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Abstract. We consider the Nemytskii operators u→|u| and u→u± in a bounded
domain Ω with C2 boundary. We give elementary proofs of the boundedness in
Hs(Ω) with 0≤s<3/2.
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1 Introduction

Let Ω be a nonempty open bounded set in Rd. For 0<γ<1 and f ∈C1(Ω), define
the nonlocal Ḣγ semi-norm as

‖f‖2
Ḣγ(Ω)

=

∫
x,y∈Ω,x 6=y

|f(x)−f(y)|2

|x−y|d+2γ
dxdy. (1.1)

For f ∈C2(Ω) and 0<γ<1, we define

‖f‖H1+γ(Ω) =‖f‖H1(Ω)+‖∂f‖Ḣγ(Ω), (1.2)

where (and throughout this note) ∂f = (∂x1f,··· ,∂xnf) denotes the usual gradient.
Throughout this note we shall only be concerned with real-valued functions, how-
ever with some additional work the results can be generalized to complex-valued
functions. Define the Nemytskii operators

T1u= |u|, T2u=u+ =max{u,0}, T3u=u−=max{−u,0}. (1.3)

The purpose of this note is to give an elementary proof of the following.
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Theorem 1.1 (Boundedness in H
3
2
−(Ω)). Let d≥1 and 0≤s< 3

2
. Assume Ω is a

nonempty open bounded set in Rd with C2 boundary, i.e., locally it can be written
as the graph of a C2 function on Rd−1. Then Ti, i= 1,2,3 are bounded on Hs(Ω).
More precisely,

3∑
i=1

‖Tiu‖Hs(Ω)≤α1‖u‖Hs(Ω), (1.4)

where α1>0 depends on (s,Ω,d).

Remark 1.1. In Theorem 1.1, the case 0< s< 1 is trivial thanks to the simple
inequality ||x|−|y||≤|x−y| for any x,y∈R. The case s=1 corresponds to the well-
known distributional calculation ∂(|u|) = sgn(u)∂u for u∈H1. Thus only the case
1<s< 3

2
requires some work. The obstruction s< 3

2
is clear since there are jump

discontinuities of the gradient along manifolds of dimension d−1. In 1D one can
take a smooth compactly supported function φ such that φ(x)≡x for x near the

origin. It is trivial to verify that |φ| /∈H 3
2 .

Remark 1.2. It follows from our proof that for 1<s< 3
2
, Ti maps bounded sets in

Hs(Ω) to pre-compact sets in H1(Ω). This fact has important applications in the
convergence of approximating solutions in some nonlinear PDE problems.

There is by now an enormous body of literature on extension, composition,
regularity and stability of nonlocal operators and we shall not give a survey on
the state of art in this short note. For C∞ boundary ∂Ω, one can use interpo-
lation to define the fractional spaces Hs(Ω) which can be regarded as restrictions
of functions in Hs(Rn) (cf. [4]). In [6] Bourdaud and Meyer proved the bound-
edness of T1 in Besov spaces Bs

p,p(Rd), 0< s< 1+ 1
p
, 1≤ p≤∞. By using linear

spline approximation theory, Oswald [8] showed that T1 is bounded in Bs
p,q(R),

1≤ p,q≤∞ if and only if 0<s< 1+ 1
p
. In [9], Savaré showed the regularity of T2

in the space BH(Ω)={u∈W 1,1(Ω):D2u is a matrix-valued bounded measure}, i.e.,
∇u∈BV(Ω;Rd). One should note that in general T1 increases the Hs norm for
1<s< 3

2
. For example, for 1<s< 3

2
, R. Musina and A. I. Nazarov [7] showed that if

u∈Hs(Rd) changes sign, then

〈(−∆Rd)
s|u|,|u|〉>〈(−∆Rd)

su,u〉. (1.5)

We refer to [1,7] and the references therein for a more detailed survey of composition
operators in function spaces with various fractional order of smoothness.

The rest of this note is organized as follows. In Section 2 we give the proof for
the one dimensional case. In Section 3 we give the details for general dimensions
d≥2.
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1.1 Notation

For any two quantities A, B≥0, we write A.B if A≤CB for some unimportant
constant C>0. We write A∼B if A.B and B.A.

2 The one dimensional case

Lemma 2.1. Let 0<α<1 and 0<δ<1−α. Consider

F (k)=

∫ ∞
0

1−y−δ

(k+|1−y|2)
1+α
2

dy, k>0. (2.1)

Then F (k) is uniformly bounded and

lim
k→0

F (k)=F (0)>0. (2.2)

Proof. By using Lebesgue Dominated Convergence we have limk→0F (k)=F (0). Note
that

F (0)=

∫ 1

0

(1−y−δ)(1−yα+δ−1)

|1−y|1+α
dy>0. (2.3)

Thus, we complete the proof.

Lemma 2.2. Let 0<α< 1. Assume u is bounded on [0,∞) and |u(x)|. x−2 for
x≥1. Then ∫ ∞

0

∫ ∞
0

(u(x)−u(y))2

|x−y|1+α
dxdy&

∫ ∞
0

u(x)2

xα
dx. (2.4)

Proof. We use by now the standard super-harmonic approach (cf. [2, 5]). Observe
for w>0,

(u(x)−u(y))2≥u2(x)
w(x)−w(y)

w(x)
+u2(y)

w(y)−w(x)

w(y)
. (2.5)

For x> 0, take w(x) =x−δ with 0<δ< 1−α. By Lemma 2.1, it is not difficult to
check that

sup
x>0, ε>0

xα

w(x)

∣∣∣∫ ∞
0

w(x)−w(y)

(ε2+|x−y|2)
1+α
2

dy
∣∣∣.1. (2.6)

Thus, ∫
(u(x)−u(y))2

(ε2+|x−y|2)
1+α
2

dxdy≥2

∫
u(x)2 1

w(x)

∫
w(x)−w(y)

(ε2+|x−y|2)
1+α
2

dydx. (2.7)

Sending ε→0 then yields the result.
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Lemma 2.3. Let 0<α<1. Assume u is bounded on [0,1]. Suppose∫ 1

0

u(x)dx=0.

Then

(1)

∫ 1

0

∫ 1

0

(u(x)−u(y))2dxdy=2‖u‖2
2,

(2)

∫ 1

0

∫ 1

0

(u(x)−u(y))2

|x−y|1+α
dxdy&

∫ 1

0

u(x)2

min{xα,(1−x)α}
dx.

More generally, there are constants β1>0, β2>0 depending only on α, such that for
any finite interval on R, it holds that (below |I| denote the length of the interval)∫

x 6=y∈I

|f(x)−f(y)|2

|x−y|1+α
dxdy+β1|I|−α‖f‖2

L2(I)≥β2

∫
I

f(x)2

dist(x,Ic)α
dx. (2.8)

If ∫
I

fdx=0,

then we have ∫
x 6=y∈I

|f(x)−f(y)|2

|x−y|1+α
dxdy≥β3

∫
I

f(x)2

dist(x,Ic)α
dx,

where β3>0 depends only on α.

Remark 2.1. Remarkably, the Hardy inequality (2) does not hold if we assume
u∈C∞c ((0,1)). As a counterexample, one can take un∈C∞c ((0,1)) such that un(x)=1
for 1

n
≤x≤1− 1

n
, un(x)=0 for x≤ 1

2n
and 1− 1

2n
≤x≤1, and |u′n|.n. Then we have∫ 1

0

un(x)2

xα(1−x)α
dx∼1, (2.9a)∫ 1

0

∫ 1

0

(un(x)−un(y))2

|x−y|1+α
dxdy.n−(1−α). (2.9b)

One can see [3] for an extensive discussion on general fractional order Hardy in-
equalities and counterexamples.
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Proof. The first identity is obvious. For the second inequality, one can apply Lemma
2.2 to u(x)χ(x), where χ is a smooth cut-off function supported in [0,2/3]. This then
yields ∫ 1

0

∫ 1

0

|u(x)−u(y)|2

|x−y|1+α
dxdy+const·

∫ 1

0

u(x)2dx&
∫ 1

2

0

u(x)2

xα
dx. (2.10)

The desired inequality follows easily by using the first identity. To get the extra
factor (1−x)−α one can invoke the symmetry x→1−x. The inequality (2.8) follows
from rescaling and reducing to the case I=(0,1).

The following theorem is a special case of Bourdaud-Meyer [6]. We reproduce the
proof here to highlight the needed changes for the finite domain case (see Theorem
2.2).

Theorem 2.1. Let 0<s<1/2. We have

‖u′ ·1u>0‖Hs(R).‖u′‖Hs(R), (2.11a)

‖T2u‖H1+s(R).‖u‖H1+s(R). (2.11b)

Proof. Set α=2s. Write I={x : u(x)>0} as a countable disjoint union of intervals
Ij such that each Ij =(aj,bj) satisfies u(aj)=u(bj)=0. Here if aj or bj are infinity
the value of u(aj) or u(bj) are understood in the limit sense. By using Lemma 2.3,
we have

‖u′1u>0‖2
Hs(R).‖u′‖2

Hs(R)+

∫
x∈R:u(x)>0

(u′(x))2

∫
u(y)<0

1

|x−y|1+α
dydx

.‖u′‖2
Hs(R)+

∑
j

∫
Ij

(u′(x))2

(dist(x,Icj ))
α
dx

.‖u′‖2
Hs(R)+

∑
j

∫
Ij×Ij

(u′(x)−u′(y))2

|x−y|1+α
dxdy

.‖u′‖2
Hs(R). (2.12)

Thus, we complete the proof.

Corollary 2.1. Let 0<s<1/2 and d≥2. Then

‖T2u‖H1+s(Rd).‖u‖H1+s(Rd). (2.13)
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Proof. By a partition of unity in the frequency space, we have

‖T2u‖H1+s(Rd).
d∑
j=1

‖T2u‖L2
x′
j
H1+s
xj

(Rd−1×R), (2.14)

where x′j denotes the variables xl with l 6= j. The desired result then follows from
the one-dimensional case.

Theorem 2.2 (Boundedness of T2 on a finite interval). Let 0<s<1/2 and Ω=(0,1).
We have

‖u′ ·1u>0‖Hs(Ω).‖u′‖Hs(Ω), (2.15a)

‖T2u‖H1+s(Ω).‖u‖H1+s(Ω). (2.15b)

Proof. Set α= 2s. If {u> 0}= (0,1) there is nothing to prove. Otherwise write
{x∈(0,1):u(x)>0} as a countable union of maximal intervals Ij such that for each
Ij=(aj,bj), either u(aj)=u(bj)=0 with 0<aj<bj<1, or aj=0, u(bj)=0, or u(aj)=0,
bj =1. In yet other words, either Ij is strictly contained in Ω, or Ij intersects with
the boundary of Ω. One should note that those “interior” intervals can be treated
in the same way as before, and we only need to take care of those Ij which intersects
with the boundary of Ω. With no loss we consider the case I1 =(0,b) where u(0)>0,
u(b)=0. We discuss several further cases.

Case 1: b≥1/4. Clearly then∫
I1

(u′(x))2

dist(x,Ic1)α
dx.

∫
I1×I1

(u′(x)−u′(y))2

|x−y|1+α
dxdy+|I1|−α‖u′‖2

L2(I1).OK. (2.16)

Case 2: 0<b<1/4. We set J1 =(b,1). Observe that |J1|≥3/4 and∫
J1

(u′(y))2

dist(y,J c1)α
dy.

∫
J1×J1

(u′(y1)−u′(y2))2

|y1−y2|1+α
dy1dy2+|J1|−α‖u′‖2

L2(J1). (2.17)

Clearly ∫
I1

(u′(x))2

dist(x,Ic1)α
.
∫
I1×J1

(u′(x))2

|x−y|1+α
dxdy

.
∫
I1×J1

(u′(x)−u′(y))2

|x−y|1+α
dxdy+

∫
J1

(u′(y))2

dist(y,J c1)α
dy. (2.18)

Thus this case is also proved.
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3 The general case d≥2

Lemma 3.1. Let 0<s< 1/2. Denote Q+ ={(y1,y2) : |y1|< 1,0≤ y2<f(y1)} where
f is a positive continuous function. Suppose K is a nonempty compact set which is
properly contained in Q+. In yet other words, the set K̃={(y1,±y2): (y1,y2)∈K} is
in the interior of Q={(y1,y2) : |y1|<1,|y2|<f(y1)}. Assume g vanishes on Q+\K.
We have ∫

x∈Q+,y∈Q+

|g(y)|2

(|x1−y1|+|x2+y2|)2+2s
dydx≤C1‖g‖2

Hs(Q+), (3.1)

where C1>0 depends only on (s,K,f).

Figure 1: The set Q+ and K in Lemma 3.1.

Proof. Denote g̃ as an extension of g to R2 such that g̃ has compact support and

‖g̃‖Hs(R2).‖g‖Hs(Q+).

It is rather easy to construct such an extension by using reflection and smooth
truncation. Clearly

LHS of (3.1).
∫
y∈Q+

|g(y)|2

y2s
2

dy

.
∫
|y1|<1

(∫
0<y2<f(y1)

|g̃(y1,y2)|2dy2+

∫
0<y2,ỹ2<f(y1)

|g̃(y1,y2)−g̃(y1,ỹ2)|2

|y2−ỹ2|1+2s
dy2dỹ2

)
dy1

.‖g̃‖2
L2
y1
Hs
y2

(R2).‖g̃‖2
Hs(R2).‖g‖2

Hs(Q+). (3.2)

Thus, we complete the proof.
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Lemma 3.2. Let 0<s<1/2. Suppose K is a nonempty compact set which is properly
contained in Q+ ={(y1,y2) : |y1|<1, 0≤y2<f(y1)} where f is a positive continuous
function. Assume u vanishes on Q+\K. Define Q−={(y1,y2):|y1|<1,−f(y1)<y2<0}
and

ũ(x1,x2)=


u(x1,x2), x∈Q+,

−3u(x1,−x2)+4u
(
x1,−

x2

2

)
, x∈Q−,

0, otherwise.

(3.3)

Then

‖∂ũ‖Hs(R2)≤C2‖∂u‖Hs(Q+), (3.4)

where C2>0 depends only on (s,K,f).

Proof. Observe that

∂1ũ(x1,x2)=

∂1u(x1,x2), x∈Q+,

−3(∂1u)(x1,−x2)+4(∂1u)
(
x1,−

x2

2

)
, x∈Q−,

(3.5)

∂2ũ(x1,x2)=

∂2u(x1,x2), x∈Q+,

3(∂2u)(x1,−x2)−2(∂2u)
(
x1,−

x2

2

)
, x∈Q−.

(3.6)

By Lemma 3.1, we have

‖∂ũ‖2
Hs(R2).‖∂u‖2

Hs(Q+)+‖∂ũ‖2
Hs(Q−)+

∫
x∈Q+,y∈Q−

|(∂ũ)(x)−(∂ũ)(y)|2

|x−y|2+2s
dxdy

.‖∂u‖2
Hs(Q+)+

∫
x∈Q+,y∈Q+

|(∂u)(y1,y2)−(∂u)(y1,
y2
2

)|2

(|x1−y1|+|x2+y2|)2+2s
dydx

.‖∂u‖2
Hs(Q+). (3.7)

So, we complete the proof.

Lemma 3.3. Let 0<s< 1
2

and r0>0. Suppose γ :R→R is a C2-function such that
γ(0)=0, and the region Ω={(x1,x2) : |x|<r0, x2>γ(x1)} can be exactly prescribed
by

Ω=
{

(x1,x2) :x−<x1<x+, γ(x1)<x2<
√
r2

0−x2
1

}
for some −r0<x−<x+<r0.
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Figure 2: The set F0 and the curve γ in Lemma 3.3.

Assume u is compactly supported in

F0=
{

(x1,x2):x−+δ0<x1<x+−δ0, γ(x1)≤x2<
√
r2

0−x2
1−δ0

}
for some small δ0>0.

Then there exists an extension ũ of u which is compactly supported in B(0,r0), such
that

‖ũ‖L2(R2)+‖∂ũ‖Hs(R2)≤C3 ·(‖u‖L2(Ω)+‖∂u‖Hs(Ω)), (3.8)

where C3>0 depends on (δ0,γ,s).

Proof. Define the usual boundary straightening map by y=ψ(x) by y1 =x1, y2 =
x2−γ(x1). The inverse map is x=φ(y) :x1 =y1, x2 =y2+γ(y1). Define

v(y)=u(φ(y)) for y∈W =ψ(Ω).

Note that

(∂v)(y)=(∂u)(φ(y))(∂φ)(y).



D. Li / Ann. Appl. Math., 37 (2021), pp. 394-404 403

Since γ∈C2, it is not difficult to check that∫
y,ỹ∈W

|(∂v)(y)−(∂v)(ỹ)|2

|y−ỹ|2+2s
dydỹ

.
∫
x,x̃∈Ω

|(∂u)(x)−(∂u)(x̃)|2

|x−x̃|2+2s
dxdx̃+‖∂u‖2

L2(Ω), (3.9)

where the second term on the RHS arises from the difference (∂φ)(y)−(∂φ)(ỹ).
Denote

Ω0 ={(x1,x2) :x−<x1<x+, γ(x1)≤x2<
√
r2

0−x2
1},

W0 =ψ(Ω0) and K1 =ψ(F0).

Note that K1 is properly contained in W0. By a minor adjustment of constants, we
can then apply Lemma 3.2 to obtain an extension v to the whole R2. The map ψ then
provides the needed extension of u, which is compactly supported in B(0,r0).

Theorem 3.1 (Extension of H
3
2
− functions). Let d≥ 1 and 0< s < 1

2
. Assume

Ω⊂Rd is a bounded domain with C2 boundary. Select a bounded open set V such
that Ω⊂⊂V . Then there exists a bounded linear operator

E :H1+s(Ω)→H1+s(Rd), (3.10)

such that for each f ∈H1+s(Ω), we have

1. Ef=f a.e. in Ω,

2. Ef has support within V ,

3. Denote f̃=Ef , then

‖f̃‖H1(Rd).‖f‖H1(Ω), (3.11a)

‖∂f̃‖Hs(Rd).‖∂f‖Hs(Ω) =‖∂f‖Ḣs(Ω)+‖∂f‖L2(Ω). (3.11b)

Proof. With no loss we consider the two dimensional case. The argument then
follows from a standard partition of unity. The extension for the interior piece is
quite straightforward. The localized boundary piece follows from (after rotation and
relabelling coordinate axes if necessary) Lemma 3.3.

Corollary 3.1 (Boundedness of T2 on a finite domain). Let d≥ 1 and 0<s< 1
2
.

Assume Ω⊂Rd is a bounded domain with C2 boundary. Then

‖∂f1f>0‖Hs(Ω).‖∂f‖Hs(Ω) =‖∂f‖Ḣs(Ω)+‖∂f‖L2(Ω), (3.12a)

‖T2f‖H1+s(Ω).‖f‖H1+s(Ω). (3.12b)
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Proof. By Theorem 3.1, we extend f to f̃ defined on the whole Rd. The result then
follows from the boundedness in the whole space case (see Corollary 2.1).

Finally we remark that Theorem 1.1 follows from Corollary 3.1 since the proofs
for T1 and T3 are similar.
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