem
Ou=F on R, u‘t:O =71, 3tu|t:O =g,

is given in Fourier space by

s () s sl s
e, = cos(t ) Fle) + "5 a00) + / G s g s
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4.5.3 The Sobolev spaces H?

Fix s € R. Observe that the function ¢ — (1 + [¢[*)%/2 is C*° and slowly
increasing. We can therefore define A* : 8’ — S’ by

NS = FH A+ €f)2F S

Thus A? is a composition of three continouous maps, so it is itself continouous.
Moreover, it is an isomorphism, since its inverse is just A~%.
By the same reasoning, A® restricted to S is an isomorphism S onto itself.
Now set H*(R™) = A=*(L*(R")) with norm

[l e = 1A*Fll 2 -

In other words, H® = {f € 8’ : A°f € L?}. By Plancherel’s theorem,

£l = |+ 1€1%)72F] -

Of course, HY is just L2. Observe that s <t = H' C H*.

Thus, A : H® — L? is an isometric isomorphism (in particular, H* is a
Hilbert space) and since S is dense in L? and A*(S) = S, it follows that S is
dense in H*. Note also that A® : H* — H'™% is an isometric isomorphism for
all s,t € R.

If s € NV, then

H*={feL?:0°f € L? for |o < s},
and the norm || f| ;. is equivalent to
1/2
o (12
(5 1otz
lee|<s
These assertions follow easily from Plancherel’s theorem.

We will study these spaces in more detail later on.

4.5.4 L? estimates for solutions of Ju = 0

Recall that by the energy identity, if Ju = 0, then the L? norm of the spacetime
gradient, [|Ou(t, )|z, is a conserved quantity. The estimates for the L? norm
of u itself are less favorable. In fact,

||u(t> ')HL2 = O(t) as t — oo,

and this is essentially sharp, since in general ||u(t,-)| ;- fails to be O(t?) for any
6 < 1 (see Exercise 3 below).
The key estimates are contained in the following

Lemma 1. For any s € R,
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(i) W' (@) % fllge < NSl
(i) W () * gll g < V200 + []) [|gll o2 -
Proof. Without loss of generality we may assume s = 0. Using (4.6), we have
W' () % fll 2 = [[eos(t €D F]| o < [ F]] 2 = II£]l 2 -

To prove (b), write

) 2
Wit 2 _ sin(t [€]) d¢ = :
W () * glly, / €] 9()| dg /|g|<1 +/£>1
Since
M _ t (use when [£] < 1)
g = % (use when [£] > 1)
and 2 2
<1:>1<77 21:>7§77
3 L €2~ 1+ 1P
we obtain
1g©F

W (0) gl < 20+ [ 28 de =20+ ) gl

14 [¢]

Exercise 18. Construct a function g such that u(t,-) = W(¢) * g satisfies

Ct
et e 2 3557 a8 =00,

for some C' > 0. Conclude that |[u(t,-)||,. fails to be O(t?) for any 6 < 1.
Extended hint: Let g(&) = h(|¢]), where

r*”/2(—logr)*1 0<r< %7
h(r) = 0 1
> 5.

Now show

2 9 H sin?(tr) dr 9 7 dr
”u(ta ')||L2 = cpt > Cnt ;

o (tr)? . Tlog2 r 7‘10g2 r

and change variables to y = —log .
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Week 5: The L? theory

5.1 Existence and uniqueness in H*
Consider the Cauchy problem on R'*” for the linear wave equation:

(5.1a) COu = F,
(5.1b) u|t:O =f, atu‘tzo =g.

We shall prove:

Theorem 18. Let s € R. Let f € H*, g € H*™! and F € L'([0,T],H*™1).
Then for every T > 0, there is a unique u which belongs to

(5.2) C([o,T), H) nC*([0,T], H*™1)

and solves (5.1) on S = (0,T) x R™. Moreover, u satisfies
(5.3)

t
(@)l s + [0u(®)] omr < C1 (||f||Hs + gl = +/0 IE @) e dt')
for all0 <t <T, where Cr = C(1+T) and C only depends on s.
Remarks. (i) F' € L'([0,7], H*~!) means that the function
[OaT] - R7 t— ||F(t)||H*—1

is in L'([0,T]). Any such F defines a distribution on St by

T
(5.4) <Fa¢>=/o (F(t),9(t,-)) dt for o e C2(Sr).

The key facts needed to prove that this integral converges, and defines an ele-
ment of D'(St), are as follows. First, we have the inequality

(5.5) [(u, @) < |lullgs |l y-- forall seRue H* ¢€S.

45
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Secondly, the inclusions
(5.6) C*cScH*cS cD
are all sequentially continuous. We leave the details as good exercises.

(ii) By (5.6) one has, for every interval I C R, continuous inclusions
C(I,H®) c C(I,S") c C(I,D'),
and the same holds for every C*. Thus, if u is in (5.2), then u € C*([0, T], D’).

(iii) The equation (5.1a) is of course understood in the sense of D'(Srt),
which makes sense in view of the previous remarks.

(iv) It is interesting to note that if the theorem holds for some sy € R, then
it follows immediately that it holds for every s € R. This is easy to see, since
we have isometric isomorphisms

A% H% — H® A°7°% . H® — H®°
which commute with the wave operator [J. That is,
OA°u = A°Ou
for any s. To see this, apply the Fourier transform in the space variable.

(v) We know that the solution of (5.1) is given by
t
(5.7) w(lt) =W (t)« f+W(t)xg+ / Wt —t)* F(t')dt,
0

at least if I is smooth. In fact, this formula makes sense for any F' in the space
LY([0,T], H5~1) if the last term is interpreted as a Hilbert space-valued integral,
the Hilbert space being H*~!, which is separable. Equivalently, the integral can
be understood in the weak sense, that is to say, as a distribution whose action
on a test function ¢ € S is

t
/ (W(t—t)xF(t),¢)dt.
0
We leave it as an exercise to show that this defines a time-dependent distribution
t — w(t) which belongs to (5.2) and solves Jw = F on St with vanishing initial
data. (Use the inequality (5.5), Lemma 1 from last week, and the result in
Exercise 1(c).)

Let us now prove Theorem 18.

Uniqueness. In view of remark (ii) above, uniqueness follows from Theorem
1 in last week’s lecture notes. Alternatively, we can use remark (iv) to conclude
that it suffices to prove uniqueness in the space (5.2) for some s € R. If we take
s very large, then by Sobolev embedding, any solution of (5.1) with f =g =0
and F = 0, and belonging to the space (5.2), must be C?, so we can appeal to
the uniqueness theorem for smooth solutions proved in the first week.
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Existence. We use a standard approximation argument. (Alternatively, one
could work out the details in remark (v) above.) We first check that (5.3) holds
when f, g and F are smooth, specifically f,g € S and F € C*([0,T],S). Then
the solution is given by (5.7), and in view of Lemma 1 from last week,

(5.8)

t
lw@ll e < N[ f e + CA+) gl o +/0 Wt —t) % F(t', )| go-n dt’
t
<Al + €A+ Mgl o +CQ +f)/0 I ) gy dt’.

Moreover, by Theorem 4 from last week (cf. also remark (iv) above),

¢
(5.9) [0cu(®)ll s < C <||f||Hs + gl o +/O IEE )] o dt') :
Combining (5.8) and (5.9) gives (5.3).

Now assume f € H*, g € H*! and F € L'([0,7],H*"'), and choose
sequences f;,g;, € S and F; € C*°([0,T],S) (cf. Exercise 4) such that

T
15 = fllgs =0, g5 = gllgaer =0, /0 1F5(#) = F()]| g dt” — 0.

Let u; be the corresponding solutions, given by (5.7) with f;,g;, F; replacing
f,g, F. Denote by Xr the space (5.2). Then X is a Banach space with norm

lullx, = sup_([[u(®)] - + |10:w(®)ll o)
0<t<T
Since (5.3) holds for smooth solutions, we have

T
luj —urllx, S5 = Fllgs + 195 = 9llgraes +/0 1F5(t) = F () s dt’,

so u; is Cauchy in X7 and hence converges in that space to a limit w. But then
u; also converges to u in the sense of D’(St), whence Ou; — Ou in D'(S7). On
the other hand, Ou; = F; — F in D'(St) [cf. Exercise 3(b)], so u solves (5.1).
This completes the proof.

5.1.1 Exercises

Exercise 19. (i) Show that, for any u € H® and ¢ € S,
(u,0) = [ 8O- de = [(+1)7a(1+ 1) /25~ e

(ii) Prove (5.5).
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(iii) Prove that |lul|p. = sup{[{u,®)| : ¢ € S, ||¢||y-. = 1}. (Hint: Recall
that L? is self-dual.)
Exercise 20. Prove that the inclusions in (5.6) are sequentially continuous.
Exercise 21. Let s € R, T'> 0. Set Sp = (0,7) x R™.
(i) Prove that (5.4) defines an element of D’(S7) for every F € L([0,T], H®).
(ii) Prove that the inclusion
L*([0,T], H*) C D'(St)
is sequentially continuous.
Exercise 22. Prove that
(5.10) C>=([0,T],S) isdensein L'([0,T], H*)
by completing the following steps.

(i) Show that if C°(Sr) is dense in L*([0, T], L?), then (5.10) follows. (Hint:
Use the isomorphism A® : H® — L? and its inverse A=%.)

(ii) C.(St) is dense in L([0,T],L?). (Hint: First approximate by simple
functions.)

(iii) If F € C.(S7), ¢ € C°(R™™") and [ ¢ = 1, then
T
/ IEL(t,) = F(t, )|, dt — 0 as e — 0,

0

where F_(t,z) € C° is given by
F.(t,z) = / F(t—et',x —ex)o(t',2') dt' de’ = F * ¢.(t,z),
]Rl«l»n

and gu(t,2) = e g (t/e, 1),

5.2 Nonlinear equations

5.2.1 An example of blow-up in finite time
We look at the nonlinear Cauchy problem

(5.11a) Ou = (dyu)?,

(5.11b) ul,_, =0, Owul|,_,=g

Theorem 19. For any T > 0, there exists g € C°(R™) such that (5.11) does
not admit a C? solution past time T.
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Step 1. Take g in (5.11b) to be a constant ¢ > 0. Then (5.11a) reduces to an
ODE in time, uy = u?, or in terms of y = uy,
v =y, y(0)=c

The solution of this initial value problem is

c
t) = ——
v(t) 1—ct’

which blows up as ¢ — 1/c. Thus u(t,x) = —log(l — ct) solves (5.11) and
u—ooast—1/c
Step 2. We prove a uniqueness theorem for the equation (5.11a).

Theorem. If u € C%(Q) solves Ou = (dyu)? in the solid backward light cone

(5.12) Q={(t,2):0<t<T,|z—zo| <T—t},

with base By = {x : |x — xo| < T —t}, then u is uniquely determined by its data
ulpy, Orulp,-

In other words, if u,v € C%() are two solutions of (5.11a) in 2, with the
same data in By, then u = v in Q. To see this, observe that u — v solves the

linear equation
O(u —v) = a(t,z)0(u —v) in Q,

where a = dyu + 0w € C1(2), and that u — v and 9;(u — v) vanish in By. Then
by uniqueness of solutions of the linear equation Jw = a(¢, z)0;w (see Theorem
21 below) we conclude that u = v in Q.

Step 3. By applying Step 2 to the solution obtained in Step 1, we conclude
that if u € C?(Q) solves (5.11a) in Q, with initial data u = 0 and d;u = 1/T in
By, where ) is given by (5.12) and By is its base, then

u(t,x) = —log(l —¢t/T) for (t,z) € Q.

To finish the proof of Theorem 19, we only have to cut off the constant 1/7T
smoothly outside a sufficiently large ball to produce g € Cg° with the claimed

property.

5.3 A uniqueness theorem for nonlinear equa-
tions

We generalize the argument used in Step 2 above to prove uniqueness of smooth
solutions of an equation

(5.13) Ou = F(u, 0u),

where F : R""2 — R is a given C* function.
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Theorem 20. If u € C%(Q) solves (5.13) in the solid backward light cone
Q={(t,z):0<t<T, |z —xo| <T—t},
with base By = {x : |x — xo| < T —t}, then u is uniquely determined by its data
ulp,, Orulp,.

Proof. Suppose u,v € C?(£2) both solve the equation, and with identical data
in By. Then
O(u — v) = F(u, 0u) — F(v, 0v).

But if w,z € R™*2, then

F(w)fF(z):/O %F([l—t]z+tw)dt

t
:/ VF(1—t]z+tw) - (w—2)dt
0
= G(wa Z) : (U) - Z)v
where G : R2("+2) _, R is C°°. Thus

F(u,0u) — F(v,0v) = G(u, du,v,00) - (u—v,0u — dv)
=a(t,r)(u —v) +b(t,x) - O(u —v),

where a,b € C1(£2), so w = u — v solves the linear equation
Dw = a(t,z)w+b(t,z)- 0w in Q
with vanishing initial data in By. The next theorem shows that u = v in . O

Using the energy method, we now prove a uniqueness theorem for linear
equations of the form

(5.14) Ou = a(t,z)u + b(t,z) - Ou
with continuous coefficents a and b (the latter is of course R'*"-valued).
Theorem 21. Let a,b € C(R2), where Q as before is the solid cone
Q={t,z):0<t<T, |z —zo| <T—t},
with base By = {x : |z — xo| < T —t}. If u € C*(Q) solves (5.14) in Q and
ulp, = Oyulp, =0,

then u =0 in Q.
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Proof. Fix ¢ > 0. We will show that . = 0 in
K={(t,x):0<t<T—¢, |z —axo| <T —e—t}

We use a slight modification of the energy method employed to prove uniqueness
for Ou = 0 in the first week (see Theorem 1 in the lecture notes for that week).
Let B; be the time-slices of K:

Bi={z:|x—xo| <T—ec—t}.
Set

B(t) = %/B (jutt, ) + [0t 2)) da.

Then

E'(t) = / (uup + upuge + Vu - Vug) dx
By

-3/, (uteo) + putt.0)P) doo).

Since
uge = Au+au+b-0u, div(usVu) = Vug - Vu + uAu,

we get E'(t) = I(t) + II(t), where
1(t) :/ ue [(1+ a)u+ b - Ou] dx,
B
I1(t) :/B div(u, V) dz — %/83 (|u(t,m)|2 + |8u(t,x)|2> do(z).

By the divergence theorem (cf. proof of Theorem 1, week 1),

1 2
1) < — /d It ) dotr) <0

so E'(t) < I(t). Since a and b are uniformly bounded on K, and since
1 2 2
Jwe] < o ([l + wel”)

we finally get
E'(t) <I(t) < CE(t).

This implies & [E(t)e=C'] < 0, so E(t) < E(0)e! for 0 <t < T —e. Since

E(0) = 0, we conclude that w =0 in K. O
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5.3.1 Exercises

Exercise 23. Show that the proof of Theorem 21 works for a system of equa-
tions, of the form

DuI :ZCLIJ(t’z)uJ+ZbIJ(t,£E) 'auJ’ 1 SIS N,
J J

where v = (u',...,u"V) takes values in R and the a;; and by; are continuous.

In this case, set

1

Et) == lu(t, z)|* + |u(t, z)*) dz,
I )

where

ul> = 3" @2, Jou® =3 [ou!|’.

I I

Then check that the argument used to prove the nonlinear uniqueness result
(Theorem 20) generalizes to a nonlinear system

Ou! = Fl(u,0u), 1<I<N,

where the F! are given smooth functions (real-valued).

5.4 Local existence and uniqueness
We consider a nonlinear Cauchy problem

(5.15a) Ou = F(u,du),
(5.15b) ul_o =1 Owl_,=9

Here F is a given smooth function satisfying F'(0) = 0. For simplicity we think of
u and F' as being real-valued, but the theorems that follow are true for systems
as well (that is, for RV -valued u and F), with identical proofs.

Theorem 22. (Local Existence and Uniqueness.) Let s > 5§ + 1. Then
for all (f,g) € H® x H*™1, there exist T > 0 and a unique

(5.16) u e C([0,T], H*) N C*([0,T], H*~ )

solving (5.15) on St = (0,T) x R™. Moreover, the time T can be chosen to
depend continuously on || fl| g + ||l gre—1-

We emphasize that uniqueness holds for solutions in the space (5.16) for any
T > 0, as is clear from the proof below.

The next theorem says that a solution u on St belonging to (5.16) can be
extended to a time 77 > T provided du € L™ (Sr).
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Theorem 23. (Continuation.) Let s > 5 + 1. Fir f,g as in Theorem 22.
Let T* =T*(f,g) be the supremum of all T > 0 such that (5.15) has a solution
on St satisfying (5.16). Then either T* = oo or

Ou ¢ L>°(St~).
From the two previous theorems we will deduce the following.

Theorem 24. (Smooth Solutions.) If f,g € C°(R™), then there exist T > 0
and a unique
ue C=([0,T] x R")

solving (5.15) on St.

Using the uniqueness of smooth solutions in backward solid light cones, we
obtain the following corollary.

Corollary. If f,g € C*(R"™), there exists a set
A={(tz):0<t<T(x)},

where T is a continuous and strictly positive function on R™, and a unique
solution u € C*°(A) of (5.15).

Proof of Corollary. Pick a smooth cutoff function y € C2°(R™) such that y =1
on the unit ball centered at the origin, and set

T x _

B =x () 10 s =x (%)@, =12
so that f = f; and g = g; in the unit ball at the origin with radius j. By
Theorem 24 there exist T; > 0 and u; € C*°([0,7};] x R™) solving (5.15) with
data f;, g;. We may of course assume Tj; < Tj. Now let K; be the truncated
backward solid light cone

Kj={(t,x): 0<t<Ty |z| <j—t}

Define -
uw:| JK; =R
1

by
u=u; in Kj.

To see that this is well-defined and solves (5.15), it is enough to check that
u; = u, on K;NKj. Butif (t,2) € K;N K}, then the base of the backward solid
light cone with vertex at (¢,x) will be contained in the intersection of the bases
of K; and Ky, where f; = fi, = f and g; = g5, = g. Therefore, u; (¢, z) = ui(t, z)
by Theorem 20. Finally, it is easy to see that [ J;° K, contains a set of the form
A={(t,z) : 0 <t <T(x)} where T > 0 is continuous. O
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5.5 The model equation Ou = (Jyu)?

For simplicity, we shall first prove Theorems 22, 23 and 24 for the equation
(5.17) Ou = (9su)>.
Here are the key facts we shall make use of:

(i) The energy inequality (5.3).

(ii) Sobolev’s Lemma on R™, and in particular the inequality

(5.18) Il < Collfllye forall feH" s> g

(iii) The following calculus inequality,

(5.19) 159l e < Cs(I1f g N9l gz + 1 gz Ngll e )
valid for all s > 0 and all f,g € H* N L.

(iv) A special case of Gronwall’s Lemma: If C1,Cy > 0 are given constants,
and A is a continuous, non-negative function on [0, 7] such that

t
A(t)SC’1+C’2/A(T)dT for OStST,
0

then
At) < Cie®?t for 0<t<T.

Sobolev’s Lemma is stated and proved below. The Calculus inequality and
Gronwall’s Lemma will be proved later in the course. Note, however, that (5.19)
is elementary for s = 1, since for f,g € S,

1ol = 1 £gll e + Y 10;(F9)ll 2
1

< W lgee llgllzz + D (1@ H)gll 2 + 19l 2)
1

n

<l gee Mollzz + D (105 f1l 2 gl e + 11z 19591 12)
1

< C(IF Nz Nglln + 1Al gl )-

To prove Theorems 22, 23 and 24 for a general nonlinearity F'(u,du), we
shall need to replace (5.19) by the more general Moser inequality, but aside
from this technicality the arguments are really identical. Thus, in studying first
the model equation Cu = (G;u)?, we gain transparency without any real loss of
generality.

Before we start the proofs of the main theorems, let us prove Sobolev’s
Lemma.
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Theorem 25. (Sobolev’s Lemma.) If s > k+ 5, where k is a non-negative
integer, then
H*(R™) c C*(R"™) N L>=(R"),

where the inclusion is continuous. In fact,

D 0%l < Cs e

loe| <k
where Cy is independent of f.

Proof. The key observation is that if f € H®, where s > %, then by the Cauchy-
Scwharz inequality,

/ 17(6)| de = / (14 1€2) /21 + [6P)/2| 7€) de < Cu[1f e

where

c2= [y eag <.

Thus f € CY N L* by Fourier inversion and the Riemann-Lebesgue Lemma,
and

1l < / 7)) de < C Il

This establishes the theorem for & = 0. Now suppose f € H*, s > k+ 4, ke N.
Apply the special case just proved to

o°f e H71M for ol <k
to see that 9“f € C° N L*> and
[0%fll e < Cosmjag 10% fll gra-1ar < Cs 1f |l s -

It now follows from Proposition 2 in last week’s notes that f € C*. O

5.5.1 Proof of Theorem 22 (Will be covered on March 5)

Let s > 5 + 1. The problem under consideration is

(5.20a) Ou = (dpu)?,
(5.20Db) u|t=0 =feH? 8tu|t=0 =ge H !
Existence

We use the following iteration scheme. First set

U_1 = 0.
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Then define ug, u1,... inductively by
(5.21) O, = (Qpuj—1)?, uj’t:o =f, 6tuj|t:0 =g.

For T > 0 we denote by Xt the space (5.16). Then X7 is a Banach space with
norm

lullx, = sup (Jul®)llgo + 10cu(®)]] o) -
0<t<T
Now observe that
Uj—1 € Xr = Uu; € Xr.
Indeed, by Sobolev’s Lemma and the calculus inequality (5.19) we have, since
s—1>3,
(5.22) [owl| a1 < Cs V]l gros [[0]] gro—s
for all v,w € H*~1(R"). Thus
Uj—1 € Xr = (615Uj,1)2 S C([O,T],H‘S_l),

and it follows from Theorem 1 that (5.21) has a unique solution in Xy.

The sequence of iterates is therefore well-defined in X for any 7' > 0. Our
aim is to prove that this sequence is Cauchy provided T' > 0 is taken sufficiently
small. Then the limit v € X7 will be a solution of (5.20a) on Sy = (0,T) x R,
since

wj—u in Xpr = wu;—u in D'(Sr)
= Ou; —»0u in D'(S7),
and since, by (5.22),
uj —u in Xr = (Ow;)*— (Qu)* in C([0,T),H)
= (Ow;)* — (Qu)* in D'(S7).

The initial condition (5.20b) is evidently satisfied, so u solves the Cauchy prob-
lem.

We now prove that {u;} is Cauchy in X for T > 0 sufficiently small. This
is done in two steps.

Step 1. The sequence is bounded:

(5.23) ujllx, <2CEs for j=0,1,...
provided 0 < T <1 is so small that
(5.24) T<_ 1
8C?E,
where

Es = ||fHH< + H9HH54
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and C' > 0 is a constant which only depends on s and n. If (5.23) holds for
j—1, then applying the energy inequality (5.3) to equation (5.21) and using the
estimate (5.22), we get

lujlly, < CEs+CT |[uj1|, < CE, + CT(2CE,)*

where C only depends on s and n if T'< 1 [C' comes from the energy inequality
and the estimate (5.22)]. If (5.24) holds, then the right hand side is bounded
by 2C'E, so we obtain (5.23) for all j by induction, since the case j = —1 holds
trivially.

Step 2. The sequence satisfies

1
lajen = wsllx, < 5 My —wi-allx,.
and is therefore Cauchy. To prove this inequality, note that
O(ujg1 —uy) = Oe(uj — uj—1)0(uj + uj—1)

with vanishing initial data at ¢ = 0. Thus, if we apply the energy inequality
and use (5.22) as well as the uniform bound (5.23), we get

g1 = sl e, < CT (sl + sl ) lus = wial,

< CT4CE; |luj; — uj 1]y, -

Thus we get the desired bound using (5.24), and this completes the proof of
existence.

Uniqueness

Suppose u,v € X for some T > 0 and solve (5.20a) on Sy = (0,T) x R™ with
identical initial data at ¢ = 0. Then

O(u — v) = 0¢(u+ v)0(u — v)

and setting
At) = [[(w =) (O) | g1 + 10 (u = ) ()| o1,
we have by the energy inequality and (5.22),

t
A(t)gc/ A)dt" for 0<t<T
0

for some constant C' independent of t. (Note that C' depends on the norms
|ullx, and [[v]|x,., but this is not a problem since u and v are considered fixed
for this argument.) By Gronwall’s Lemma, E(t) = 0 for 0 < t < T, whence
u=wvin St.
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5.5.2 Proof of Theorem 23

Let s > 5 + 1. Let f € H*, g € H*~'. Tt suffices to prove that if 0 < T < oo
and
ue C([0,T), H)NnCH([0,T), H*™1)

solves (5.20) on St = (0,7) x R™ and satisfies
ou € L™ (ST),
then

(5.25) sup ([lu(t)[| o + [|Opu(t)[| ga—1) < o0
0<t<T

For we can then extend the solution to a time strip [0,T + ¢] x R", for some
g > 0, in view of Theorem 22.
To prove (5.25), set

At) = [lu@)ll s + [10cu(®)] o -

By the energy inequality and (5.19), we have
t
A0 < Cor (161l +lolls + [ 10000 1000 g )

t
<Csr (”f”HS + gl e + H5UI|Lw(sT)/O A(t')dt’> ;

and Gronwall’s Lemma gives (5.25).

5.5.3 Proof of Theorem 24

Let f,g € CX(R"). Then f,g € H® for every s € R. Fix sp > § + 1. By
Theorem 22, there exist 7' > 0 and a unique solution

(5.26) u e C([0,T], H**)nC*([0,T], H* 1)

of (5.15) on St = (0,T) x R™. By the same theorem, for every s > s there
exists T, > 0 such that

u e C([0,T,), H) N C*([0,T,]), H*™1).
We claim that we can take Ty = T'. Indeed, this follows from Theorem 23, since
Ou € L*=(Sr)
by Sobolev’s Lemma and (5.26). Thus

u € C([0,T), H%) N C*([0,T), H*Y)
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for every s > sg, so by Sobolev’s Lemma,
(5.27) dl9%u € C([0,T] x R™)
for j = 0,1 and all a. But u solves (5.15a), so
(5.28) OPu = Au+ (Opu)?
From this and (5.27) it follows that

020%u € C([0,T] x R™),

so (5.27) holds for j = 0,1,2 and all «. Applying J; to both sides of (5.28)
yields
DPu = Adsu + 20pud?u,

and from this we see that (5.27) holds for j = 0,1, 2, 3. If we keep taking succes-
sive time derivatives of the equation, we obtain (5.27) for all j by induction. It
then follows from Proposition 2 in last week’s notes that u € C°([0,7] x R™).

5.5.4 Exercises

Exercise 24. Prove analogues of the main theorems in section 4 for the equation
Ou = u?. Show that the condition on s can now be weakened to s > 5 and that
the condition du € L*°(St) in the continuation argument (Theorem 23) can be
replaced by u € L*>(Sr).
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Chapter 6

Week 6: Littlewood-Paley
theory

Throughout, all functions and distributions are understood to be defined on R™
unless otherwise stated.

6.1 Littlewood-Paley decomposition
Fix a radial cut-off function x € CZ°(R™) such that

(6.1) 0<y<1, X(€) = {1 if |f:

0 iffe
Define S : 8’ — S’ by
Sif =x@27&)f
for j € Ny. In other words,
S; =F 'x(277)F.
Lemma 2. For every ¢ €S, x(277)¢p — ¢ in S as j — oo.

We leave the proof as an easy exercise. Since F is an isomorphism of S onto
itself, we obtain immediately:

Sif—f in S

for every f € S. This, in turn, implies that S;f — f in &’ for every f € §'.
Next, define

AOZSm Aszj—Sj,l for ]EN
Thus f=>"A;f inS (resp. §’) for every f € S (resp. f € S').

61
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Definition. {A; f}§° is called the Littlewood-Paley decomposition of f.
Observe that A/J\f =B (5)]?, where
Bo(€) =x(€),  B;(©) =x(277¢) —x(2'77¢) for jeN.
From (6.1) it is evident that 0 < 8; <1 for all j, whence

(6.2) Yy pi=1

For later use we record some elementary properties of the Littlewood-Paley

decomposition:
(i) supp S, f  {J¢] < 27}
(i) supp A;f € {292 < [¢] < 29}

(ifi) S;f = 20m4p(29-) % f where ¢ = x.

(iv) Ajf = 27"¢(29) « [ where ¢ = x(€) — x(2€).

) 1Sifll s < ClIflle where C = |9,
)
)

(Vi) 18 flle < Cllflle where C =[]l L1
(vil) S;f € C®if f € LP, 1 < p < oc.
(viii) A;jfeC™if feLP, 1 <p < oo.
Property (v) [resp. (vi)] follows from (iii) [resp. (iv)] and Young’s Inequality:

(6.3) 1f*glle <Fllllglls, 1<p<oo

6.2 Littlewood-Paley decomposition of H*

Recall that
H ={feS :N°feL’},

where A* = (I — A)*/2. Thus H*® is a Hilbert space with inner product

(6.4) (F.0) e = (A F A% s = / (14 6 F©)7(@) de

and norm || f]

e = [[A°f]l;2, and A® : H® — L? is a unitary isomorphism.
Observe that if the supports of fand g are almost disjoint, then f | g in H*.

Being a Hilbert space, H® is self-dual via the map g — (-,¢)y.. A more
interesting fact is that the dual of H® can be identified with H ~* via the pairing
(+,-):8 xS — C. Indeed,

<[l

Hs g”H*S

65)  |(fig) = [(Af.Ag)| = ’/ASfA‘sg
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for all f € H® and g € S. Thus, the map g — (-, g) extends to a linear map
from H~*® into (H*®)*, which is a surjective isometry in view of the self-duality
of L2.

6.2.1 Characterization of H*®

We want to characterize H® in terms of the Littlewood-Paley decomposition.
We begin with some elementary observations.

Observation 1. S;f — f in H*® for every f € H?. Indeed,

12 S| T en |2
151 = £l = [ [1=x@7O) @+ ePYIFOI de — 0
by the Dominated Convergence Theorem.

Observation 2. If 2972 < [¢] < 27, then
(1+1€7) ~ 27
in the sense that there is a constant Cs > 0, independent of j, such that
Co127* < (14 [¢f)*/? < C.27°.
It then follows that

(6.6) 125 F e~ 27 1A £l 2

Observation 3. In view of (ii) in the previous section,
(6.7) Asf LA i k=2,

relative to the inner product on H”.

We can now prove the following:

Proposition 5. Let s € R. Then for every f € H?,

oo

£~ > 22 | A f72 -

0

Proof. In view of (6.6), it suffices to show that

o0

£ = S A £l -

0
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Using the orthogonality property (6.7) and the Cauchy-Schwarz inequality,

1A = e = (ALY AF)
:ZZ<AJf’Akf>H< = Z Z<Ajvaj+lf>Hs

I=—1j=0
1 [e'e)
< SOS I e 18551l
I=—1j=0
1 [e%s) % oo % o
gz@nAjfﬁqs) (ZHAHJ@,S) <33 1812
I=—1 \j=0 3=0 3=0

On the other hand, we have by (6.2),
18815 = 3 [+ i@ f©) ag
0 0

:/{i::ﬁ?(ﬁ)}(“r|§|)S‘J?(§)\2d§

NI
< [a+1eIFOr de= 1115
and the proof is complete. O

Using the ideas in the proof above, it is easy to show that if { f; } is a sequence
in L? such that for some R > 0,

supp f; C {R™'27 < |¢| < R27}

and ) 2%¢ Hfj||2L2 < 00, then f =" f; converges in H*®, and

2 j 2
W = D2 il -

It is interesting that when s > 0, we can get essentially the same result if we
only assume

(6.8) supp f; C {|¢] < R2’}.

Proposition 6. Let s > 0. Suppose f; € L? satisfies (6.8), for some R > 1
and that

oo

> 2 |fill7 < oo

0
Then f =" f; converges in H®, and

(6.9) /]

00
2 i 2
Hs S CS,RZ22]S ||fJHL2 .
0
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Remark. If R = 29, then the constant C; g is of the form C,227%. We shall
need this remark in the proof of the Moser inequality.

To prove this proposition, we shall need the following elementary estimate:

Lemma 3. Let s <0 and R>1. If f € H® and

supp f C {|¢| < R},

then
[l s < 2°R° (| fll 2 -

Proof. We only have to observe that

€l <R = (1+[6)° < (2R)".

We now turn to the proof of Proposition 6. It suffices to show that

N N
(6.10) <ij72fk>
M M

whenever M < N. For then it follows that the sequence of partial sums is
Cauchy in H®, and hence the series converges to some f € H®. Then, taking
M =1 and letting N — oo, we obtain (6.9).

The left hand side of (6.10) equals

i%:(fj,fmm =Z+Z+Z.

M i<k j=k j>k

0o
< Con > 2
Hs M

It suffices to estimate the first two sums on the right hand side. For the second
sum we have, using Lemma 3,

N

N N
ST=N T Fid e =D M illh. < CaR> 2% |1 £517.
ji=k M M

M

Next we consider
N-1 N
D=2 > ik
j<k  j=M k=j+1

Let ¢ € N be the smallest number satisfying R < 29. In view of (6.8) and
property (i) in the previous section, we then have f; = S;y441f;. Thus [cf.

(6.4)]
(Lo fi ) s = (Sirarfin f ) gs = (Fi Sjvar1fa) g -
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Using Lemma 3, we then obtain

N—-1 N
Z: Z Z <fj7Sj+q+1fk>Hs SZZ”JIJHHa

j<k = j=Mk=j+1

SO DY R £l 20D e

N—-1 N
=Cor 30 S Pl 20 il e

Sivaqr1frll g

J=M k=j+1
oo oo ) .
< Cor 27 ST 20l 20400 | fiall s
1=1 j=M
s is 2 i+1)s 2
SCS’RZQ ! (Z 92j ||fj||L2> (Z 92(3+0) |fj+l||L2)
=1 j=M j=M
oo o0
s is 2
SCor 27 ) 2S5
1=1 j=M

This concludes the proof since Y2, 27 < oco.

6.2.2 The Calculus Inequality

Here we employ the machinery just developed to prove the inequality

(6.11) 1£9llzrs < Cs (1Fllezs Ngllpoe + 171 oe Nl gre)
where s > 0 and f,g € H°NL*. Observe that if s = 0 this follows from Holder’s

inequality, so we assume s > 0 from now on. The proof is split into three steps.

Step 1. Write
T ) MVIWED SEID DS DES S DO 3
Jj<k=3 |j—k|<2 j>k+3
By symmetry it suffices to estimate >, and > _,.

Remark. The above equation holds in the sense of L', since f = > A, f and
g =Y Ayg in the sense of L?. Observe also that A; f and Ayg are smooth and
bounded functions, by properties (vi) and (viii) from the previous section.

Step 2. We estimate ||3,||5.. By property (ii), we see that if |j — k[ < 2,
then _
supp F(A; fArg) C {l¢] < 27+°).

In view of Proposition 6, it therefore suffices to check that

(6.12) S0 A fA gl < Collf (13

2
g||L°°
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forl=-2,...,2. But

[FAVY RAVERT/] PRI (VAVY | PR PAVER T POy AV (7PN [1] [ PRS

so the left hand side of (6.12) is bounded by
; 2 2 2 2
(322 18, £12.) ol = 1712 ol

Step 3. We estimate ||, ,;.. Write

co k—3 00

D =D A A=Y Si-afArg.

k=3 j=0 k=3

Observe that
supp F(Sk-sfAkg) C {2577 < [¢] <21}

Thus
Sj,ngjg 1L Skfngkg if ‘j - k| Z 4.

Consequently, with the convention that S; =0 for j = —1,-2,..., we have

HZ1HZ - <Zsj—3fAj9a Z Sk-—3fAk9>

= > (S;j-3f0g,Sk-sfArg)

li—kI<3
< 30188590y 1Sk—5 S Argll o

i—kI<3

3 (e’
= N 1S—3fDjgll e 1S51-3F gl g

I=—3 j=0

2 2

< 3 (S s-artiall ) (S U8-arbruialiy )

1=—3 \j=0 j=0

<73 1S,maf Ayl

< 32|18, _a fA g2

< O 2|18 fIP < 18912,
< Collfllz= Y 2% 1297

which completes the proof of the inequality (6.11).

6.3 Moser’s inequality

The following is known as the Moser inequality.
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Theorem 26. Assume that F : RY — R is C* and F(0) = 0. Then for all
s > 0 there is a continuous function v = vs : R — R such that

IE e < AU poe) 11 e
for all RN -valued f € H* N L.
It is then relatively easy to prove:
Corollary. If s > 3, the map f — F(f), H® — H® is C°.

To prove the Moser inequality we shall need the following generalization of
Lemma 3. Recall that the spectrum of f is the support of its Fourier transform.

Lemma 4. (Bernstein’s Lemma.) Assume that the spectrum of f € LP,
1 < p < oo, is contained in the ball || < 27. Then

10°Fll e < Ca2lN |11l

for any multi-index . Moreover, if the spectrum is contained in 2972 < || < 27,
then

CFM Wl < s 10°F 5 < C2 1
for any k € Ny.

We omit the proof (essentially an application of Young’s inequality).
We now have the necessary tools to prove the Moser inequality. For s = 0,
the proof is trivial, so we assume s > 0. We shall in fact prove that

(6.13) 1E(Spf) = F(Sq )l e < vUf M pe) 1Sp.f = Saf e

for all p > ¢ > —1, where it is understood that S_; = 0, and where vy depends
on the partial derivatives of F' of order 1,..., M, with M is the smallest integer
greater than s. (Observe that S, f is smooth and bounded for f € H® N L>.)
Assuming this, since S;f — f in H®, it follows that F(S;f) is Cauchy in
H?, and
IE S M gre < AU oo ) 11 s

for all j. But the limit of F'(S;f) in H® must necessarily be F(f), by an a.c.
argument. Thus we obtain Moser’s inequality.
To prove (6.13), we write

F(Syf) = F(Sqf) = > _[F(S;f) = F(S;—1f)] = Y_m;Asf,
q+1 q+1

where

1
mj:/o F/(SJ_1f+/\A]f)d)\
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We claim that for all j,k, M € N,

(6.14) 1A +xmill e < ear(Ifllpe)2™

where c¢j; is continuous.
Indeed, by the chain rule, 9*m; is a linear combination of terms

1
/F(Hl)(g,\)(a“lg,\,...,aa‘g,\)d)\,
0

where [ < |af, an +---+a; = @ and gx = S;j_1f + AA, f, so by Bernstein’s
Lemma,

(6.15) 10%m ) oo < calllfllp)27,

where ¢, is a continuous function which depends on « and on the derivatives of
F’ up to order |a|. But by Bernstein’s Lemma again,

141 xm; |l e < Car2” MU sup [|0%A pmy e

lee|=

which combined with (6.15) proves (6.14).
Writing m; = S;m; + >.7° Ajpm;, we have

F(Spf)_F(Sqf):A+ZBk’
1

where A = 3% _ . Sym;A;f and By, = 377 ) Ajiem;A;f. Using Proposi-
tion 6 and the remark following it, the decay estimates (6.14) and (6.15), and
the fact that

p p
1507 = Suf Iy =[S0 s ~ D2 I8
q+1 q+1

it then follows that

[Al e < CoscolllFll o) 159 f = Safll g »
1Brll e < Csear(IFll )2 525 |ISp f — Syl

for any M € N. By taking M > s and summing over k, we obtain the desired
inequality.

Remark. Observe that if the partial derivatives of F' of order 1,..., M + 1 are
all bounded on RY, where M is the smallest integer strictly greater than s, then
there is in fact no dependence on || f||; - in (6.15), and ditto in (6.14). Under
this assumption, we therefore have the inequality, for all f € H®, s > 0,

IE ()l grs < Cs 1f g -

As an example, one may consider F'(y) = e® — 1 for y € R.
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6.4 Further applications of the Littlewood-Paley
theory

We state without proof the following theorem.

Theorem 27. If2 < p < oo, then
2 2
”f”Lp < CZ HAjf”LP )
0

and if 1 <p < 2, then
STHA G, < C Ul -
0

Using this result one can easily prove the Sobolev embeddings for H?.

Embeddings and non-embeddings for H*
Recall that

(6.16) H® < L%, O§s<g,
(6.17) H® < L™, 5> g

Observe that the point mass § belongs to H~* when s > n/2. Thus

[F @) = 106C = 2), ) < N0C =) o 1l e = N00 gz [1f | gz 5

which proves (6.17). To prove (6.16), first note that by Young’s inequality,

n—2s

IAGFIl, 2n. < O f]lgo -

Since A;f = A; (Y4554 Axf), it follows that

J+1
IAGAIl, 2n. <C D7 2% AkS e
k=j—1

Now square both sides, sum over j, and use Theorem 27 on the left hand side.
Next, we show that the embedding (6.17) fails unless s > 7.

Proposition 7. H"/? is not a subset of L>.

Proof. Assume H™? C L. Then by the Closed Graph Theorem, we actually
have H™/2? < L so
£l < Clfllpnre -

But this implies that § € (H™/?)* = H~"/2 which is false. O



6.4. FURTHER APPLICATIONS OF THE LITTLEWOOD-PALEY THEORY71

Corollary. H™"/? is not an algebra.

Proof. Assume that it is. Then Hf’“HHn/2 < Ck ||f||];{/2 for all K € N. Hence,
if ||l zyn2 < 1/C, then f¥ — 01in H™/? as k — oco. But this implies that some
subsequence converges to zero a.e on R", so we must have |f| < 1 a.e. But this
means that the ball of radius 1/C in H n/2 is contained in L, which implies

that H? is a subset of L*°, contradicting Proposition 7. O
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Chapter 7

Week 7: Global existence
results

7.1 Statement of main theorem
Consider the nonlinear Cauchy problem on R'*",
(7.1) Du = F(9u),

uly_y=efs Owl,_, =eg,

where F : R1*" — R is a given C* function which vanishes to second order at
the origin:

(7.3) F(0)=0, DF(0)=0.
We shall prove:

Theorem 28. Let n > 4. Let f,g € C°(R™). Then there exists g > 0 such
that (7.1), (7.2) has a solution

u e C*([0,00) x R")
provided € < gg.

Note carefully that g depends on f and g, which are considered fixed. Recall
also that the solution is unique, by the theory from week 5.

In dimensions n = 1,2, 3 we will obtain (from the proof of the above theorem)
asymptotic lower bounds on the lifespan

T. = T*(€f7 59)

as € — 0. Recall that the lifespan is the supremum of T > 0 such that (7.1),
(7.2) has a solution u € C*°([0,T] x R™). Specifically, we shall see that there

73
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exists ¢ > 0 such that

T. > e/%, (n=23)
T. > c/e?, (n=2)
T. > c/e, (n=1)

for € sufficiently small. Again, ¢ depends on f,g.

7.2 The invariant vector fields

Recall that the proof of the local existence theorem for nonlinear equations
relied in part on the Sobolev inequality

n
[f@l < Csliflly, s>,

which in particular implies

(7.4) f@I<C Y 10%FllL -

+2
la|<3=

To prove Theorem 28 we shall need a similar estimate for |u(¢, z)| in terms of
L? norms in space of certain spacetime derivatives of u, multiplied by a decay
factor in t. The spacetime derivatives involve the invariant vector fields:

5) O, 01,...,0n,

6) Qij = Z‘Jaz — l‘iaj,
1) Qo; = t0; + 0y,
8) Loy =t0, + 21 z;0;,

where 1 <14,5 < n. To obtain symmetrical notation we sometimes write t = x
and 0y = 0y. Note that in (7.6) we can restrict to 1 < ¢ < j < n by skew-
symmetry. Thus we have a total of

(n—1)

1 2
w1 1 (n+ D(n+2)

+n+l= +1

different vector fields, which we enumerate

T — (To,....T), m:w.

We use multi-index notation:
« « Amy j—
re=ry°.--I'ym, a= (g, ...,0m).

The above vector fields are the generators of the transformations of the
Minkowski space R'™™ which preserve the equation Ou = 0. In fact, (7.5)
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correspond to translations in the coordinate directions; (7.6) correspond to ro-
tations in the space variable x; (7.6) and (7.7) taken together correspond to a
basis for the Lorentz transformations; finally, (7.8) corresponds to dilations.

Recall that the Lorentz transformations are the invertible linear transforma-
tions of R'*™ which are isometries with respect to the Lorentz metric

diag(—1,1,...,1).

One can then show that [ is the unique 2°¢ order differential operator on R'*"
which commutes with all translations and Lorentz transformations.! Accord-
ingly, for the vector fields (7.5), (7.6) and (7.7) we have, as one can also check
directly,

(7.9) 0,8 =
(7.10) 0, 9] =

where [P, Q] = PQ — QP. Although O does not commute with dilations, the
equation Ou = 0 is certainly preserved. For the corresponding vector field (7.8)
we have the simple commutation relation

(7.11) [0, Lo) = 20.

We shall also need the fact that for all 4, 7,
(7.12) T3, 0] =) ik,
k=0

as one can check by calculating the left hand side for each of the vector fields
(7.6), (7.7) and (7.8).

7.3 The Klainerman-Sobolev inequality

We need the following replacement for (7.4).

Theorem 29. (Klainerman-Sobolev inequality.) There is a constant C
such that

(L+t+]a) T ut,2)| <0 Y 0%t )2 for >0,z €R",
la| <242
whenever u € C*([0,00) x R™) and suppu(t,-) is compact for every t.

Clearly this implies the same estimate locally, that is, the estimate holds for
0 <t < T, with the same constant C, if u € C*°([0,T) x R™).
For the proof we shall require some lemmas which we now state.

IThis parallels the fact that on R"™, the unique 2™¢ order operator commuting with all
translations and rotations is the Laplacian A.
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The first of these expresses the fact that at any point outside the light cone
A=A{(t,z) : [t| = =]},

the homogeneous vector fields (7.6), (7.7) and (7.8) span the tangent space of
R+n,

Lemma 5. For any multi-indez o # 0 and (t,x) ¢ A,
0= > caplt,n)I”,
1<[8<] e

where cqg are C*° and homogeneous of degree — || outside the light cone A. In
fact, the sum on the right hand side only involves the homogeneous vector fields.

Proof. We claim that
(= a0 = st 3 n (1= 3052)
i=0 1

where ¢g = —1, &y = -+ = &, = 1 and by convention y; = Q;9. Recall also
that €;; = —Q;; for 1 <,5 < n. To prove the claim, note that when j =0,

n

i: xiQio = Z (xf@t + ta:lﬁi)
1

1

= |1‘|2 8t - t2<9t +t (t&g + 2%81)
1
= (|2|* = £2)8; + tLo,

while for 1 < j <mn,
ZwiQij = t26j + t:c]@t + Z (Iil'jai - xf@)
0 1

= t28j + .L“jLO — |Z‘|2 6]‘.

Thus we have the result for || = 1, and the general case follows by induction;
the key observation is that if a(¢,x) is C*° and homogeneous of degree —k
outside A, then so are Loa and Q;;a for 0 <i < j < n. O

The next result is just a localized Sobolev inequality.
Lemma 6. Given 6 > 0, there is a constant Cs such that
fof<c Y [ sl ay
o< g2 1Y
for all f € C°(R™). Moreover,

sup Cs < oo
5>50

for every dg > 0.
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Proof. Fix a cutoff x € C°(R™) which equals 1 in the unit ball at the origin.
Applying (7.4) to the function

x(y/9)f(y),

yields the desired inequality with Cs < C(1 + §~"72), and the final statement
of the Lemma is then evident. O

Finally, we need a Sobolev inequality for a smooth function v(g,w) where
g € R and w € S"~1. Observe that the vector fields ;;, 1 <i < j < n can be
regarded as vector fields on the sphere S"~1 = {z € R" : |z| = 1}. Accordingly,
we write

05 = Q- s a=(ag,...,an), m=n(n-1)/2,

at any point w € ™7 1.
Lemma 7. Given § > 0, there is a constant Cs such that
: 2
e < S [ [ jegezeapal domdp
j+lajgzg2 7 IPI<8 IneSmT

for allv € C®(R x S"~1). Moreover,

sup C5 < 00
5>80

for every dy > 0.

Proof. This follows from Lemma 6 if we cover the sphere S”~! by finitely many
coordinate charts and choose a subordinate partition of unity, the key observa-
tion being that the vector fields

Doy, Qi

span T,,S"~! for all w € S"~1. O

7.3.1 Proof of the Klainerman-Sobolev inequality

If t + |z| < 1, the inequality follows from the standard Sobolev inequality (7.4),
so in what follows we assume ¢+ |z| > 1. We use different arguments depending
on whether (¢, ) is close to the light cone or not.

Case 1. Assume

(7.13) 2l <L or falz 2

t
2 2
and of course

(7.14) R=t+lz|>1,
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which defines R. We then claim that the coefficents in Lemma 5 satisfy

2
(715) <% = leasltz )l < CR for 1< |8 <lal <" T2

Assuming this, it follows by applying Lemma 6 to the function z — u(t, z + Rz)
that

Rl®*19%u(t, z + Rz)

2
‘dz

lu(t, z)| <CZ/S

|<w+2

1
8

=CR™ /y|< ‘RM&@ (tm—&-y)‘ dy,

o< 242
where we changed variables to y = Rz. Since, by Lemma 5,

a#0 = Nu(t,x+y) = Z cap(t,x +y)(TPu)(t,z +y),

1<|BI< ]l
we conclude, using (7.15), that
R" |u(t,z)]? < C Z [T %u( ||L27
loj< 252

which proves the inequality in the region (7.13), (7.14).
It only remains to prove the claimed property (7.15). In fact, it is easy to
check, using (7.13), that

R
\y|§§ = |t —|z+y|| >cR for some ¢ > 0.

Moreover,

’ 1
-1 §77

t+ |z + 1yl
8

R

so the point (¢t/R, (x +y)/R) is in a compact set disjoint from the light cone A.
Thus (7.15) follows by continuity and homogeneity of cog.

Case 2. Assume

(7.16) < 2| <

N | =+
vl &

as well as ¢t + || > 1. Introduce polar coordinates
r=7rw where r>0 weS" L

Then write
u(t,z) = u(t,rw) = v(t, q,w),
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where
q=r1r—1.
In other words, we define v by
o(t,q,w) = u(t, (t + qw).

Observe that

(7.17) Oqv = ijaju = Oru,
1
and that

where on the left hand side we consider €);; to act in w, as a vector field on
sn—t

Thus, if we consider a point (¢, z) satisfying (7.16), and apply Lemma 7 to
v(t, q,w), we obtain

[\

(7.19) [u(t,z)|” = \v(t,q,W)l

< Gy /
[pl<

Jtlal<

<G /

Jtlel<23=

/ 02020 (t, q +p,n)|” do(n)dp
esn—1

PR

o 2
/ 0T u(t, (t + q + pn)|* don) dp,
nesn—1

N*

where we used (7.17) and (7.18) in the last step. Let us remark at this point
that C; < C where C' is independent of ¢t. In fact,

3t 5t 2

so that t is bounded away from 0. Thus C; is bounded above in view of the last
statement in Lemma 7.

Next observe that by (7.16), |¢| = |r —t| < t/2, and |p| < t/4 then implies

<t+p+g<2t

| o

Therefore, by changing variables to r =t + p + ¢ in (7.19), and noting that

Oru = i 771‘82‘%
1
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we conclude that

|u(t,9L‘)|2 <C Z /t< <2t/ . ’1"ﬁu(t,7"77)‘2 do(n)dr
L <r< nE n—1

|Bl<nt2 "4

oo
_ 2 _
<oty /O /nesnl \TPu(t,rn)|” do(n)r"="dr

+2
[BI<3=

=o' Y T2 u(t, )|

+2
[BI<*3=

Since t & |x| and t 4 |x| > 1, this proves the Klainerman-Sobolev inequality in
the region (7.16), thus finishing the proof of Theorem 29.

7.4 Proof of the main theorem

We begin by making some observations to aid us in the proof.

Observation 1. Since F' vanishes to second order at the origin [cf. (7.3)],

(7.20) [P (2)| < Ga(l2]) |27,

(7.21) |DF(2)| < Ga(|2]) | 2],

(7.22) ID™F(2)| < Gi(l2]), (m > 2)

for all z € R, where Gy,Gs3,... are continuous, increasing functions and

D™F stands for any 0*F with |a| = m.
Proof. Set
G (r) = sup |[D™F(2)].

|z]<r

Then G, is continuous and increasing, and (7.22) holds. Now write

0;F(z) = 0;F(z) — 0;F(0) = /01 %[@-F(tz)] dt = [/01 VO, F(tz) dt] - Z.

Taking absolute values, we get (7.21). Applying the same argument to F(z)
then gives
|F(2)] < sup [DF(tz)||2] < Ga(l2]) |2
0<t<1

Observation 2. 0OI'* = Z\ﬁ|<\a| capl?0 where c,p are constants.

Proof. This follows from (7.9), (7.10) and (7.11). O
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Observation 3. For « # 0, I'“[F(du)] is a linear combination of terms
(7.23)  [D"F)(Qu)I?du---TP"0u where 1<m<lal, Y [8i]=al.
1

Proof. This is a simple induction. O

Observation 4. In (7.23), at most one 3; can have order |3;| > |«| /2. Let us
order the §; so that

(724) |67n| = max |ﬂz‘ .

1<i<m

Then we have |5;] < |a] /2 for 1 <i<m — 1.

Observation 5. Let N =n+4. If |a| < N and |5;| < |a| /2, then

42
\ﬁj|+1+”2 <N.

Proof. N/24+ 14+ (n+2)/2< N iff n+4<N. O

We now turn to the proof of Theorem 28.

Step 1. Some initial reductions. Set N = n + 4. Define

Ay = ) It°0u(t, )2, 0<t<T
lo|<N

whenever u € C*°([0,T) x R™) solves (7.1), (7.2) on [0,T) x R™ for some T > 0.
Observe that by (7.2),

A
(7.25) A0) < 5
where A depends only on f and g (and their derivatives).

Claim. There exists g > 0 such that if T >0 and u € C*([0,T) x R™) solves
(7.1), (7.2) on [0,T) x R™ with € < gq, then A(t) < Ae for all0 <t < T.

Observe that by the Sobolev inequality (7.4),

||au||Loc([0,T)an) < C sup A(t).
0<t<T

Therefore, if the claim holds, it follows from Theorem 6, Week 5, that the
lifespan T, = oo when ¢ < gg, and Theorem 28 will then be proved.
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Step 2. Further reductions. To prove the claim we set
E={te|0,T): A(s) < Ae for all 0 < s < t}.

By (7.25), E is nonempty. Since A(t) is continuous in ¢, E is relatively closed
n [0,7). Thus, if we can show that F is also relatively open in [0,T), it will
follow that E = [0,7T), and the claim is then proved.

To prove that E is open, we fix tg € E with tg < T'. Since A(t) is continuous,
there exists t; > tg such that

(7.26) A(t) <24e for 0<t<t.
We shall prove that this implies
(7.27) A(t) < Ae for 0<t<ty,

if € is sufficiently small. It suffices to prove that

S C)
(7.28) At) < Ae/2 + CAE/O 1+s)-D/2 ds.
For then it follows by Gronwall’s Lemma that
Ag t ds
(7.29) A(t) < 5 &P {Cﬁ/o Mm_l)/g} ’

ds
(1+s)(n—D72

e ds
o |ue [ty <2

and the proof is complete.

and since fooo
small that

< oo when n > 4, we only have to choose ¢ > 0 so

Step 3. Proof of (7.28). In view of (7.12), we can apply the energy inequality
(10.13), obtaining

A(t) < A0 +CN/ > areu(s, )|, ds

0 o)<

SA&‘/Q—FCN/ > T Dus, )| - ds

la|<N
— Acj24 Oy / S e F@u)](s, )l - ds,
la|<N

where we used (7.25) and Observation 2 to get the next to last inequality. Here
CpN denotes a generic constant which can change from line to line. We now
estimate

(7.30) I (F@)(t e, lal <.
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If o =0, we use (7.20) to get
(7.31) [E@u)(t, ) L2 < Ga ([19ult; )]l oo ) 10ult; ) Lo [[Oult, )] 2 -

The first factor on the right hand side is bounded by a continuous function of
A, since

(7.32) 0u(t, )| o < CA(t) < 2C Ae

by the Sobolev inequality and (7.26), and since we of course can assume that
¢ < 1. By the Klainerman-Sobolev inequality, the second factor in (7.31) is
bounded by
A(t)
IR

and by (7.26), the third factor in (7.31) is bounded by 2Ae¢.
If o # 0, we use Observation 3 to write I'*u(t,-) as a sum of terms of the
form (7.23), whose L? norms in space we bound by

@33 I EI@u(t )] TT 1500, [P0

Let us first consider the case m > 2. Then the first factor is bounded by a
continuous function of A, in view of (7.22) and (7.32). Using (7.26) and the
fact that |G| < |a] < N, we see that the last factor is bounded by 2Ae.
Since we may assume that (7.24) holds, we have |5;| + 1+ (n + 2)/2 < N for
1 <i<m—1,in view of Observations 4 and 5. Hence the Klainerman-Sobolev
inequality and (7.26) imply

m—1 m—1
. A(t) _ A(t)
ﬁz m—2
[T I oue )l <€ |G| < CA™ e

We conclude that (7.33) is bounded by
CacA(t)(1 4 t)~(n=D/2

when m > 2. When m = 1 we get the same bound if we use (7.21) instead of
(7.22). This completes the proof.
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Chapter 8

Week 8: Low dimensions

We have proved existence of global smooth solutions in space dimensions n > 4
of the nonlinear Cauchy problem, on R'*",

(8.1) Ou = F(0u),
(8.2) u|t:0 =e¢f, Btu|t=0 = eg,

for ¢ > 0 sufficiently small. Here F': R'*" — R is a given C* function which
vanishes to second order at the origin:

(8.3) F(0)=0, DF(0)=0.

Next we want to see what happens in dimensions n = 1,2,3. Then global
existence fails in general (we will give an example later on in the course), but
the proof used for n > 4 gives asymptotic lower bounds on the lifespan'

T, = T*(€f, 59)
as ¢ — 0. Specifically, we shall see that there exists ¢ > 0 such that
ec/e, if n=3,
(8.4) T. > < c/e?, ifn=2,
c/e, ifn=1,

for € sufficiently small. Again, ¢ depends on f, g.

8.1 Proof of the lower bounds for 7.
Suppose u € C*([0,T) x R™) solves (8.1), (8.2) on [0,T) x R™ for some T > 0.
Recall from the proof of global existence for n > 4 that if we set N = n+4 and

Aty = > IT%0u(t, )|z 0<t<T,

la]<N

!Recall that the lifespan is the supremum of 7' > 0 such that (8.1), (8.2) has a solution
u € C*°([0,T] x R™). By uniqueness, the totality of such solutions assemble to a smooth
solution on [0,T:) x R™.

85
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then there is a constant A = A(f, g) such that the boot-strap assumption
A(t) <24e, 0<t<T'<T

implies
(8.5) A(t) < Ag/2 +C e/tA(S)ds 0<t<T
' - o (DT T
Then by Gronwall’s Lemma,
Ae ¢ ds ,
When n >4, [ (1+S)C<l+”/2 < 00, and so we obtain the stronger bound A(t) <

Ae on [0,T"], provided that 0 < & < g¢, where g is determined by the condition

c Tods ),
exp AE0 ) (1—1—3)(”*1)/2 = 2.

[So g¢ depends on A, hence on (f,g), but not on T.] Combining this boot-strap
argument with the continuity method then gives the a priori bound

(8.7) A(t) < As,  0<t<T,

Once we have this a priori bound, we can control ||0ul|« (o 1)xrn) using
Sobolev’s Lemma. Since T > 0 was arbitrary, it follows from the local exis-
tence theory of week 5 (see Theorem 6), that T, = oco.

When n = 1,2 or 3, the function (1 + s)’(”*l)/2 is no longer integrable at
infinity, but we still get the bound (8.7), provided ¢ is sufficiently small and T'
satisfies

ecle, if n =3,
(8.8) T < {c/e, if n =2,
c/e, ifn=1.

From this we get the statement (8.4) about the lifespan, reasoning as above.
We consider the cases n = 1,2,3 one by one.

Case 1: n=3. fg (l‘fs) =log(1 +1t), so (8.6) becomes

A
Alt) < T+,

which implies (8.7) if (1 + 7)%4¢ < 2. This is true for T < 1 if Cye < 1. If on
the other hand 7' > 1, and we assume Cye < %, then

(1 +T)C'As < \/ﬁTcAE <2

provided TC4¢ < /2, that is, T < 21/2Cac,
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Case 2: n=2. fg (H‘iﬁ =2y/T+t—2< CVt, so (8.6) gives

A(t) < %6@5@

and (8.7) follows if
CasVT <9 s /T < log2

Cae
Case 3: n = 1. fot ds = t, so (8.6) gives
A
A(t) < Srenet,
2
and (8.7) follows if
(CrT <9 ey T < 1082
Cae

Remark. If F' vanishes to higher order than 2 at 0, we can get global results
also for n = 2,3 by obvious modifications of the proof of the main theorem from
week 7. In fact, if F' vanishes to third order at 0, then referring to the notes of
week 6, the estimates in Observation 1 are improved to

|F(2)] < Gs(l2]) |27,

IDF(2)| < Ga(l2]) |21,

|D*F(2)| < Gs(|2]) |2,
D) < Gs(l2),  m =3,

and so in Step 3 of the proof we see that we always get one extra power of
|Ou(t,-)|| - After estimating these L> norms using the Klainerman-Sobolev
inequality, we will then have the integrand

59) 1 >
' (1+t)n=D/2| — (14¢)n-1
in equation (30) of week 5, instead of (1 + )~ ("=1/2_ Since (8.9) is integrable

when n = 3, we get global existence. Similarly, if F' vanishes to fourth order at
0, then we get the integrand

Thus the integral converges for n = 2, so we get a global result also in this case.
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8.2 The null condition and global existence for
space dimension n = 3

In general, existence of global smooth solutions for small data fails in dimension
n = 3, for equations of the type Ou = F(Ou).

Example. F. John proved that every smooth solution of
(8.10) Ou = (Qu)?, t>0,z€R?
with nonzero data in C2°(R?) blows up in finite time.

Example. (Due to Nirenberg.) In sharp contrast to the previous example, for
the superficially similar equation

3
(8.11) Ou= (du)® = (u)?, t>0,z€R?
1

we have global smooth solutions for small data:
(8.12) u|t:0 =ef, 8tu|t:0 = gg,

where f,g € C°(R3) and € > 0 is sufficiently small. The key observation is
that if we set
v(t,z) =1 — e Wb2)

then v solves the linear Cauchy problem
(8.13) Ov =0, U|t:0 —=1—e°, 8tv|t:O =ege

which of course has a global smooth solution. The inverse of the transformation
U — v is

u(t,x) = —log[l — v(¢, x)].
This is well-defined as long as |v| < 1, and u then solves (8.11), (8.12). To
ensure that v is globally small,

lo(t, )l <1 forall t>0,

we only have to take € > 0 sufficiently small, depending on f and g. Indeed,
recall from week 2 that when n = 3 we have the decay estimate

A
vt ) e < T+1 for all ¢ >0,

where A is a constant which depends linearly on the L* norms of v|t:0, Vzv|t:0

and 8tv|t=0. In view of (8.13), therefore, A < 1 if £ > 0 is sufficiently small.
Then the transformation v — wu is globally defined, giving a global smooth
solution of (8.11),(8.12).
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These examples suggest that in dimension n = 3, the question of global
existence of smooth solutions of systems of the type Ju = B(du,du), where
each vector component of B is a bilinear form in du, depends strongly on the
algebraic structure of B. More generally, for a system of the form Ou = F(du),
where F' vanishes to second order at the origin, it is the quadratic part of F' that
determines the global regularity properties of the equation. The higher order
terms are not important. [Recall from the remark at the end of the previous
section that we always have global existence for nonlinearities F(Ou) which
vanish to third order at 0.]

8.2.1 Statement of null condition

We now consider a system of N equations

(8.14) Ou’ = F'(u, 0u), (t,r) € RT3

where the unknown u and the given C* function F are RN -valued:

uw=(u',...,u)

, F=(F',...,FN).

Definition. A vector & = (&,...,&) € RY3 is null if € # 0 and &2 = &7 +
&2 + £2. In other words, & lies on the light cone (or null cone) in Minkowski
space R1T3,

Definition. The quadratic part of F' is
1 (67 [e3%
Fhy(2) = ) —0°F!(0)z
|| =2
where z € RNt +DN corresponds to (u, du).

As motivated above, we have to impose some condition on the quadratic part
of F' in order to ensure the existence of global smooth solutions of (8.14) for
small data. The relevant principle is the so-called null condition of Klainerman
and Christodoulou.

Definition. F in (8.14) satisfies the null condition if:
(i) F vanishes to second order at the origin:
F(0)=0, DF(0)=0.

Thus, by Taylor’s theorem, F(z) = F(2)(2) + R(z), where R is C*° and
vanishes to third order at 0.

(ii) The quadratic part of F' is of the form

Fly (u, 0u) = Z Z s e

J,K=1 p,v=0
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where the a’s are real constants satisfying, for all I,J, K =1,..., N,

3
Z a?}?fﬂﬁy =0 for all null vectors £.

w,v=0

Observe that F(,) is only allowed to depend on du, not on u.

Example. The equation (8.11) satisfies the null condition, while (8.10) does
not.

Lemma 8. If B is a real bilinear form on R* x R* such that
B(£,8) =0 for all null vectors &,

then B is a linear combination, with real coefficients, of the so-called null forms

3
(8.15a) Qo(&m) = om0 — Y &imlis

1
(815b) QW(&U) = gunu - fu’rhu 0<u<r<s
Proof. B(£,€) = €TAE =Y a"v¢,&,, where A = (™) is a real 4 x 4 matrix
and we consider ¢ as a column vector with transpose ¢ = (&,...,£3). Now

decompose A into its symmetric and skew-symmetric parts:

A

_A+AT+A—AT
) 2

=A,+ A,.
Since £TA¢ = ((TAE)T = ¢TATE, we see that
ErAE=€TA6=0

for null £. Using this condition with the null vectors

fT =(+1,1,0,0), (£1,0,1,0), (£1,0,0,1),
and then with

¢ =(v2,1,1,0), (v2,1,0,1), (v2,0,1,1),
it is not hard to see that A must be of the form

A, = a®diag(1, -1, -1, -1),

which of course corresponds to (Jg. On the other hand, the skew-symmetric
part A, gives a combination of the @,, in an obvious way. Summing up, we

have B = aOOQO + ZOSIL<V§3 %(a“l[ - auu)Q;uw O

That the converse of the above lemma holds is obvious.
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Corollary. F in (8.14) satisfies the null condition iff each component F (u, Ou)
1s of the form

ZG,IIKQO(auJ,a’U +Z Z bIWQW ou’, ou’) + R (u, 0u),
JK

J, K 0<pu<v<3

where the a’s and b’s are real constants and RT is C* and vanishes to third
order at 0.

We can now state the main theorem.
Consider the system (8.14) with initial data

(8.16) u|t:0 =ef, 8tu|t:O = gg,

where f = (f1,..., fV) and g = (¢, ..., g") belong to C>(R?) and € > 0.

Theorem 30. Assume that F in (8.14) satisfies the null condition. Then there
exists g = eo(f,g) > 0 such that (8.14),(8.16) has a smooth global solution
provided & < gg.

8.2.2 Improved decay

The next lemma is of key importance. It quantifies the fact that the null forms
have better decay properties, due to cancellations, than generic bilinear forms.
To state this result, we need some more notation.
For the invariant vector fields I'y,..., Ty, let T';(¢,x;&) denote the symbol

of I'j, obtained by replacing du by the vector ¢ € R*. Thus, the symbol of 9,
is just &, while

Qoj(t, 23 €) = t&; + 8o,

Qij(t,2;6) = 2;& — x5, (1<i<j<3)

3
L(t,2;€) = téo + Y _ @ik
1
We denote by I'(t,z;€) the vector (To(t,z;€),...,Tm(t, 2;€)). Thus,

I(t,x;€) Z|th§

Lemma 9. Let B be a bilinear form on R*. Then there exists a constant C
such that

(8-17) |B(£a77)| < m

INCERININCGEZ]
for all (t,x),&,n € RT3 if and only if B satisfies

(8.18) B(£,£) =0 for all null vectors €.
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The proof actually shows that if (8.18) is not satisfied, then there is no
estimate

|B(&m)| < () [U(E, 23 )| [T(E, 23 1)
where ¢(t) — 0 as t — co. Thus, the best one can say is that the trivial estimate
|B(&,m)| < C¢]n] holds.

Corollary. For each of the null forms Q defined in (8.15a),

Q(0v, Ow)| < [Co(t, )| [Tw(t, )]

1+ [t] + [
for all (t,z) and all smooth functions v,w. This estimate does not hold for any
other bilinear form Q.

Proof of Lemma 9. We first prove that (8.17) implies (8.18). Fix a null vector
& Set (t,x) = A€o, —&1, —&2,—E&3), where A > 0. Then all the homogeneous
symbols vanish at (¢, x;&). In fact,

Lo(t,z;:6) = M&5 — & — 6 - €3) =0

since £ is null, and it is also easy to check that €, (¢,2;¢) =0for 0 < p < v < 3.
Thus, |T'(t,z;€)] = |¢], and since |(¢,x)] = A]|], it follows from (8.17) that
|B(£,€)| = O(1/)) as A — o0, so (8.18) holds.

Conversely, assume (8.18) holds. Then by Lemma 8, B is a linear combina-
tion of the null forms Qo and Q. so it suffices to verify (8.17) for these. Since
(8.17) holds trivially when |¢| 4+ |z| < 1, we will assume |¢| + |z| > 1.

First consider @Q;; with 1 < i < j <3. If |¢| > ||, then (8.17) follows from
the identity

Qij(&,n) = % (€082 (L, 25 m) + Qo (t, 260y — Qo (t, 25 E)mi] -

If on the other hand |¢| < |z|, then we use the identity

3 .
(8.19) G=Y Sk HZM_

= =l

Thus Q;;(&,n) = &n; — &mi equals, if we express & and &; using this identity,

|x\ Z €682 (8, 25 m) + Qe (E, 23y — Qe (t, 25 E)mi] -
For Qo; we have

Qoj(&,m) = % (€020, (, 2;m) — 10820, (2, 5 €)]

which takes care of the case |t| > |x|. For |t| < |z| we use (8.19) as well as

3

SRS Kk
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to express Qo;(£,1) = &onj — &mi-
Finally, for Q¢ we have

QO (fa 77) -

+ &oLo(t,z;m) — ZQOthUf 1

which covers [t| > |z|. In the other case we substitute (8.19) and (8.20) for the
components of £ in Qo(&, 1) = Eono — Z‘i &;n;, which then equals

3

3
Z *k| [—tfkﬁo = @& +
i=1

k:

mz [—&kLo(t,zim) + -]

where - - - indicate terms involving Q(¢, z;£) and 7, which are OK. O

We will need to use energy norms involving I', so we have to calculcate
LY[FY(u,0u)]. We therefore need to calculate I'Q(dv, dw) for any null form Q.
By the product rule for derivatives it is easy to see that

(8.21) r'Q(ov,ow) = Q(I'dv, dw) + Q(dv,T'ow),

but in order to apply Lemma 9 we need to commute 0 with I' in the right
hand side. This introduces some error terms, but fortunately these are again
combinations of null forms, and are therefore estimable by Lemma 9. It is
convenient then to introduce the “commutator”

[T, Q](dv, dw) = T'Q(dv, dw) — Q(ITv, dw) — Q(Jv, OTw).

The commutation relations we need are easily checked, and we list them in the
following lemma.

Lemma 10. We have

[, Q0] =0,
Qij, Qav) = 0iaQjp — 0aQib — IibQja + 05 Qias
[LOa Q] = _QQa

where @ stands for any null form and 0 <1,j,a,b < 3.

Proof. The idea is to use (8.21) and commute I" with 9. To this end, one uses
the easily checked commutation relations

[Lo, O] = —Ok,
[0, 0k] = —00r0; — 0100,
[, Ok] = 0ik0j — 610,

where 0 < k <3 and 1 <1i,j < 3. We omit the details. O

From Lemmas 9 and 10 one immediately obtains the following key estimate:
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Proposition 8. For any null form Q, and any integer M > 0, we have

(L[t +zl) Do IF*Q(dv, dw)

lo] <M

<cu| X ol | X mwo)

1< <M +1 1<|a| <M 41

+Cy Z T (¢, )| Z [T%w(t, )|
1<]a|<H +1 1<]|a|<M+1
8.2.3 An energy inequality and Hormander’s estimate
We need two more ingredients for the proof. The first is a generalization of the

energy inequality

t
(8.22) 10u(t, )]l L2 < [10w(0, )| L2 +/0 1Cu(s, )l > ds.

Recall that this is proved by noticing that u:[Ju is a spacetime divergence:
(8.23) w0u = dive 4 (eo, €'),

|8u|2 and ¢/ = —u;V u. Integrating this identity for fixed ¢ gives

/utljuda: = %/eo dx—/divx(utvxu) dz,

and the last term vanishes by the divergence theorem, if we assume that u
decays sufficiently fast as |z| — oco. For the energy E(t) = [ eo(t,z) dz one then
obtains, after applying the Cauchy-Schwarz inequality to the left hand side of

the above identity,
E'(t) < VE®) [Du(t, )l 2,

and (8.22) follows readily.
We now want to generalize this method by replacing (8.23) with

where ey = %

(8.24) X (0)u - Ou = divy . (eg, €)

where X (0) is some first order differential operator and (eq, ') is some spacetime
vector involving u, such that the associated energy is non-negative:

E(t) = /eo(t,a:) dz > 0.
Then by integrating (8.24) one obtains a generalized energy inequality. Set

X(8)=X-0+2t,
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where as usual d is the spacetime gradient and
X = (148 + |z)?, 2ty 2tas, 2tas).

Let m be the matrix diag(l,—1,—1,—1) (the Minkowski metric), and let 1 =
(1,0,0,0). Tt then turns out that (8.24) holds with (here we consider Ju as a
column vector for the purposes of matrix multiplication)

(co,¢') = X (B)u - m(du) — %(8U)Tm(8u))? — 21

Integration of (8.24) then yields the identity

d
—E(t) = /X((’?)u -Oudx
dt
for the energy E(t) = [ egdx, and the right hand side is bounded by
(1 +t+|| X(9) HL2H1+H||)DH( )||L2'
One then shows that ||(1+ ¢+ |-)~ 1X( HL2 < Cy/E(t). Putting all this

together, one obtains

t
VE® < CVE©O) +c/ 11+ 5+ [)Du(s, )l 2 ds.
0
Moreover, it turns out that
~ Y Il )17
lor|<1

and recalling the commutation relations between [J and the invariant vector
fields, one finally obtains:

Proposition 9. For any integer M > 0, there is a constant C such that

Yo ITut ) <0 Y (0, )l

lal<M+1 la|<M+1
O S0 [l s+ T Tule, ) d
|| <M
for allt >0 and all u € C°°([0,00) x R3) with compact support in x for each t.

See Sogge’s book for the details.
We need one more ingredient for the proof of the main theorem:

Theorem 31. (Hérmander.) There exists C such that if F € C?([0,00) x R3)
and Ou = F with vanishing initial data at t = 0, then

dyds
I+t+|z))<C / ITYF(s,y)] ————.
Z|<:2 0 L+ s+ 1y

See Sogge’s book or the lecture notes of Hérmander for the proof, which is
based on the special form of the fundamental solution for the wave operator in
space dimension three.
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8.2.4 Proof of the main theorem

Since F is assumed to satsify the null condition, we know that the system (8.14)
takes the form

(8.25) Ou! = ZaﬂKQo(ﬁu‘],auK) + Z b?}g y (Ou” 0u) + R (u, 0u),

J K J K, p,v
where R! vanishes to third order at 0. We specify initial data
(8.26) ul,_,=¢cf,  Owul|,_,=eg.

For simplicity we will ignore the higher order term RI.

We shall want to apply Theorem 31 to I'*u, where u solves the above
Cauchy problem, but in order to do this we must subtract off the solution
we = (wl, ..., wY) of the linear Cauchy problem

ar e

(827) Dwa = O7 wa|t:0 = (FO(U) ‘t:O’ atwa|t:O = (atrau) |t:0'

Thus I'*u — w, has vanishing initial data, so we may apply Theorem 31 to it.
But then we also need to estimate |wq].

Observation 1. If u solves (8.25),(8.26) and w, solves (8.27), then

Co
(8.28) walt,2)| < § ft forall ¢>0, z € R®

where C,, is independent of ¢ and ¢.

Proof. Let ug solve Oug = 0 with initial data (8.26). Then OT'*u = 0, and so
by the decay estimate for solutions of the homogeneous wave equation (week 2),

Ca
(8.29) IDou(t, z)| < 1—; forall t>0, z €R3,

Thus, to get (8.28), it is enough to show that

C,e2

forall ¢>0, z e R3.
1+¢

lwa(t, ) = T%u(t, z)| <

But O(ws — T'®up) = 0, so this estimate again follows from the decay property
used above, if we just observe that the initial data are O(¢?). In fact, the data
are

Mu(0,2) — T%up(0,2), OI'*u(0,z) — 0:T%ug(0, ).

To express I'*u(0, x) in terms of €, f, g we just use (8.25) and (8.26) (whenever
there are two or more time derivatives we need to use the equation). If we do
the same for I'*u(0, z) and subtract, all terms which are linear in ¢ cancel out,
and we are left with terms arising from the nonlinearity in (8.25), and which
therefore are at least quadratic in . O

‘We split the proof of the main theorem into a number of steps.
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Step 1. Let 0 < Ty < oo and set S, = [0,Tp) x R3. Suppose u € C>(S,)
solves (8.25), (8.26) (setting R! = 0 for simplicity). We shall prove the existence
of g9 > 0, independent of Tp, such that

(8.30) 0<e<eg = u,0uc L>®(St,).

Once we know this, it follows from the local existence theory of week 5 that the
lifespan T, = co.

Step 2. (8.30) will follow if we can prove the a priori estimate

o Ae
(8.31) > T u(t, ) e <

la| <k 1+t

for 0 <t < Ty, provided ¢ < gg. Here A is a constant independent of Ty and &
(A will depend on f and g), and k is a sufficiently large integer (k = 4 will do).

Step 3. The plan is to prove (8.31) using the continuity method. Thus, we
define
E={T€]0,Tp):(8.31) holds for all 0 < ¢t < T}.

Clearly 0 € E if we take A sufficently large, and F is evidently closed. If we can
show that F is open in [0, Tp), it will therefore follow that E = [0,7), finishing
the proof.

To this end, fix T' € E. By continuity of the left hand side of (8.31) (I"*u
is C*° and compactly supported in « on [0,7"], by Huygens’ principle), there
certainly exists T > T such that

2Ae
8.32 I o < for 0<t<T.
(8:32) a%n My < g0y for 0<t<

The idea is then to use a boot-strap argument to show that we have the stronger
estimate (8.31) on [0, T”]. It then follows that 77 € E, proving that F is open.

To prove that (8.32) implies (8.31) when ¢ is sufficiently small, we first show
that (8.32) implies

(8.33) Do Irult ). < Col+ 0 Y7 IT%u(0,)]l 2

|| <k+3 || <k+3

for 0 < ¢t < T’, where Cy and C; are absolute constants. Then we prove that
(8.33) implies (8.31), if € is sufficiently small.

Step 4. We prove (8.32) = (8.33). Define A(¢) to be the left hand side of
(8.33). Then by Proposition 9,

A <A+ X [0+ Gl s ds.
|a| <k+2
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If we ignore R, then Cu! is just a linear combination of Q(du’, du’C) for the null
forms @, and so from Proposition 8 we get, taking the highest order derivatives
in L2, and the lowest order in L>,

A(t)SCA(O)—i-C/O A(s) > u(s, )l | ds.

laf<EE2 41

Since k+2 +1=2¢& s+2<k if £ > 4, the second factor in the integrand is bounded
by 2A5/( + s) according to (8.32), and so we get

A(s)
1+s

t
A(t) < CA(0) + C’e/ ds, 0<t<T.
0

Then by Gronwall’s Lemma,

A(t) < CA(0) exp |:C/E /t(l +5)71 ds] = CA0)(1+1)°",
0
proving (8.33).

Step 5. We prove (8.33) = (8.31). We can of course choose A so large that

(8.28) implies
Ae/2
Y llwalt, g <
loe| <k

for all ¢ > 0. Thus (8.31) follows if we can show that

(5.34) S IPu(t, ) — walt, ) e < 222

la| <k L+t

for 0 <t < T'. To prove this we apply Theorem 31, which gives

(14 3 0%t ) — walt, e <C 3 / [, ¥ ot 45

la| <k |61<2 la|<k

Using the commutation relations between [J and the invariant vector fields, we
may bound the right hand side by

dyds
Ou(
¢ 2 //' w1y

|a|<k+2

and ignoring again the R’ it suffices to estimate this with CJu replaced by
Q(0u’,0u’’) for each of the null forms Q. Then if we apply Proposition 8
we can bound the last expression by

2 dy ds
C Z / IT%u(s,y)] (13—1—3)2'

|| <k+3
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This equals

¢ ¥ [l

laj<k+3"0

and using (8.33) we bound this by
t
CA(0)? / (14 )22 g5
0

If 2C1e < 1, the integral is uniformly bounded in ¢, and since A(0) = O(¢), we
finally obtain the bound

(L+8) > M%) = walt, ) < O
la| <k

for 0 < t < T’, where C is an absolute constant. If Ce < A/2, then (8.34)
follows, and the proof is now complete.
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Chapter 9

Week 10: Well-posedness

9.1 Local well-posedness

9.1.1 Introduction and definitions
Consider again a system
(9.1) Ou’ = F'(u, 0u), (t,r) € RM™,

where the unknown u and the given C* function F are R¥-valued:

Moreover, we assume that F(0) = 0. Now specify initial data
(9.2) “’t:o =feH’ 8tu’t20 =ge H L

Here f = (f1,..., fV) with each f! € H*, and similarly for g. The norm on
H* x H*~! is denoted

I Dl sy = 1A ezs + gl e s -

Recall that we have the following local existence and uniqueness result.

Theorem 32. (Classical Local Existence Theorem.) The Cauchy problem
(9.1), (9.2) is locally well-posed for initial data in H® x H*~' for all s > % +1.

Here, locally well-posed (abbreviated LWP henceforth) means:
(i) (Local existence.) Given (f,g) € H® x H*~! there exist:

e T'=T(f,g) >0, depending continuously on [|(f,g)||;

o u=u(fg) € X5 =C(0,T],H*)nC'Y[0,T],H*~") solving (9.1),
(9.2) on Sy = (0,T) x R™. [Here (9.1) holds in the sense of D’'(St).]

101
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(ii) (Uniqueness.) Solutions are unique in X3, for any T > 0.

(iii) (Continuous dependence on data.) The solution u = u(f, g) depends
continuously on the data (f, g), in the following sense: If u(f, g) exists up
to some time T > 0, then there are constants C, > 0 such that whenever

I(f = f 9=l <9,
the solution u(f’,¢’) exists up to time T also, and

lulf's9') = ulf, 9llxs <CUS = 19— -

(iv) (Persistence of higher regularity.) If the data have some additional
Sobolev regularity (f,g) € H® x H°~!, where ¢ > s, then the solution in
part (a) is in the space C([0,T], H?) N C*([0,T], H°~1). In particular, if
the data are in C¢°, then the solution is smooth. (One obtains smoothness
in time by using the equation to express time derivatives of order two and
higher.)

Remark. Since F(0) = 0, the unique solution in X3 (any 7' > 0) with data
f=g=01isu=0. Then (c) says that for any T > 0, u(f, g) exists up to time
Tif [[(f, 9)ll(s) is sufficiently small (possibly depending on T').

Notation. We often write u(t) instead of u(t,-). This is natural since u solves
a time evolution problem. In fact, X7 as defined above is just the space of
continuous curves from [0, 7] into H* x H*~1.

Recall that the proof of Theorem 32 relies on:
i) The energy inequality for the linear wave equation.
(i) gy inequality q
(ii) Sobolev’s Lemma (the special case H™ C L iff r > ).

(iii) The Moser inequality, which for F as in (9.1) says that there is a contin-
uous function ¢, : [0, 00) — [0, 00) such that

17 (u, Ou) ()| ems < s ([1(u; Q) (B)l] 1 ) (1w, Q) () 5
provided s > 1.

The reason for the lower bound on s in Theorem 32 is then clear: After applying
(i) and (iii) we need to control

[, du) (B)l| e »

and by (ii) this norm is dominated by
[ullx; = sup |[(u, dru)(®)]] 4
0<t<T

precisely when s > 3 + 1.
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This lower bound on s is sharp in general. In fact we shall see later that
the scalar equation Ou = (9;u)* (k > 2) is not well-posed (thus we say it is
ill-posed) for data in H* x H*~! with

n 1 1
R

and this approaches n/2 4+ 1 as k — oo.

On the other hand, one can show that the equation Cu = (9;u)? is LWP for
s > 2 in dimension n = 3, whereas Theorem 32 requires s > 5/2, so there is a
gap.

We shall be interested in improving the lower bound in Theorem 32 for
certain equations. Thus we ask the following:

Question. For a given F in (9.1), what is the minimal s for which the conclu-
sion of Theorem 32 holds for data in H® x H™1?

Remark. We may have to replace the “energy space” X7 by some subspace
(still a Banach space) in the definition of LWP above. This will be clear from
examples to follow.

9.1.2 Scaling

For all the equations we are interested in (namely [models for] classical field
equations from physics), there is a natural lower bound for s imposed by scaling
properties (homogeneity) of F' and the data space H*®, given by the norm

£l = |IEl* £ =

This lower bound we call the critical well-posedness exponent and denote s;
it is the unique s € R such that the homogeneous data space Hs x H51is
invariant (dimensionless) under the natural scaling of the equation (9.1). This
is best illustrated by some simple examples.

We shall use the easily proved fact that

(9:3) IF Q) e = A" 2| f . for x> 0.

Examples. (A) Consider Ju = (9;u)? on R, If u is a solution, then so is
uy (A > 0) given by
ux(t, ) = u(At, Ax).

Since by (9.3) we have
lux (0| g = A*~"2 [|u(0) | -
we conclude that s, = n/2.
(B) For Ou = udsu the scaling is
ux(t, ) = Au(At, Ax).
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Thus [|ux(0)] 7o = A2 ||w(0)]| 7., and s, =n/2 — 1.

(C) For Ou = u? we find similarly s. = n/2 — 2.
We now formulate:

General WP Conjecture. (i) For all classical field theories the Cauchy
problem is LWP for data in H® x H571, s > s,.

(ii) For smooth data with small H* x H%~! norm, there exists a global smooth
solution.

(iii) The Cauchy problem is ill-posed for data in H® x H*™1, s < s..

Part (i) has been verified for several important equations in the last few
years. Very recently, part (ii) was verified for so-called Wave Maps (analogue
of the wave equation for functions with values in a sphere) through the work of
T. Tao.

We will content ourselves with looking at some simple examples which give
at least some motivation for this conjecture. Let us start with item (iii).

Some terminology: the regimes s > s., s = s, and s < s. are called subcrit-
ical, critical and supercritical, respectively.

9.1.3 Blowup and nonexistence in the supercritical range

According to item (iii) of the WP Conjecture, we expect ill-posedness in the
supercritical range s < s.. The following result gives some motivation for this.

Theorem 33. If there exist data f,g € CX(R™) such that the solution of
Ou = F(u,0u) with data (f,g) blows up at finite time in some open ball, then
there is nonexistence in the supercritical range.

Remark. The above applies to Wave Maps in dimensions n > 3 (Shatah).

For simplicity let us assume f = 0. The idea is that when we scale u (and
hence g¢) in the natural way with a parameter A — oo, then the blowup time goes
to zero, and the size of the H*~! norm of g also goes to zero by supercriticality.
Moreover, the support of g shrinks to a point, so by letting A — oo through an
appropriate sequence, and adding up the scaled g¢’s, translated so as to make the
supports well separated, we get a series converging in H*~! to some g. Then by
a domain of dependence argument, there is no local existence for Ou = F'(u, Ou)
with initial data (0,g). Furthermore, g can be made to have arbitrarily small
norm and arbitrarily small support.

Let us see how this works for a concrete example.

Example. Consider again Ou = (9;u)* with k > 2 an integer. To determine
the scaling, we set
ux(t, x) = Mu(\t, \x),
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where 0 must be determined. It is easily seen that if both v and u) are solutions
of the equation, then
2—k
We conclude that s, =n/2—3=n/2+1-1/(k—1).
Using the fact that the ODE

vy =y, y(0)=yo>0

blows up in finite time, we conclude that there exists ¢ € C2° so that the
solution of Ou = (J;u)* with data (0, g) blows up in the unit ball |x| < 1 at
time t = 1, say. In fact, we can just start with g constant and then cut it off
smoothly outside a sufficiently large ball. The blowup then follows by domain
of dependence (uniqueness in backwards light cones).

Given such g, let us see how to construct g with the properties described
above. Corresponding to the scaling u — w) found above, the initial datum
scales as follows:

g — g, g (z) = )\1+Bg()\x).
Now fix 1 < s < s, and observe the following:

(i) Since u blows up at time 7= 1 in |z| < 1 and g vanishes outside some
ball |z| < R, it follows that uy blows up at time 1/A in |z| < 1/X and g,
vanishes outside |z| < R/A.

(i) By supercriticality, ||ga|| gs—1 — 0 as A — 0. In fact, it is easy to see that

g7l o1 < CA7* llgll s -

It is easy to choose a sequence A; — oo and a convergent sequence of disjoint
points x; in R™ such that Y o° A;7%¢ < oo and the supports of

hj(@) = gx, (@ — 2;) = A g\l — 25))

are mutually disjoint. Then set

g= hj).
0

This converges absolutely in H*~! in view of the above. Now let @ be a solution
with data (0,¢). Then by a domain of dependence argument, & must blow up
in the ball |z —z;| < 1/X; at time T = 1/);, for every j. Hence there is no
local existence near lim x;. Finally, by replacing the sequences by their N-tails
for N large, we can make the norm and support of g as small as we like. Note
that g is smooth except at lim«;. This concludes the example.
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9.1.4 LWP implies domain of dependence valid

Observe that the proof of nonexistence in the previous section relied on a domain
of dependence argument, that is, the data in a ball uniquely determine the
solution in the backwards light cone over that ball. So what we really showed is
that there is no local solution obeying this principle. A key fact, proved below, is
that any solution obtained in a LWP framework satisfies domain of dependence.

Thus, under the hypotheses of Theorem 33 there is ill-posedness in the su-
percritical range, verifying item (iii) of the General WP Conjecture for equations
with blowup for smooth data.

Assume Ou = F(u,du) is LWP for data in H® x H*~!. Suppose u and v
both solve the equation up to time T with data (f,g) and (f’, g’) respectively,
and assume that

f=f and g=g intheball |r—x¢ <.
Let Q be the cone over this ball:
Q={(t,x):t>0,t+|z—x0| <7}

Then
u=v in QNSp,

where S = (0,T) x R™. It suffices to prove this in a smaller cone Q' defined
as Q but with r replaced by a slightly smaller 7. Using cutoffs and a smooth
approximation of the identity, we can find sequences fj, g;, f]{, g} € C¢° such
that (f;,9;) — (f,9) and (f},g}) — (f';¢') in H* x H*~' and
fi=1f; and g;=g; intheball |z— x| <7

for all j. Let u; and uj be the solutions corresponding to the data (f;,g;)
and ( f]’»7 g;-), respectively. It follows by continuous dependence on the data that
u; — uw and u; — u’ in D'(St).

Moreover, both u; and u; are C'*° by persistence of higher regularity. From
the uniqueness theorem for smooth solutions in backwards light cones (week 5,
Theorem 3) it then follows that u; = u} in Q' N Sy. Passing to the limit we
conclude that v = v’ in ' N St, and this completes the proof, since ' < r was
arbitrary.

9.1.5 Nonuniqueness in the supercritical case

Here we give an example due to Hans Lindblad of nonuniqueness of a nonlinear
wave equation in the supercritical range. In particular, domain of dependence
fails.

Example. Consider Ju = u3 on R} = (0,00) x R3. Then s, = 1/2, and one
can show (we will do this later using Strichartz’ inequality) that the equation
is globally well-posed for data in H'/2 x H~'/2 with small norm.
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We want to show that uniqueness fails in the space
C([0, 00), HS) N C*(]0, 00), Hs_l)

when the regularity is supercritical, that is, s < 1/2. In fact, we give an example
of a nonzero solution of Ou = «?® in the above space, with initial data

(9.4) u|t=0 = atu|t=0 =0.
Since u = 0 also is a solution (the only reasonable one), we have nonuniqueness.

Define
2H(t —
uit )= YEHC k)

Here H is the Heaviside function. Thus, H (¢t — |z|) is just the characteristic
function of the solid light cone {(¢,z) : ¢ > 0,]z| < t}. Recall that H' = ¢.
Using the Chain Rule (this is justified; see section 6.1 in Hérmander’s Linear
Partial Differential Operators Vol. I, 2nd ed.) it is easy to calculate the first and
second order partial derivatives of u in D', and one finds that u solves Ou = u3.

It only remains to check that

1+3
(t,x) e RT™.

T [fu(t) . = Y ([0u(t) o =0

when s < 1/2. It then follows that (u,dyu) extends continuously to ¢ = 0 in
H* x H*~" and (9.4) holds.

It suffices to prove that [|u(t = 1)||;;. < oo. Then we can exploit the su-
percritical scaling to conclude that the limit as ¢ — 0 is 0. Thus, we have to
show ||xB|l;;: < oo, where xp is the characteristic function of the unit ball
B = {z :|z] < 1} in R®. We have to calculate the Fourier transform. Using
polar coordinates x = rw we have

1 1
xB(&) = /0 /32 e~ do(w) r? dr = /0 o (ré)r? dr,

where o is surface measure on S2. So we need to calculate 7 ().
By rotational symmetry it suffices to take £ = (0,0, p), p = |£|. Then using
spherical coordinates on S? = {(z,y, 2) : 22 + 3> + 22 = 1},

x = sin ¢ cos @
w= ¢y =singsinb O<op<m, 0<0<2m,

Z = cos¢

we have

T 27 T 27
S2f(w)da(w):/0 /0 f|w¢xwg|d9d¢:/0 /0 fsingdb de,

and we conclude that

s 27 1 )
(0,0,p) =/0 /0 P8 gin b df dp = 2¢/1eiPT dr:4w¥.
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Therefore

L 1€l
x5(&) =4rm Mﬂdr:iﬁg )\Sin)\d)\:4—7;(sin\f|—|§|cos|§\),
ol €17 Jo €l

whence [Y3(6)] < 175z Thus [os |67 [XB(6)]* d€ < oo iff 5 < 1/2.

It remains to work out the scaling of ||u(t)|| ;. with respect to ¢ > 0. In fact
it is easy to see, by using the Fourier transform, that

lu(®)IF. = 172 Ju(1)[[. ,

so the limit as t — is 0 iff s < 1/2. This concludes the example.



Chapter 10

Week 11: Strichartz type
estimates

10.1 Introduction

Our next topic is Strichartz estimates. These are certain spacetime integrability
properties of solutions to the linear Cauchy problem

(10.1) Ou=F,  (u,dwu)|,_,=(f9),

and are intimately connected with a well-known problem in harmonic analysis,
namely the (LP,L?) restriction problem for the Fourier transform: Consider
the Fourier transform f — fon R™ and let S C R™ be a hypersurface. The
question is then for which exponents 1 < p < 2 the map

F=7Fly (fes)

extends to a bounded map from LP(R") to L?(S).

For p = 1 the map is bounded by the Riemann-Lebesgue lemma, while if
p =2, then f can be any L? function on R”, so f |S is meaningless, since S has
measure zero in R™. Hence the restriction to 1 < p < 2.

The solution to the restriction problem depends on the curvature of S. If S
is a plane, then no p > 1 is allowed, while if S is the unit sphere S™~!, then the
admissible range of p is
2(n+1)

n+3

This is due to Stein and Tomas. subsequently, Strichartz realized that restriction
theorems of this type imply—via a duality argument—estimates for the wave
and Schrédinger equations (with the hypersurface being a cone or a paraboloid,
respectively). His estimates have been extensively generalized by many people,
but still go under the name of Strichartz estimates.

1<p<

109
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As an initial example, let us consider the following estimate for the solution
of (10.1) on R'*3 proved by Strichartz in his original paper:

(10.2) Jullpugren, + (] + 10(t)] -y

<0 (Ufllys +laly g + 170, s )

for all ¢ > 0. We shall see later that this inequality is equivalent to a restriction
theorem for the light cone in Rf“g.

Example. Let us apply the above inequality to prove global existence for Ou =
1 . 1 .
u® on Rf'?’ with data (u, atu)’tzo =(f,g) € H2 x H™ 2, provided

Eo = £l ;1 +llgll ;-2

is sufficiently small. To see this, denote by X (u) the left hand side of (10.2),
with supremum over all ¢ > 0. We now iterate in this norm. As usual, the
iterates are defined inductively by u_; = 0 and

with data (f,g), for j > 0. Then by (10.2), using the fact that
luvw| Lass < [lull pa vl pa lwllza

we have
X('LLJ) < CEO + CX(’LLjfl)S.

So if X (uj_1) < 2CE,, then so is X (u;), provided C(2CEy)? < &.
Then, since

O(ujer — uy) = uj

S -l = (uy—ujon)ud 4w (w4 o) (uy — uj_q)

with vanishing initial data, we have
X (ujr —uj) < O'[X (uy) + X (uj—1)* X (uj —uj—1) < C"(4CE)*X (u; —uj—1),

so {u;} is Cauchy provided C'16C?E3 < 1.

10.2 Proof of the estimates for Lu =0
Here we prove the Strichartz type estimates for solutions of
(10.3) Ou=0 on R!7, u‘t:o = f, 8tu’t:0 =g.
We assume n > 2 throughout. The estimates are of the form

(10.4) lallzaczgy < CUN e+ lgllzes)
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where
1/q

q/r
|u||Lg(L;)—</R (/ |u<t,x>rdx) dt) ,

with the obvious modifications if ¢ or r = co.
By scaling, we must have

(10.5) g—nr_n_2

2 -1 2
2<q¢<o0, 2<r<oo and fgn (1—).
q
Theorem 34. The estimate (10.4) holds for all solutions of (10.3) if and only
if (q,r) is wave admissible and s is given by (10.5).

Remark. There are counterexamples which show that the conditions are opti-
mal, but we will not discuss these. Also, we will not prove the so-called endpoint

estimate, where
2 -1
1=2<" (1 - 2) .
q 2 r

In other words, ¢ = 2 and r = 2(n — 1)/(n — 3). Since we require r < oo, the
endpoint is only allowed when n > 3.

10.3 The truncated cone operator

Instead of (10.4), it suffices to prove

<Clfllg -

10.6 ‘
(106 LY(LZ)

RINVEIN f‘

This is because u(t,€) is a linear combination of eii”s'f(f) and e**ElG(€)/|€].
By a density argument, it suffices to prove the estimate for f € S.

We first prove (10.6) for frequency-localized f, and then obtain the general
case using Littlewood-Paley theory. Thus, we fix a radial cutoft function 8 € C2°
supported away from zero, and consider the truncated cone operator

o~

(10.7) Tfta) = [ ersofi s (7es)

Now that the frequency has been localized, the H* norm behaves like an L2
norm, and the problem is then to prove

(10.8) 1Tl sy < C 1 F 2

for wave admissible (g, 7).
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10.4 The formal adjoint

The formal adjoint of T is the operator F'(t,z) — T*F(x) determined by
(Tf,F)=(f,T°F) for feS(R"),FeSR*™")
where (-, -) denotes the L? inner product. In other words, the condition is that
/Tf-thda:z/f-T*Fdx.

Let us calculate T*F. Using the definition of T'f we have

/Tf-thdxz /:f}(t,g)ﬁ(t,g) de dt

= [ eelae fie) P de
_ / f(z) ( / e‘”'fe“&ﬂ(f)ﬁ@,@dfdt) da.

We conclude that
(109) T"F(x) = / (i EUEDFEE(L,£) de dt = / TEFEF(E) ) de,

where F' is the spacetime Fourier transform.

Remark. The above gives the connection with the Fourier restriction problem
for the forward light cone A = {(1,¢) : 7 = |[¢| > 0} in R1*". In fact, from
(10.9) we see that

p—

(10.10) TF(€) ~ BE)F (|| ,€) = RF(€)

is just the restriction of the spacetime Fourier transform of F' to A, multiplied
by a smooth cutoff. The cone is the graph of £ — (||, &), and with respect to
this parametrization, surface measure do on the cone is just d¢ up to a constant.
Thus, in view of Plancherel’s theorem, [|[T%F|| 2 ~ | RF|[ 125 4,)- Consequently,
the estimate (10.8) is equivalent to the following restriction theorem:

Theorem. R : Lfl (L") — L%(A, do) is bounded if (q,) is wave admissible.

10.5 Duality and the TT”* principle

Recall that for all 1 < p < oo,
1flle =sup{[{fig):9 €S, gl <1},

where p’ denotes the conjugate exponent. Similarly one has for the mixed norms,
forall 1 <gq,r < oo,

(10.11) 1Pl aayy = s {KF, G G €S, 1G]y ) <1}

Using this fact we prove:
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Lemma 11. The following statements are equivalent:
(i) T : L*(R™) — L{(L~) is bounded,
(i) T* : LY (L") — L2(R™) is bounded,

(iii) TT* : LI (LT') — LY(L") is bounded.

Proof. Since
TS ED = (LT F) < I fll g 1T Fl 22,

it follows from (10.11) that (ii) implies (i), and the converse follows from
(LT F) = (T ) < Il g 1Py -

Obviously, (i) and (ii) together imply (iii), so it remains to prove that (iii)
implies (ii). To see this, observe that

* 2 * * * *
IT*FI12: = (T*F.T°F) = (F.TTF) < ||y o) ITT*Fl g 1 -
O]

It turns out that 7T is a convolution operator. In fact, using (10.7) and
(10.10) we see that

TT+F

TToE(t,€) = ¢ (e T (€) ~ / Sl |3(6) 2 (s, €) ds
and we conclude that TT*F = K % F', where
(10.12) K(t,x) = / @ EHIED ()2 de.

We also define K;(z) = K(t,x). Observe that f(x) — K, * f(z) is essentially
the operator T. The only difference is that in the latter we have 5 and not |3 \2.

10.6 Estimates for the kernel

We shall prove two estimates at fixed t for the operator f — K; * f, which we
recall is essentially the same as T. We then interpolate between these two fixed-
time estimates, and finally we apply either the Hardy-Littlewood inequality or
Young’s inequality to get a spacetime estimate.

We first prove

(10.13) K * fllpe < Cfllze
C
(10.14) 150+ fll < ez Ml
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Observe that Riesz-Thorin interpolation between these two estimates gives

C
1l

10.15 K B T
( ) ” t >kfHL —= (1_|_ |t|)fy(r

for all 2 < r < 0o, where

(10.16) vy =" (1 - 2) .

2 r

The estimate (10.13) is just an energy inequality, and is a trivial consequence

of Plancherel’s theorem, since K, (&) ~ ei€l |3(£)[*. Inequality (10.14) is called
the dispersive inequality. To prove it, note that by Young’s inequality,

1K % fll oo < ISl oo [1F 1121

so it suffices to show that

C
10.1 K(t <
(10.17) |K(t,z)] < 1+ |t|)("71)/2

holds uniformly on R'*™. This is an instance of the following general fact:

Theorem. Suppose S C R'™ is a hypersurface with at least k nonvanishing
principal curvatures at each point. Then the Fourier transform of the surface
measure do on S multiplied by a function ¢ € C2°(S) satisfies the decay estimate

¢do(€) = O(I¢| /%)
as & — oo.

Now observe that the forward light cone A in R!*™ has exactly n — 1 non-
vanishing principal curvatures at each point, and from (10.12) we have

K(ta) = [ 109 |5(6) o(r — el dr dg

But (7 — [£]|) d7 d€ is surface measure on A, up to a constant, so the above
theorem applies, and gives (10.17).

However, instead of relying on this general argument, we will prove (10.17)
using a very special case of the above theorem, namely for surface measure o
on the sphere S”~1 in R®. We then have

(10.18) GO < C+[gh~D7.

In fact, we proved this for n = 3, which is the dimension we shall be concerned
with in applications, last week.
Armed with this fact we prove (10.17). Recall that (3 is assumed to be radial
and supported away from zero. Using polar coordinates £ = pw we then have
Kta)= [ [ erea(p)dowido= [ lpr)eap)dp,
o Jsn-1 0

where a(p) is smooth and compactly supported away from zero.
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Case 1: [t| > 2|z|. Integrate by parts N times in I = j‘ooo ¢ a( ) dp,
using the fact that
irwwr) _ (dfdp)e T

to get [I| < COn [t+z-w| N < COn2N [¢|™" uniformly.

Case 2: [t| < 2|z|. Using (10.18) we have

Ko< [ Bl do
<C / lpz| ="V a(p)| dp < C la| "V < O,
0

where C as usual can change from line to line. This concludes the proof of
(10.17).

10.7 Conclusion of the frequency localized case

We now finish the proof of (10.8). According to Lemma 11 it suffices to prove
boundedness of TT*,

(10.19) 1K Fllpary < CIFl o g0y

for (q,r) wave admissible. Since we ignore the endpoint case, this means that
2<g<o00,2<r <o0,2/q<(r) and (2/g,7(r)) # (1,1).
By Minkowski’s integral inequality and (10.15),

(10.20) |[K  F(t)||,. < /HK(t—s)*F(s)HL,, ds < c/md

We claim that this implies (10.19). To see this, we consider separately the cases
2/q <~(r) and 2/q = ~(r).

Case 1: 2/q < y(r). Then (1 + [t|)~7") belongs to L%?(R), so in this case
(10.19) follows from Young’s inequality, applied to (10.20). Recall that Young’s
inequality says that

1f gl e <IflLallgllpe

provided 1 < a,b,g <ocand 14+ 1/qg =1/a+ 1/b. In this case we take a = q/2
and b=¢'.

Case 2: 2/q = ~(r). Since we exclude the endpoint case, we must have
2/q = v(r) < 1. Now (1+|t|)~7") just fails to belong to L4/2(R), so we cannot
apply Young’s inequality. However, recall the Hardy-Littlewood inequality:
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Theorem. (Hardy-Littlewood inequality) Let 0 < o < 1. Assume that
l<p<g<ooandl+1/g=1/p+ a. Set

Tf(t):/R 1) g

t—s|”

Then T is bounded from L(R) into LP(R).

Remark. Note that T is convolution with the kernel |t|”, which just fails to
belong to LY?; if it did belong to L'/, the boundedness of T" would follow
from Young’s inequality.

Apply this theorem to (10.20) with 0 < o = v(r) =2/¢ < 1. (If &« = 0, we
have ¢ = oo and r = 2, so we just have the energy inequality, which is trivial.)
Since

1 1 1
I4+-=1-—490r)=—+a,
q q q

we then obtain (10.19), and this concludes the proof of (10.8).

10.8 Littlewood-Paley decomposition and con-
clusion of proof

Having obtained (10.8), we now scale to put the H* norm back in the right
hand side, and apply Littlewood-Paley theory to obtain (10.6). Let us write
W(t)f =e*V=2F, so that

W(B)f(©) = " f ().
Choose a radial 8 € C°(R") supported away from zero such that!

Y B(e/2) =1 forall ¢£#0.

JEZ
Define the frequency projections A; by E]\f(g) = ﬂ(§/2j)f(§). Then
F=D_A;f and W()f =Y W(HA;f.
It is readily checked that W(t)A, f ~ T[f(-/27)](27¢,27z), so by (10.8),

(10.21)
IW O ygagy = 2D T2
<D || F(j2)|, = PO £

IStart with a radial bump function x such that x(0) = 1 and suppx C {|¢] < 2}. Set
B(E) = x(€) — x(2€). Then -V, B(£/27) = x(£/27) — x(2M71€) — 1 as M,N — co.
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Now AjA, =0 unless |j — k| <3, so

Nf=00"A) = D AT

[k—3jl<3
Applying (10.21) then gives
(10.22) WA oy S D IWEAAF | par)
[k—j]<3
< S 2 Afll S Y 1Al
|k—j]<3 |k—j]<3

where s = n/2 —n/r — 1/q. Now apply the following result from Littlewood-
Paley theory:

Theorem 35. For 2 < p < oo, we have

£l S D8£,
j€Z

SV IWOA s,

where the last inequality follows by Minkowski’s integral inequality, since g > 2.
Combining this with (10.22), we conclude that (10.6) holds, since

AWz /D 18 e

To conclude, let us remark that Theorem 35 is an immediate corollary of
Minkowski’s inequality (this is where we need the condition p > 2) and the
following fundamental fact:

Thus,

WOz 5 VIV O |

Theorem 36. If1 < p < oo, then

1fllr =

1A 517

Remark. We conclude with the remark that if 0 < T < oo and Sy = (0,T") x
R™, then we have the following variant of (10.4) with inhomogeneous data
norms:

(10.23) lull s 52y < Cr(lf e + Ngllzzas),

where O < 1+ T?. This is obvious if g = 0, since s > 0. It is also obvious if
g is supported in || > 1. Thus, we may assume f = 0 and suppg C {|¢] < 1}.

Then
Isin(t |€])]

| .
BT [9(&)] < [t [g(E)],

u(t, &) =
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and by Holder’s inequality and Sobolev embedding, we have

el g sy < TV sup @)l < CTY sup [ult)] joctsaosro
b 0<t<T 0<t<T

< cr't/a HQHL2 < crtt/a ||g||H8*1 )

proving our claim.



Chapter 11

Week 12: Application to
Maxwell-Klein-(GGordon

Our final objective is to prove global existence of smooth solutions to the
Maxwell-Klein-Gordon equations (abbreviated MKG henceforth) on R1*3. This
is a nonlinear system of equations resulting from a coupling of Maxwell’s equa-
tions with a Klein-Gordon equation.

The main new tool will be bilinear generalizations of Strichartz’ L* spacetime
estimate for solutions of Ju = 0 on R1*3. Once again the null condition surfaces.

11.1 Presentation of the equations

The usual conventions apply:

e Coordinates on R are denoted (¢,z) or (*)a=0,1,2,3. We write 9, =

0/0z™.
e Indices are raised and lowered using the Minkowski metric diag(—1,1,1, 1).

e The summation convention is in effect. Roman indices run over 1, 2,3 and
Greek indices over 0, 1,2, 3.

Example. With the above conventions, A = 9°9; and O = 0%9,.

The MKG system is a classical field theory, derived from a variational principle.
The fields involved are:

o The electromagnetic field F = dA, an exact two-form on R3. Here
A = A,dz® is a one-form, the gauge potential, whose components are
real-valued functions A, : R'*3 — R. Note that

Fap = 0aAy — 95 Aa.
o A scalar field ¢. This is just a function ¢ : R'*3 — C.

119
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Associated to these fields we have the Lagrangian density
L wp 1 S
L= _iF Fop— §D“¢>D#¢),

where D,, = 0,++/—1A,, is the covariant derivative. Integrating over spacetime,
we get the action integral

LIA, ¢] = /Ldt da.

Now consider smooth, compactly supported variations (A%, ¢°) of (A,¢). By
this we mean that (A°,¢°) depends smoothly on ¢ € R and equals (4, ¢) if
e =0 or if (t,z) is outside some compact set. If (A, ¢) is a stationary point for
L, that is, if

d
2 e,y =0
for all variations, then (A, ¢) must satisfy the PDE

0 Fup = ~3 (6D39)

(MKG)
D*D,¢ = 0.

We use the notation Rz and Sz for the real and imaginary parts of a complex
number z.
Let us derive (MKG). We use the notation f = d—def8|€:0. Note that

(D"¢) = D6+ V=146,

We calculate

FPF o5+ (D"6) Dy + D" 6(D,0) | dt da

=
|
|
N =
\
N = A

FoB (aaAﬂ - aﬁAa> — R [(D"¢) D,¢] } dt dz

{-F@ﬂaaAB R [(D”qs + \/—TA%:) m} } dt dar
{

} dt d
d

:/{{8QF°‘[’+S<¢D7%>}A5+§R(¢SD#7M)} t de,

_ / ~F%9, Ay + (6Dpd) A* - % (D"6D,9)

where the last equality follows after an integration by parts. Varying A and ¢
separately then gives (MKG). In fact, given arbitrary C2° functions Ag (real-
valued) and qb on R'*3 we can construct compactly supported variations simply
by setting

A =A+ed, ¢ =¢+e.
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The electric field E and magnetic field H are three-vectors given by the
matrix identity

0 Fopr Foo Fos 0 Ev Ey Ej
0 Fis  Fi3 o 0 H; —H,

0 Fa |~ 0 H

0 0

Splitting A into its temporal and spatial components,

-, —

A= (Ag,A), A= (A1, A5 A3),

we thus have
E= &t/_f— VA, H=culA.

Associated to the Lagrangian is an energy-momentum tensor T, satisfying
0o T*? = 0. In particular,

BT + ;T = 0.

Integrating this over R3 for fixed ¢t and using the divergence theorem, we obtain,
assuming sufficient decay as |z| — oo,

d
— [ T%(t,x)dx =0.
dt/Rs (t,z)de =0

It turns out that
v ) 3
= 2 <|E12 HH + 1Doof + 3 lDz-sle) v
1

and we define the energy £(t) = [T°(t,z)dz. Then by the above we have
conservation of energy:

for all t > 0, provided the solution is smooth and decays sufficently fast as
|z| — oo.

11.2 Gauge ambiguity

The gauge potential A is not uniquely determined, which is a problem since we
have a PDE involving A. Suppose x : R'*™ — R is smooth, and consider the
gauge transformation

A— A=A+dy,

6 —¢=eV o,
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Clearly, F is invariant under this transformation, since d?y = 0. It is also not

hard to check that if (4, ¢) solves (MKG), then so does (A, ¢). (Observe that
the covariant derivative changes when A changes!)

Because of this gauge ambiguity, we must understand a solution of (MKG)
as an equivalence class of gauge equivalent pairs.

To fix the potential A, we stipulate an additional gauge condition. The
traditional ones are:

e temporal: Ag =0,
e Lorentz: 0%A, =0,

e Coulomb: 0'A; = 0.

11.3 MKG in Lorentz gauge

Under the Lorentz condition,
0% Fop = 0% (0aAp — 03As) = OAg.
Also, 0*(A,¢) = A0 ¢, whence

DMD,¢ =0¢ + V—10"(A,¢) + V—-1A"0,6 — A*A,¢
=0¢ +2V—18"(A,0) — A" Ay
Since, moreover, L L
$Dpo = $Ipd — V—1459[*,

we conclude that (MKG) under the Lorentz condition reduces to the following
system of nonlinear wave equations:

OAa = =S (6950) + Aa |0,

(MKGL)
O¢ = —2v—1A4,0"¢ + A*A,é.

Schematically, this is of the form, setting ® = (A, ¢),
0® = 0P + 3.

This equation has a simple structure, but there is a problem: In order to exploit
conservation of energy and get a global existence result, we need to prove local
well-posedness in the data norm H' x L2, but this fails to be true for generic
equations of the form Cu = udu on R'*3, as proved by Lindblad.

The cubic term ®2 is not a problem. It is easy to prove local well-posedness
for Ou = w? in H! x L? by just using the energy inequality and the following
Sobolev inequality:

(11.1) [£1ls sy < CUV Il L2 gy -
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11.4 MKG in Coulomb gauge

Splitting A into its temporal part Ay and its spatial part A as before, the
Coulomb condition says that .
divA = 0.

Assuming this, we have
0% Fpo = 0" (01 Ao — 04 A;) = AAy,
O%Fo; = 0% (0nA; — 0;A,) = TA; + 0:0: Ao.
The (MKG) system then becomes a mixed hyperbolic/elliptic system

divA =0,
AAy = —S3(63:0) + |6]” Ao,
(MKGC) OA + 8,V Ay = -S(6V9) + |6 4,

O¢ = —2v—1A- V¢ + 2v/—1A400,¢
+ V=1 Ag)p + | A — A2
We study the Cauchy problem with initial data
(11.2a) A,
(11.2b) l,_o = o, h|,_, = 1,

—

for the dynamical variables (A, ¢). (Then the nondynamical variable Ay at t = 0
is uniquely determined by solving the elliptic equation in (MKGC).) In view of
the Coulomb condition div A = 0, we must require
(11.3) diva = divb = 0.
Observe that the equations for the dynamical variables are of the form
OA= -3 (¢V9) + €+ ¢,
O¢ = —2V—1A4 -V + € + €,
Yhere € denotes terms involving Ag or 0; Ay, and € denotes cubic terms involving
A and ¢.

The terms in € and € will be relatively easy to handle. The most important
terms are V¢ and A-V¢. Recall that this type of expression is what caused the
problems in the Lorentz gauge, so it seems we have gained nothing by going from
Lorentz to Coulomb (we have only made the system a lot more complicated, it
would seem).

The remarkable fact, however, is that Ehe terms ¢V¢ and A V¢ can be
expressed, due the Coulomb condition div A = 0, in terms of the null forms

Qij (8u, 811) = 8@%3]‘1} - 8ju8ﬂ/, 1 < i,j < 3.

This is discussed next.
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11.5 The null structure

Let P be the projection onto the divergence-free vector fields on R?:
P = (—A)"'curlcurl.

To motivate this, recall the vector identity

(11.4) curl curl X = graddiv X — AX.

Thus . . .
X =(-A)teurlcurl X — (—A) ! grad div X.

Since divcurl = 0 and curlgrad = 0, this expresses X as the sum of its
divergence-free and curl-free parts. It also shows that

divX =0 = PX = X.
Thus, if we apply P to the equation for OA in (MKGC), we get

-

DA = —SP (¢V) + P (|<;s|2 A)

The term 9,V A disappears because curl grad = 0.

To state the key lemma, we need some definitions. We write |D|” = (—A)?/2.
The Riesz transforms are defined by R; = |D|71 0;. Note that the Fourier
symbol of R; is &/ |£|, modulo a multiplicative constant. Thus, R; is bounded
on every H®. In fact, R; is bounded on every LP, 1 < p < oo, but this is a
much deeper fact. From the identity (11.4) and the fact that R'R; = —Id, we
see that

(11.5) (PX)' = X' 4+ R'R; X7 = R;(R'X’ — RIX").

In view of the above remarks about the boundedness of R;, this implies, in
particular, that P is bounded on every H?® (and on every LP with 1 < p < 00).
We now state the main result of this section.

Lemma 12. We have the identities
(i) P(uVv); = R |D|™" Qi;(u, dv).
(ii) 2Vu-PX = Q;(u,|D| " [R'OX7 — RIOX)).
Proof. (i) says that
curl curl(uVv); = & (Q;ud;v — 0jud;v).
To prove this, recall the vector identities

curl(uVv) = Vu x Vo,
curl(X xYV) = —(X - V)Y + (Y - V)X + (divY)X — (div X)Y.
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Thus
curl curl(uVv); = curl(Vu x Vo),
= —07ud;0iv + 07v0;0u + Avd;u — Aud;v
= aj (aiuajv — 8ju6iv),
as desired.

To prove (ii), we use (11.5) to write
(11.6) 2Vu - PX = 20;uR;(R° X’ — R7X").
But expanding the right hand side of (ii) gives
QR (R'X? — RIX") — 0juR;(R' X7 — R'X")
which is seen to equal (11.6) after relabeling. O
From this lemma we immediately obtain:
Corollary. (i) P (¢V4), = 2R/ |D| ™' Q;;(0Re, 93¢).
(i) If div A =0, and hence PA = A, then

24-Vé = Qi (36, |D| ! [RIOAT — RIQAT).

11.6 Reformulation of MKG in Coulomb gauge

Using the corollary to Lemma 12, we obtain the following equivalent formulation
of (MKGC):

(11.7a) Adg = —S3(¢0:9) + [0 Ao,

(11.7b) Ad Ay = —S div (V) + div(|¢|* A)

(11.7¢) OA; = 2R |D| 7' Qi (R, 9S¢) + P(|o|* A;)
(11.7d) 06 = —vV—1Qy; (¢7 D] [Ri9AT — Rﬂ'aAi})

+ 2V TAg8r¢p + V—1(8:A0) + | A" — AZg.

In fact, as noted already, applying P to the equation for OA in (MKGC) gives
(11.7¢). To get (11.7b), apply div to the same equation, using the Coulomb
condition div A = 0. This proves one half of the following:

Lemma 13. The systems (MKGC) and (11.7) are equivalent for initial data
(11.2) satisfying (11.3).
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Conversely, to prove that (11.7) implies (MKGC), first observe that by for-
mula (a) in the corollary to Lemma 12, (11.7¢) just says that

-

(11.7¢) 04 =P (6V6 + |9l A)

Thus Odiv A = 0, and since the initial data of A are divergence free, it follows by
uniqueness for solutions of the homogeneous wave equation that the Coulomb
condition div A = 0 holds for all time. Then, in view of formula (b) in the
corollary to Lemma 12, we see that (11.7d) is equivalent to the equation for (¢
in (MKGC). Finally, from (11.7¢’) we have

P (M+ 0,V Ay + (V) — o] /T) —0.
But in view of (11.7b),
div (D4 + 9,V Ao + 3(6V9) - 9] 4) =0,
and we conclude that
OA + 9,V Ao+ S3(¢Ve) — |¢° A =0,

which is exactly the equation for 0A in (MKGC).

11.7 The main result

Our aim is to prove the following:

Theorem 37. If the data (11.2) belong to C°(R?) and satisfy (11.3), then
(MKGQC), or equivalently (11.7), has a unique smooth solution

(A07 12(7 (b) € COO(R}:FS)
The strategy for proving this is as follows:
e Prove local well-posedness for data in H' x L2.

e Use conservation of energy to deduce that the lifespan = 4c0.

We would like to obtain a local solution of (11.7) by iterating in the energy
space
Er =C([0,T], H) nC*([0,T], L?).

To do this, we first eliminate the nondynamical variables by solving the elliptic
equations (11.7a) and (11.7b).

—

Definition. We denote by Ag(¢) and By(A, ¢) the solutions of (11.7a) and
(11.7b), respectively.
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Remark. One can show (in fact this essentially follows from estimates we prove
later) that (11.7a) [resp. (11.7b)] has a unique solution in H'! [resp. L?] for every
fixed time ¢, provided A, ¢ € Er. The above definition therefore makes sense.

—

Replacing Ay and 0;4¢ by the nonlinear operators Ag(¢) and By(A, ¢) in
equation (11.7d), we obtain a system of nonlinear wave equations for the dy-
namical variables:

DA = M(4, ),

(11.8)
O¢ =N(4,9),

where

(11.9)  M(A,¢); = 2R D7 Qi; (9, 03¢) + P(lo|" A4:),  1<i<3,

(1110)  N(4,6) = —vV=1Qy; (¢, D} [R'94 — RI9A'])
+2v"1A0(0)9,6 + V—1Bo(4, ¢)¢ + | A6 — Ao(9)%0.

We shall then prove:

Theorem 38. The system (11.8) is locally well-posed for data in H* x L.

In fact, we will only prove local existence, but with a little more work one
can show uniqueness, continuous dependence on data and persistence of higher
regularity; in particular, smooth data gives a smooth solution.

Corollary. The system (11.7), and hence also (MKGC), is LWP for data (11.2)
in H* x L? satisfying (11.3).

Let us merely sketch the proof of this corollary. Assuming (ff7 @) solves
(11.8), we define Ag = Ag(¢). Then one shows that

—

atAAO = BO(A, ¢)

in the sense of distributions, and the corollary follows. To prove the last identity,
one shows by a straightforward calculation that

A9 Ao — Bo) = |¢]” (8:A0 — Bo),

and use the fact that the the unique solution in H! (R?) of the nonlinear elliptic
equation Au = |gz§|2 w is u = 0. This argument works if the data are sufficiently
smooth, say C2°, and for general data one chooses smooth approximating se-
quences and exploit persistence of higher regularity and continuous dependence
on the data to pass to the limit.

We postpone the proof of the local existence statement of Theorem 38 and
consider the next step, namely how to exploit energy conservation to see that
the lifespan is infinite.



128CHAPTER 11. WEEK 12: APPLICATION TO MAXWELL-KLEIN-GORDON

11.8 Data norm controlled by energy

Here we combine Theorem 38, or rather its corollary, with energy conservation,
to obtain global existence.

Suppose 0 < T' < oo and (Ag, 4, ¢) € C*°([0,T) x R3) solves (MKGC) with
C¢e data (11.2). We claim that

a1y s ([[A@)] g+ [0 AW + 160 + 10602 < oo

0<t<T

It then follows by the corollary to Theorem 38 that the solution extends beyond
time T', and we conclude that the lifespan = +oc.
Let us prove the claim. Recall that the energy

3
1 . .
E(t) = 5/ <|E|2 +H|* +1Dogl* + > Di¢|2> da
1
is conserved:
(11.12) E(t)=£(0) for 0<t<T.

We have to control the L2(R?) norms of A, VA, 8,4, ¢, V¢ and 8¢ uniformly
n0o<t<T.

Estimate for HVA’HLQ. Since H = curl A and div A = 0, (11.4) implies

curl H = curlcurl A = —AA.

Hence, using Plancherel’s theorem,

(11.13) VA . < C|H®)| . < CVER) =C\/EO)
Estimate for ||3¢YHL2. Since E = 9, A — V Ag, we have

curlcurl £ = Oy curl curl A = —8tAA' = —Aatff,
whence PE = 8, A. Consequently,
(11.14) [0:A)||,. < CIE®)]|,. < CVE(0).

Estimate for H[f”Lz Observe that

d ]. - — — — —
- §|A(t,x)|2dx:/A~8tAdx§ EOIMENGIM

Thus, (d/dt)HfY(t)HL2 < H(’?t/_l'(t)HLQ whenever A(t,-) # 0, whence

t
115)  [A@),. < ]|A(0)HL2+/O 10, A@)]| 2 dt’ < (]l + C1/E(0).
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Estimate for ||¢||;.. Since

& [ 310 ar =% [ 60640 =% [ 6Dibar < 0l VED.
we conclude that
(11.16) 6]z < lIdoll 2 + CtV/E().
Estimate for ||0;¢||;.. Since d,¢ = Dy¢p — /—1A¢, we have
(11.17) 10:¢ll .= < [1Doll = + [ 406l 2 < VE©) + | Aol s 18] s -

Taking the divergence of E = §; A — V Ag gives div E = —A Ay, and using (11.1)
we conclude that

(11.18) 140l| o < C IV Aol 2 < C||E]] < CVE).

It remains to estimate ||¢||,s. By Holder’s inequality,

1 1 1 3 1
(11.19) 16l1> = 167122 < 913 6le < € (ol 2+ tVED) " IV01.
where we used (11.16) and (11.1) to get the last inequality. Now
10:0ll 2 < 1Digl| L2 + C IV Ai]| 2 [[0]l s < CVEO) (1 + (|9l )
where we used (11.1) and (11.13). This together with (11.19) gives

6l < C\/ L+ D)1+ [16]]12),

where C' depends on the initial data. Since the last inequality clearly continues
to hold if we add 1 to the left hand side, we conclude that

V1+10lls <CVI+t = 4]z < C(1+1).
Combining this with (11.17) and (11.18) we get
100l > < C(1+1),

where again C depends on the data. Since the above also shows that the L2
norm of V¢ is under control, the proof of (11.11) is complete.

11.9 Local existence

Here we prove that (11.8) has a local solution for initial data in H* x L?. We
employ the usual iteration scheme: Set A_;,¢_1 = 0 and define A; and ¢;
inductively for j > 0 by

OA; = M(A;_1,6-1),
O¢je1 = N(Aj-1,6-1),
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with initial data (11.2).
We start by obtaining estimates for the iterates in the space

Er = C([0,T], H') nC*([0, T, L?)

with norm

Er(u) = OiltlgT(IIU(t)llm +10ru(®)| L2) -

By the energy inequality, we have!
T
Er(u) < CEo(u) + C [ [Cu(t)]» d,
0

so we need to control HM(‘LIW(ZSJ)HUH(ST) and ||N(/Yj,(/)j We di-

vide the terms we need to estimate into three categories:

Merrz ey

(i) Bilinear in A and ¢. There are two terms of this type:
(11.20) D7 Q(RD9, 309),
(11.21) Q(8¢, |D| " 8A).

Here we ignore the Riesz operators, which is justified since these are
bounded on L2.

(i) Elliptic terms. That is, terms containing Ay or By. There are three
terms of this type:

(11.22) Ao(¢)0:9,
(11.23) [A0(0)]%0,
(11.24) Boy(4, ¢)¢.

(i) Cubic terms in A and ¢. There are two terms of this type:
(11.25) 6> 4,
(11.26) |4)%9.
Here we ignore the projection P acting on (11.25). Again this is justified
because P is bounded on L2.
11.10 Estimates for cubic terms
By Holder’s inequality,

HWQ “THLng(sT) < T|H¢|2“T||LgoLg(sT) < T||¢||ig°Lg(sT) ||“T||LgoLg(sT)'

!Here the constant C' grows linearly as T — oo, but since we are interested in a local
existence result, we can assume T' < 1, say.
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Now apply the Sobolev inequality (11.1) to get
||¢||L§°L§(ST) <C ||v¢||L;>°Lg(ST) < CEr(¢),
and similarly for A. Thus
27 A 4\3
(11.27) 1] A"L}Lg(ST) < CTEr(4,¢)°.
The term (11.26) is treated in the same way, yielding
A

CTEr (A, ¢)°.

2
(11.28) 14| ¢l L1255 <

11.11 Estimates for elliptic terms

We first prove some basic estimates for Ag.

Definition. Let H'(R?) be the Hilbert space such that the Fourier transform
F maps H' unitarily onto L2(|¢|* d€).

In other words, we are using the fact that L2(|¢|* d€) C Ll (R3) Cc 8'(R?),
and defining

' = 712kl dg))

The norm on this space is || f|| ;2 = [|[¢] J?(S)HL2 ~ |V f|l 2. Observe that S is

dense in L2(|¢]* d€), hence also in H.
Now consider the elliptic equation

(11.29) Au— | u = —S(¢).

Lemma 14. If ¢ € H! and ) € L?, then (11.29) has a unique solution u € H!.
Moreover, u is real valued and satisfies the estimates

(1) IVull 2 + l[ugll 2 < C Y]l L2
(i) fJull oo < C 1Yl (L4 NI6lls) if ¢ € L.

Proof. Assume u € H' satisfies (11.29) in the sense of distributions. By defini-
tion, this means that

(11.30) /VU-W—&- |6|° uv da = %/m%dx

for all v € S. By density, this identity then holds for all v € H'. Taking v = u,
we have

/|Vu|2 + |pul? do = %/mﬂdx
Applying Holder’s inequality on the right hand side, we get

2 2
lullze + lluglz < lludll s 141 L2 -
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Setting N = ||ul ;2 + ||u¢|| 2, and using the fact that 2ab < a* + b%, and hence
(a+b)? < 2(a® + b?), we conclude that

N? <2N [¢ll. = N <2[¢ll2

which proves (a). The above argument also shows existence and uniqueness
in H'. In fact, the left hand side of (11.30) defines an inner product on H'
whose associated norm is equivalent to the one associated to the standard inner
product [ Vu - Vv dz, since

2 2
/|¢\ wvdr <@l L2 |9l o Null o 10l Lo < C DN Null g [[0]] 1

where we used Holder’s inequality and (11.1). Moreover, the right hand side of
(11.30) defines a bounded linear functional on H'!, since

Ry /E(ﬁ@ dx

<ol 191 2 [0l e < Cllolig s

where X . ,
C =7z 1976 1Vl 2 < Cll@lzn (191l 22 -

By Riesz’ Representation Theorem it follows that there is a unique u € H!
satisfying (11.30) for all v € H'. Tt follows from (11.29) that Su solves the
same equation with ¢ = 0, so by the estimate in (a), we must have Su = 0.

We now prove (b). We apply the following estimate (see remark following
the proof) valid on R? for any & > 0,

(11.31) [ull o < Cc ([|Aull par2se + [lull o) -
Taking € = 1/10 and noting that 3/2+1/10 =8/5 and 5/8 = 1/2 + 1/8,
1Al srzve < 10F ull poss + N0l sss < Iull o Il s + N0 zs 19z -

Combining this with (11.31), the Sobolev inequality (11.1) and estimate (a), we
conclude that

[ull oo < ClIPl L2 (L4 [0l Ls)-
O

Remark. To prove (11.31), we can apply Sobolev’s Lemma, concluding that
lull o < Cs]|(7 = 2)452| (5> 0),

Now use the following fact (see Stein, Singular integrals and diffentiability prop-
erties of functions, Lemma 2(ii) in Chapter V):

Lemma 15. For s >0 and 1 <p < oo,
[ =2y, < e (s +lI-ay72ull,)
Thus, it only remains to see that
H(—A)1/4+5/2uHL6 < C. || Aull o2

but this follows by Sobolev embedding, if we choose § =2 — 6/(3 + 2¢).
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11.11.1 Estimate for (11.22).
Applying (b) of Lemma 14, we see that

(11.32) ||A08t¢||LgL§(ST) < HAOHL}L?(ST) ||at¢||L§°L§(ST)
< CBr(0)* (T+ 10l 111351 ) < CEr(8) (T+T7 605, -

To estimate ||| s (Sr)> We apply the following corollary to the Strichartz esti-
mates:

Theorem 39. If (q,r) is wave admissible for n = 3, that is, if

2 2
QSqSOO, 2§T<OO7 7§1777
q r

then setting s = 3/2 — 3/r — 1/q, we have the estimate

T
lullpory sy <€ <|u<0)”HS + 10:u(0)l o +/0 1)l g dt) :

(Here C increases with T, but since we assume T < 1, this is not an issue.)

Proof. Write u = ug + v where Oug = 0 with the same data as u at t = 0, and
Uv = Ou with vanishing data. Then by Duhamel’s principle,

t
v(t) = —/ Wt —t)Ou(t') at’,
0
and applying the Strichartz estimate

IW(t ~ 10)9ll 51550y < Cllglzes

where C' is independent of ¢y, we obtain, using Minkowski’s integral inequality,

(ST) < / ||X{O<t/<t<T}W(t - t/)Du(t/)HLgL;(ST) dt'

ol o
T
< [ W= O8O g
0
T
< [ 1Bt
0
which together with the Strichartz estimate for ug proves the theorem. O

Applying this theorem with ¢ = r = 8, we have s = 1, hence

T
16055y < CEo(6) +C / 136 » dt.

Combining this with (11.32) gives

T
(11.33) 1400091l 13 12 57y < CVTEr()? (Eo(qb) +/O 18]l .- dt) :
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11.11.2 Estimate for (11.23).
We have
1452l 1y 12 (s, < T 1468 oo s,
<T ||A0HL§°L§(ST) 16l oo o 57y < CT ||VA0||2L;>°L§(ST) VOl oo 2 (57 »
and since ||VA0||L?OL£(ST < CEr(¢) by Lemma 14(a), we conclude that

(11.34) |43 1 125,y < CTET(9)*.

11.11.3 Estimate for (11.24).
Fix t. Recall that By is the solution of
ABy = —Sdiv(¢V9) + div(|¢|* 4).

Applying the Sobolev embedding L/5 ¢ H~!, which is the dual of (11.1), we
get

(11.35) 1Boll 2 < € (I6V6llose + [[2Al] /5 -
Now [6V6] o5 < 18] 1s V@] 2 and

1 1 1 1
19llzs < 18llZ2 19llZs < CllllZ2 IVl L2 s

whence

(11.36) 16Vl o/ < CEr(9)>.
On the other hand,

16 Al oss < Il176 4]l 2 < CUVSIT || 4] -
Combining this with (11.35) and (11.36), and integrating in time, we get

(11.37) 1Bollz 22 sy < CTEr(9)? (1+ Br(A)).

11.12 Bilinear estimates

We shall prove the following estimates for the bilinear terms (11.20) and (11.21):

(11.38) H|D|_1Q(8u,8v)’L%Li(ST)SC\/T(EO w) + 1Dl 12 ST)
x (Bo®) + 1001 125
(11.39) HQ(|D|*16u,av))L1L2(ST) C\/T(Eo )+ 10l 1 12 s )
< (Eow) + 130l 325y )
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where ) can be any of the null forms @;;, 1 <4,j < 3.
Let us postpone the proofs of these until the end, and finish the iteration
argument.

11.13 Modification of the iteration space
We were hoping to be able to iterate in the energy space Er, but in view of

(11.33) and the bilinear estimates stated above, we have to modify the space.
Thus, we define a new norm

(11.40) Xr(u) = Er(u) + [[Bull 112 (s, >

and we let X1 be the corresponding subspace of Er.
Applying the energy inequality and then using the estimates (11.27), (11.28),
(11.33), (11.34), (11.37), (11.38) and (11.39), we obtain

(11.41)

T
Xr(Aj1,041) < CEy +C/O (||DAj+1||L2 + HD¢j+1||L2> dt

T = —

< CE, +C/ (HM(AJ,%)HLQ + HN(Ajv(bj)HL2) dt
0

< CEy+ CVT (1 + X7 (4, ¢j)> X1 (A, 65)%,

where FEy is the norm of the initial data (11.2). We assume T < 1 to avoid
having C' dependent on T
The rest of the argument is as usual:

e Assume XT(Xj, ¢j) < 2CEy (induction hypothesis).
e Choose T = T(Ep) < 1 so small that Cv/T(1 +2CEy)(2CEy) < 1/2.
Then it follows from (11.41) and the induction hypothesis that also
Xr(Aj41,¢j41) < 2CEy.
Having obtained this bound, the next step is to estimate
Xr(Aj1— A, dja1 — &5)
in order to show that the sequence of iterates is Cauchy in Xr. However, by
multilinearity etc., these estimates can be reduced to the estimates we have

already proved (the only exception is for the equation (11.29), but for this it is
easy to prove estimates for differences), so we ignore this issue.
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11.14 Proof of the bilinear estimates

To wrap things up, we prove the estimates (11.38) and (11.39). By Duhamel’s
principle, it suffices to prove the estimates when u = [Jv = 0. By Holder’s
inequality,

IE L1z (sp) < \/THF”Lz(sT) < \/T”F”L?(]R1+3)a
so we can further reduce to proving the following:
Theorem 40. Suppose u = Ov =0 on RT3 with initial data
(u, 8tu)|t:0 = (ug,u1) and (v,atv)‘tzo = (vg,v1).
Then

et S Clluoll g1 + lluall 2)Nlvoll g1 + [lonll £2)

ey S Clluoll g + lluall 2 ) lvoll g =+ llvall2)

(11.42) H|D|_1Q(6u,8v)‘

(11.43) HQ(|D|*1au,av)

where @ can be any of the null forms Q;5, 1 <1,5 < 3.

By the usual argument, it is enough to prove this with u; = v; = 0 and

(11.44a) u = e"Plyg, a(t, €) = e™elag(6),
(11.44b) v=e"Ply Bt €) = eT MG (€).

The spacetime Fourier transforms are then
(11.45) u(r, &) = o(r — [€Nuo(§),  B(A,m) = (A F [nl)Vo(n).

These Fourier transforms are distributions, in fact measures, supported on the
light cone: v/26(7 —|€|) dr d€¢ [respectively v/25(7 + |€|) dT d€] is surface measure
on the forward [respectively backward] light cone. These statements are special
cases of the following useful fact:

Proposition 10. Let ¢ : R™ — R be smooth. Set S = {n : ¢(x) = 0}. If
Vo(x) #0 for allx € S, then

_ do(x)
Vo ()|’

where do is surface measure on the hypersurface S.

3(¢(x))

Proof. The proof is a simple calculation. Let f € CS°(R™). Since

6 = lim (25)_1)((75,5)’

e—0*t

we have

/ F(n)8(é(x)) de = Tim (26)71 /¢< @

e—0t
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so it suffices to show

lim (2¢ *1/ /f o(@)
6H0+( ) () \<e [Vé(x)]

Fix p € S. Relabeling the axes, we may assume 9,,¢(p) # 0. Split the coordi-
nates © = (2/, ,,), and change variables © — y = F(x), where

F(z) = (2',¢(x)).
Then
(11.46) (det DF(z)| = [0mé()],

so by the Inverse Function Theorem, F' maps some neighbourhood U of p dif-
feomorphically onto an open set V. Denote by G : V' — U the inverse map.
Then, using (11.46),

dy
/ f(@)g(o( dx‘/ HEWDgvm) 5 SGmmT

Apply this with g = (25)_1)((,5,6) and let e — 0, to obtain, for f € C°(U),

(11.47)
dym ’
) dx =1 m d
 setoten s = | [ g GG
dy’
- [ 16w g S
To simplify the notation, we write z = y'. Then G(z,0) = (z,h(z)), where
¢(z,h(z)) =

Differentiating this, we get
9i(2, h(2)) + O (2, h(2))0ih(z) =
for 1 <i<m — 1. It then follows easily that

[Vo(z, h(2))|

2 J—
(11.48) LHIVAG) = (0o

But S NU is the graph z — (2, h(2)), so surface measure is /1 + |Vh(2)|* dz.
Thus, from (11.47) and (11.48) we get

/f(z)d( d:c—/fzh VHWh /f

|V (z, h(2)

\WS

This holds for all f € C°(U), and since p € S was arbitrary, it follows by a
partition of unity argument that it holds for all f € C*(R™). O



138CHAPTER 11. WEEK 12: APPLICATION TO MAXWELL-KLEIN-GORDON

11.15 Proof of (11.42)

We shall prove (11.42) by reducing it to Strichartz’ estimate

(11.49) lull sgarsay < C lluoll 3 -

First note that (0, f0,9) = (§; f) % (n;9) for functions f and g on R3. Using this
fact, we see that the spacetime Fourier transform of |D|~" Q(du, dv), Q = Qyj,
is

g [ Q= nnyitr = 3. = i) axdn
The absolute value is bounded by
1 [ 10 = nml T = X6 =V hn) dra,
where U and V are defined by
Ut &) =" ug(©)l,  V(t,€) = e |5 (6)].
Next observe that [Q(&,7)] < |€ x n|. Since &€ xn = (£E+n) xn =& x (E+1n),

we have
€ x| < 1€+ nllnl,
—EHE+ I,

and hence |£ + 71| < |€ + 1| \§|% |77|%. We conclude that
[1DI™ Q(@w, 0v)]"(7.€)| < IDI* U DI* VI (r,€).
Therefore,
D17 Q@ 0v)]| o < 1DI* U [ID1* V] 14 < € llwoll s ool

where we used (11.49).

11.16 Proof of (11.43)

First some motivational remarks.

Remark. Observe that Q(|D|™" du, dv) is schematically of the form wVv. How-
ever, the estimate

(11.50) [NVl 2 < Clluoll g llvoll g

is false (barely). This is related to the false endpoint case of the Strichartz
estimates for n = 3:

(11.51) lull L2 (neey < Clluoll g -
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If this were true, we could write

[NVl 2 < flull 2 poey VOl e 22y < luoll g lvoll g s
proving (11.50). (Incidentally, (11.51) is true for radially symmetric data, hence
so is (11.50).)

The bad case in (11.50) is when u is at low frequency relative to v. If not,
the estimate is true. Indeed, if |£| > % In| for £ € suppup and n € supp U, then

In| < \@|f\% |7)|%, hence
luVo)l 2 < V2[|IDI? UIDI? V]|, < C||IDI? U] L IIDI? V| 1.0
and (11.50) follows after applying (11.49).

Let us now prove (11.43) with uy = v = 0:

HQ(\D\_lau,av)‘

pecansay < C ol ol s

Denote by I(r, &) the spacetime Fourier transform of Q(|D| ™" du, dv). In view
of (11.45) we have

1r6) = [ QOE=D oo st — Il F le — nl) dn,
Inl” 1€ = n

where f(n) = |n|uo(n) and g(n) = |n| vo(n). Apply Cauchy-Schwarz with respect
to the measure 6(...) dn:

(11.52)  |I(7,€)]> < Ju(7,€) / [F() lg(& —n)1* (7 — |nl F 1€ — nl) dn,

where

|Q<na€ B 77)|2

lnf) = nl* ¢ —nl?

§(m = Inl F 1€ = nl) dn.
Thus, it suffices to prove that

(11.53) sup J4(7,€) < o0,
7,€

for then the estimate follows after integrating (11.52) with respect to dr d¢.
Observe that it suffices to prove (11.53) for (7,&) in the complement of the
light cone, which has measure zero in R!*3. Thus we assume |7| # |¢].
Switching to polar coordinates 1 = pw, where p > 0 and w € S?, and using
the fact that

1Q(n, & —m)| < Inx (& =mn) = [nl|§ —nlsind,
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where 8 = 0(n,& — n) is the angle between n and £ — 7, we see that

sin? 0
Ji(7,6) < — 5
(11.54) U

= / / sin? 05(1 — pF |€ — pw|) dpdo(w),
s2.Jo

S(r—n|F1&—nl)dn

so it suffices to show that the last integral is uniformly bounded for |7| # [£].
We consider two cases depending on the choice of sign in Jg.

Case I. Estimate for J,. 6&(7—|n|—|¢ —n|)dn is a measure on the ellipsoid
E(m ={n:nl+I[§—nl=7}

This is empty if |{| > 7, so we may assume

(11.55) €] < 7.

Fix such 7, £, as well as w € S2. Then 2

(11.56) n=pw € E(1,§) <= 7—p=I[{— puw|

= (r-p=l-p| = p:ﬂ
20r—¢-w)’
Thus, applying Proposition 10 to the function
p—T—p—I§—puwl
(smooth near its zero set) we get after a simple calculation,
2p(7 — p) 7 |¢’

11.57 (r—p—I|§—pw|)dp=—"=6|p— —7— | dp.
(ST o= p -l peldp= 5T 80 (0-5r

On the other hand,

sin?@ = 1 — cos?# < 2(1 — cosh)

(11.58) B 2 - €2

where we used the identity 7 = |n| 4+ |€ — 7| to get the last equality.
Combining (11.54), (11.57) and (11.58) gives

0o 7_2 _ 2
Jy(1,8) < /52/0 20 <p— 2(7'—§|§w)> dpdo(w) = 2 Area(S?).

2Note that (1 — p)2 = |€ — pw|? implies T = p + |€ — pw| or T = p — |€ — pw|; however, the
second alternative can be discounted, since it implies |7| < ||, contradicting (11.55).
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Case II. Estimate for J_. (7 — |n|+ | —n|) dn is a measure on
H(r,&) ={n:Inl =€ —nl =7}
(one sheet of a hyperboloid). H(r,¢) is empty if [¢] < |7|, so we may assume
7l <€l
Fix such 7, £, as well as w € S?. Then reasoning as in the previous case,

2 — ¢

(11.59)  n=pwe H(1,§) &= p—7=[{—pw| <= P =2 —tw)

Applying Proposition 10 to the function

p—=T—=p+I[§— pwl
then gives
2p(p = 7) 72 — €
(11.60) (r—p+—pw))dp=—7—350p— —F— | dp.
€1” — lef? 2 )
On the other hand,

sin?f = 1 — cos? 6§ < 2(1 + cos 0)

(11.61) 9 B |§|2 _ 72

Zm[|77||§—77|+77'(€—77)]— e =

where we used the identity 7 = |n| — |£€ — 1| to get the last equality.
Combining (11.54), (11.60) and (11.61) gives

%) 2 2
J_(1,8) < /82/0 20 (p— 2Z-7'§|£W)> dpdo(w) < 2 Area(S?).

This concludes the proof.



