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Abstract

The existence of global-in-time classical solutions to the Cauchy problem for in-
compressible nonlinear isotropic elastodynamics for small initial displacements
is proved. Solutions are constructed via approximation by slightly compressible
materials. The energy for the approximate solutions remains uniformly bounded
on a time scale that goes to infinity as the material approaches incompressibility.
A necessary component to the long-time existence of the approximating solution
is a null or linear degeneracy condition, inherent in the isotropic case, which lim-
its the quadratic interaction of the shear waves. The proof combines energy and
decay estimates based on commuting vector fields and a compactness argument.
© 2004 Wiley Periodicals, Inc.

1 Introduction

The motion of isotropic elastic materials occupying all of R? features the non-
linear interaction of fast pressure waves and slow shear waves, concentrated along
their respective characteristic cones. Under appropriate constitutive assumptions,
sending the speed of the pressure waves to infinity penalizes volume changes and
drives the motion toward incompressibility. This article presents two results in
support of this picture.

First, for sufficiently small initial displacements, classical local solutions of the
equations of motion are shown to exist with uniform stability estimates yielding
a lifespan proportional to the speed of the pressure waves, substantially improv-
ing upon [15]. This result depends on the careful assessment of nonlinear wave
interactions through the inherent null structure of shear waves in isotropic materi-
als, the small amplitude of pressure waves caused by their rapid dispersion in the
incompressible limit, and the separation of the individual wave families.

Second, the uniform stability of the local existence family allows for conver-
gence to a global solution of the limiting incompressible equations by means of
compactness arguments. The strength of this convergence improves with the de-
gree of incompressibility satisfied by the initial conditions.
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Instead of the classical second-order Lagrangian formulation, the problem will
be analyzed within the framework of first-order symmetric hyperbolic systems be-
cause, with Eulerian coordinates and the proper choice of dependent variables,
the singular terms are linear. The transformed system can be viewed as a natu-
ral extension of the compressible Euler equations of fluid dynamics in which the
inverse deformation gradient is now coupled with the density and velocity. It also
shares common features with various relativistic theories of elasticity [3, 7, 21] and
viscoelastic theories [13, 14]. With the addition of new variables, certain natural
constraints need to be taken into account. In particular, as noticed by John [6], a
so-called null Lagrangian must be introduced to restore the positivity of the system,
and moreover, nearly all of our estimates hold only for the constrained system.

In his pioneering study of the incompressible limit for elasticity, Schochet [15]
already discovered the advantages of this basic approach (although his choice of
dependent variables differs slightly from ours). With a first-order formulation, he
was able to apply the energy methods of Klainerman and Majda [10, 11] originat-
ing in the study of the incompressible limit for the equations of fluid dynamics.
However, energy estimates alone can only give uniform stability estimates on a
bounded time interval and convergence in the incompressible limit to a local solu-
tion of the limiting equations.

Long-time stability of solutions to the elastodynamics equations depends on
strong dispersive estimates. For the wave equation, the generalized energy method,
based on Lorentz invariance and global Sobolev inequalities, provides an elegant
and efficient means of combining energy and decay estimates; see [8, 9], for ex-
ample. The equations of elasticity, being merely Galilean and scaling invariant,
require an additional intermediate series of weighted L? estimates to compen-
sate for the smaller symmetry group, an approach that has been developed in
[12, 17, 19, 20]. In particular, it was shown in [17, 19] that the initial value prob-
lem for the Lagrangian equations of motion for compressible elastodynamics have
global small solutions for certain isotropic materials satisfying an additional null
condition for the pressure waves; see also [1, 2]. In this respect, the PDEs of elas-
todynamics are better behaved than the equations of fluids for which shear waves
do not disperse, on the linear level. Nevertheless, the use of decay estimates also
allows for some improvements in the study of the incompressible limit for fluids
[16, 18, 22].

The present work relies on the methods of [19], translated into the first-order
context, but in addition it requires new weighted estimates that are uniform in the
speed of the pressure waves. Another way to summarize the difficulty is that time
derivatives do not automatically have uniform estimates and must be treated sepa-
rately. Such bounds are essential in order to pass to the incompressible limit. They
can be achieved either by preparing the initial data appropriately or, in weaker
form, by using scaling invariance.
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Global solutions to the approximating compressible equations are not con-
structed here. This is the price of Eulerian coordinates. Convective derivative
terms are inconsistent with the null condition.

The global existence of small solutions to the three-dimensional incompress-
ible and isotropic elasticity equations was announced by Ebin in [5]. His direct
argument relies on the Lorentz invariance of the wave equation, the linearized op-
erator in the incompressible case; however, in our view insufficient attention is paid
to the incompressibility constraint that is incompatible with the Lorentz rotations.
The special case of incompressible neo-Hookean materials was studied in [4].

Complete statements of the main results can be found in Section 2.6 after a re-
formulation of the problem and the introduction of required notation. The steps of
the proof of the long-time stability estimates are broken up into a series of propo-
sitions in the following sections. The final two sections then complete the proofs
of the main theorems.

2 Preliminaries

2.1 Equations of Motion

The motion of an elastic body is classically described by a time-dependent fam-
ily of orientation preserving diffeomorphisms x(z, -), 0 < ¢t < T. Material points
X in the reference configuration are deformed to the spatial position x(¢, X) at
time 7.

The equations of motion for homogeneous, hyperelastic, isotropic materials can
be derived from the formal variational problem

8//[%|Dtx|2 — W(Dx)]dth =0,

in which the strain energy function W(F) € C *(GL2, R) depends on F through
the principal invariants of the strain matrix F'F. We use the notation GLi for
the group of invertible 3 x 3 matrices over R with positive determinant, M? for
the set of all 3 x 3 matrices over R, and (D;, D) for derivatives with respect to the
material coordinates (¢, X). The density in the undeformed reference configuration
has been set equal to 1. The equations of motion take the form

(2.1) D}x' — D[S/ (Dx)] =0,
where
oW
SYF) = —(F
i (F) aFg( )

is the (first) Piola-Kirchhoff stress tensor. Summation over repeated indices will
always be understood.
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2.2 Reformulation as a First-Order System

Our analysis relies on the reformulation of the second-order equations of mo-
tion in material coordinates to a first-order system in spatial coordinates. Spatial
coordinates allow for a compact and tractable expression for the singular terms.
It will be convenient to work with the family of inverse transformations X (z, x)
whose gradient H (¢, x) satisfies a particularly simple constraint (see (2.6b) be-
low). Derivatives with respect to the spatial coordinates (¢, x) will be denoted by
d = (0, V).

The following series of simple results establishes the equivalence.

LEMMA 2.1 Given a family of deformations x(t, X) with inverse X (t, x), define
the velocity, inverse deformation gradient, and density as follows:

(2.2a) v(t,x) = Dx(t, X(¢, x)),

(2.2b) H(t,x)=VX(,x),

(2.2¢) p(t,x) =detH(t,x).

Then for (t, x) € [0, T) x R,

(2.3a) oH+V(Hv)=0H+v-VH+HVv =0,
(2.3b) hp+v-Vp+pV-v=0.

PROOF: Since X (¢, x(¢, X)) = X, we see that X (¢, x) is constant along particle
trajectories. This means that

8[X+U'VX:0.

Taking the gradient with respect to x yields (2.3a). Equation (2.3b) follows from
(2.3a) because it is simply the evolution equation for the Jacobian det H (¢, x (¢, X)).
g

We remark that as soon as H satisfies (2.2b), it follows that
O H(t,x) = 0 Hj (1, x) .

LEMMA 2.2 Suppose that (H(t, x), v(t, x), p(t, x)) is bounded and continuously
differentiable from [0, T) x R3 to GLi x R3 x R. Suppose that there exists an
orientation-preserving diffeomorphism x(X) of R with inverse X (x) such that
H(0,x) = VX(x) and p(0, x) = det X (x). Finally, assume that (2.3a) and (2.3b)
are satisfied on [0, T) x R3. Then there exists a one-parameter family of diffeo-
morphisms x(t, X) with x(0, X) = x(X) such that (2.2a), (2.2b), and (2.2¢c) hold.

PROOF: Given the bounded vector field v(z, x) on [0, T) x R>, construct the
flow
D[.x(t,X)ZU(t,X(I,X)), X(O, X)=X(X)
For 0 <7 < T, x(z, X) defines a one-parameter family of diffeomorphisms on
R3 since x(X) is a diffeomorphism. It now follows by Lemma 2.1 that H (¢, x) =
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VX(t,x)and p(t, x) = detI:I(t_, x) satisfy (2.3a) and (2.3b) on [0, T') x R3. Fi-
nally, we conclude that H = H and p = p, by uniqueness, since this holds at
t =0. O

We have already noted that, in material coordinates, the equations of motion
for the deformation x (¢, X) are given by (2.1). We will now show that in spatial
coordinates, the corresponding equations of motion are given by the first-order
system

(2.42) D,H + HVv =0,
(2.4b) Dv+D-S(H)=0, SH)=-SHY,
(2.4¢) Dp+pV-v=0.

Here we are using the abbreviations
(2.5) D=3 +v-V and Dy, = (H "o,
consistent with chain rule.

PROPOSITION 2.3 Suppose that x(X) is an orientation-preserving diffeomorphism
of R3 with inverse X (x).

Let x(t, X) be a C? solution of (2.1) on [0, T) x R? with x(0, X) = x(X).
Then (H, v, p) as defined in Lemma 2.1 solves the first-order system (2.4a)—(2.4c),
together with the constraints

(2.6a) detH = p,
(2.6b) H = 8,H, .

Conversely, suppose that (H, v, p) is a bounded C' solution of (2.4a)—(2.4¢c) on
[0, T) x R? such that H(0, x) = VX (x) and p(0, x) = det VX (x). Then x(t, X)
as given by Lemma 2.2 is a one-parameter family of diffeomorphisms that solves
(2.1). Consequently, (H, v, p) satisfies the constraints (2.6a) and (2.6b).

PROOF: If x(¢, X) is a one-parameter family of orientation-preserving diffeo-
morphisms that solves (2.1), then define (H, v, p) by means of (2.2a), (2.2b), and
(2.2c). By Lemma 2.1, equations (2.4a) and (2.4c) are satisfied, and equation (2.4b)
follows from (2.1). The constraints hold by the definitions of H and p.

On the other hand, suppose that (H, v, p) solves (2.4a)—(2.4c), and that the
initial data H (0, x) and p(0, x) satisfy the assumptions. Then by Lemma 2.2,
there is a one-parameter family of diffeomorphisms x (¢, X) with x(0, X) = x(X)
that satisfies (2.2a), (2.2b), and (2.2c). But then (2.4b) implies that x (¢, X) satisfies
(2.1), since H=!(¢, x(t, X)) = Dx(t, X). O
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2.3 Constitutive Assumptions
We will consider isotropic strain energy functions of the form
WH(F) = W(F) + Ah(p), p=detF~' reR",
where W is independent of A and depends on F through the principal invariants of
the strain matrix F' F. The last term should be regarded as a penalization term that
drives the motion toward incompressibility in the limit as the parameter A becomes

large.
In this case, the Piola-Kirchhoff stress has the form

0
SHF) = F W)+ Ah(p)] = S(F) — A2 ph'(p)F~ .

We assume that S(7) = 0 and #’'(1) = 0. This implies that the reference configu-
ration is a stress-free state: S*(/) = 0.

Since D - (det F)F~T = 0, for F = Dx, the penalization term adds the expres-
sion

D - 1*ph(p)F~T = 32p~ ' VI0*h ()] = ¥’[oh(p)]"V p

to the equations. Because we are ultimately interested in the incompressible limit,
we shall choose the function 4 so as to make this term as simple as possible while
still being physically meaningful. Therefore, we set

(p—D*(p+2)
60
so that [ph(p)]” = p. Notice that h(1) = A'(1) = 0, h is convex and nonnega-

tive, and h(p) — oo as p — 0 and oo, so this choice is a physically reasonable
correction to the strain energy. With this choice, we now have

(2.7) h(p) =

(2.8) D - S*(Dx) =D - S(Dx) —A*pVp.
Next, define the elasticity tensor
8¢ ?wW
(2.92) A (F) = —5(F) = ———(F).
dFy, dF.0F,,

We impose the usual Legendre-Hadamard ellipticity condition upon the linearized
elasticity tensor which, in the isotropic case, takes the form

(29b)  A(I) = (a —2B%)8/8 + B*(8""8i; + 8;8)") witha > B> 0.

The parameters @ and 8 depend only on W, and they represent the speeds of prop-
agation of pressure and shear waves, respectively (in the case where & = 0). With
the additional penalization term, the propagation speed of the pressure waves be-
comes A = (a? 4+ A2)'/2, as will become clearer in the next section. Note that the
hydrodynamical case W = 0 is ruled out by the condition (2.9b).

We now proceed to express our system in terms of H, the inverse of the de-
formation gradient F', and to examine the structure of the nonlinear terms. In
reformulating the problem as a first-order system, the associated energy density
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is no longer positive definite. This is repaired by the addition of a so-called null
Lagrangian. This entails no real change to the equations as long as we only con-
sider solutions that correspond to the original second-order problem and therefore
satisfy the constraint (2.6b).

LEMMA 2.4 For H € GLi, define
S(H)Y = =S(F)| ,_py1 »
(2.10) Af;"(H) = AL (FYF/F/ FLFy|o_ + B7(878] — 8787") .

Forall H € C'(R?, GLi) satisfying (2.6b), we have

(2.11a) D,S{(H) = A(H)H 8, H])

using the notation in (2.5). The coefficients have the properties
(2.11b) Alm(H) = ATN(HD

(2.11¢) AlM(D) = (% — BSLST + 78Sy

and for all H € GLi with |H — 1| < 8 sufficiently small and H € M3, we have

2
(2.11d) A EiET = P

I > |H*.
2

PROOF: Property (2.11b) is clear from the definitions (2.9a) and (2.10), while
(2.11c) follows from (2.10) and (2.9b). The lower bound (2.11d) follows by Taylor
expansion and (2.11c).

We differentiate F'H = I to obtain
D, Fy; = —F/FyyD H) = —F/ F[ F};0,H, .
According to our definitions, with F = H~', we have
D-S(H)= D, St(H)
= —D.S}(F)
= —AM(F)DLF};
= AL/ (F)F/ F{F};0,H,)
= APY(F)8] F/ F{ F};0,H),
= A7)/ (F)F)F/ F FyiH' 9, H] .
To conclude the proof of (2.11a), notice that under the constraint (2.6b), we have

(8,8 —8;8"\H 9, H} = 0.
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As a consequence of (2.8) and (2.11a), the momentum equation (2.4b) can be
updated as

(2.12) o' +v- V' + AU(H)H] 3. H) + 22 pdip = 0.

2.4 Vector Fields

Before defining the A-dependent energy norm associated with the first-order
system, we must first introduce the vector fields on which the norm will depend.
Notice that the vector fields are defined using Eulerian derivatives, instead of the
Lagrangian derivatives as in the second-order case [19]. The scaling operator is

X
(2.13) S =13 +rd, withr=|x|, 9, ==V,
,

and the angular momentum operator is defined by
(2.14) Q=xAV.

Since the angular momentum operators defined act on scalars, we need to mod-
ify them to act on maps U = (H, v, p) valued in M* x R? x R. First define

0 0 0 0 0 —1 010
215 v =10 o 1|[,v@=f0 0 0|, v®=|—-1 0 0
0 -1 0 1 0 0 000

Given U = (H, v, p) : R?* - M? x R? x R, define
(2.16) QU = (QH + [V, H], Qu+ Vv, Q).

We will occasionally write QH = QH + [V, H] and Qv = Qu + Vo for the
indicated components of QU .

A fact we will often use is that we can decompose the gradient into its radial
and angular components,

|
2.17) V=wd——(AQ) wherew=—.
r r

Our vector fields will be written succinctly as I'. We let
F=T....I)=(V,29).

Hence by I'U we mean any one of I';U. By I'*, a = (a4, ..., a,), we denote an
ordered product of ¥ = |a| vector fields I',,, ..., I';,. We note that the commutator
of any two I"’s is again a I'. Notice that the vector fields I" are time homogeneous.
The time derivatives d,U will be handled separately.

In order to characterize the initial data, we introduce the time-independent ana-
logue of I'. The only difference will be in the scaling operator. Set

A=Ay ..., A7) =(V,Q2,x-V).

Then the commutator of any two A’s is again a A.
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2.5 Spaces and Norms

In the following, || - || and || - || will denote the norms in L?(R?) and L>(R?),
respectively.
Define

HS ={(U = (H,v,p) : R = M xR} xR: AU € L*(R?), |a| < «}.

Solutions will be constructed in the space

HFK(T)E{U:(H,v,p):[0,T)x]R<3—>GLix]R<3xR|

U= (H,0.5) = (H—1v,xp— 1) e[)C/(10.7), Hy ).
j=0

We now define the energy norm associated with the first-order system. Given
U= (H,v,p)€GL, xR*xRandU = (H, v, p) € M* x R? x R, define
(2.18) ey(U) = E[Af;"(H)H,;H,g + 91> + p*].

Given U € H{(T), define
EAU®1= Y [ evo 0.
lal<«

By (2.11d), for |U(1)| < 8,
(2.19) EPU®I~ Y Irv@ll.

la|<k

We caution the reader that U denotes a perturbation from the background state
and not a derivative. We also point out that the parameter A is hidden in the defini-
tion of E,[U ()] through its dependence on p = A(p — 1).

2.6 Main Results

Taking into account the constitutive assumptions, the revised equations of mo-
tion (2.4a), (2.4c), and (2.12) are

(2.20a) OH; +v-VH + H,3v" =0,
(2.20b) dvi +v -V + AV (HYH! 0 H) + )2 pdip =0,
(2.20¢) ap+v-Vp+pV -v=0,

together with the constraints
(2.20d) detH = p,
(2.20e) dH =0,H, .



INCOMPRESSIBLE LIMIT 759

We emphasize that solutions will depend on the value of the parameter X; however,
with the exception of the statements of the main theorems, this dependence will
not be displayed for reasons of notational convenience.

In what follows we use the notation (f) = (1 + | f|>)/%.

THEOREM 2.5 Assume that the isotropic strain energy function W has the form
W*(F) = W(F) + A®h(p), X eR*,

where W is independent of ) and satisfies condition (2.9b) and h is given by (2.7).

Let X} (x) be an orientation-preserving diffeomorphism on R3, and let vy (x) be
a vector field on R*. Define

Ul = (HE b, ) = (VX3 vl det VXD) |
Ué = (Hé Uépé) = (HoA -1, vé,)»(,oé — 1)).
Suppose that Ul € HX, with k > 8, and that

2.21) EP[UY) <c, ELUY <e, and |U}|, <6

for uniform constants C, ¢, and §.

If ¢ and § are sufficiently small, then the initial value problem for (2.20a),
(2.20b), and (2.20c) with initial data U*(0) = U} has a unique solution U*(t) €
Hp (T*) with T* > A, which satisfies the constraints (2.20d) and (2.20e) and the
estimates

(2.22a) EIUM0) < CE[UG] < Ce,
(2.22b) EVUr(n) < CEVUS ] ",
(2.22¢) E” [0,U* (0] < E[8,U*(0)] exp(C'(1)'€),

forallt € [0, T"), where C' is a uniform constant.

We point out that the uniform bound for the initial energy in (2.21) implies, in
particular, the statement ||[I"¢ ,é(’} | < C,la| < «, and so according to our definitions,
(| (,03 — 1)|| < CA~'. Thus, in the limit as A — oo, the initial deformation is
driven toward incompressibility.

Since the bounds on the energy from Theorem 2.5 are uniform in A, we will
be able to take the limit as A goes to infinity to obtain a global solution to the
incompressible elasticity equations given below:

(2.23a) O H; +v-VH; + Hdv" =0,

(2.23b) o' +v- Vo' + AV(H)H 9 H) + 8ig =0,
with the constraints

(2.23¢) V-v=0,

(2.23d) detH =1,

(2.23¢) dH' =3d,H,,
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where Vg in (2.23b) represents the limit of the singular term from (2.20b). This
convergence will be discussed in the proof of Theorem 2.6.

THEOREM 2.6 Suppose that the initial data U& satisfies the assumptions of Theo-
rem 2.5, and in particular (2.23e) holds.

(i) The solution family U* has a subsequence U™, A, /' oo, such that
UM — U™ = (H®,v™, 1) inCi>((0,00), R,

loc

where (H, v™°) is a global solution of the incompressible equations (2.23a)—
(2.23e) with

EJUT®)] <00 and E.[U*@)]<C
for0 <t < oo.

(i1) If; in addition, the initial data is independent of ) and (2.23d) holds at time
t = 0, then the full sequence U satisfies

U > U® inC3((0, 00), R?)

loc
and
(H*, mv*) — (H®,v®) in CP ([0, 00) x R?),

where 1 is the L* projection onto divergence-free vector fields. Moreover,
(H*®,v™®) is the unique solution of (2.23a)—(2.23e) in C([0, 0o), W*~12) with
initial data (Hy, ).

(iii) Finally, if the initial is independent of ) and incompressible, i.e., (2.23c)
and (2.23d) hold at time t = 0, then the full sequence U satisfies

U > U® inC3((0, 00), R*) N CO([0, 00) x RY),

loc

and the limit (H*, v™) is the unique solution of (2.23a)—(2.23e) inC ([0, 00),
W*=L2y with initial data (Hy, vo).

2.7 Galilean and Scaling Invariance

The vector fields defined above are closely related with the Galilean and scaling
invariance of the system.

Consider the one-parameter family of rotations generated by the V) defined
in (2.15):

Q/()=VYQ;(s). QO =1.

IfU@t, x) : [0,T) x R® - M x R? x R and Q is any rotation, we define the
simultaneous rotation of U by

ToU(t,x) = (QH (. Q'x)Q". Qu(t. Q"x). p(t. Q'x)).
The operators ; defined in (2.16) are generated by T, (s in the sense that
d

QU =—Ty. U
j ds Q;(s) o
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Next, define the one-parameter family of dilations
RSOU@E, x)=U((s + Dt, (s + Dx).
The operator S defined in (2.13) is generated by R(s) through

SU(t,x) = %R(S)U(l, X)

s=0
Finally, define the one-parameter family of translations by

(U, x) =U(t, x +sej),

where j = 1,2,3 and ¢;, j =1, 2, 3, is the standard basis on R3. The operators 0;
are generated by 7;(s) as

d
8jU = afj(S)U

s=0
We do not include time translations here because the ensuing energy estimates
require special treatment of time derivatives in the singular limit.

Suppose that A(s) is any of these families. The PDEs (2.20a)—(2.20c) and the
constraints (2.20d) and (2.20e) have the following invariance property: if U (¢, x) is
a solution, then so is A(s)U (z, x). More generally, let A®(s) = Ag (s1) - -+ Ag, (54)
be the product of ¢ < x such transformations. Again, if U (¢, x) satisfies (2.20a)—
(2.20e), then so does A%(s)U (t, x). Notice that

q

— AU = (T“H, T, A7'T9p) .
dsy---ds,

(515----54)=(0,...,0)

This notation allows us to define the differentiation of nonlinear quantities in U
with respect to the vector fields. Suppose that

M xR*xR— R?
is a smooth mapping for some d. Given
U:[0,T) xR - M’ xR xR,

we define
q

d
(2.24) T“fU) = ———f(A"(5)U) '
dsl e dSq (S],.‘-,Sq):«) """ 0)

Invariance immediately implies the following commutation result for the first-
order system.

PROPOSITION 2.7 For any solution U = (H, v, p) € H{(T) of the PDEs (2.20a)—
(2.20c) and the constraints (2.20d)—(2.20e), we have

(2.252) OT*H +v-VIH + HVI%D
+ Z [TY) - VIH + TPHVI 9] =0,
b+c=a

c#a
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(2.25b) 8, (I'0) + v - V(') + Af;;’(H)H;’a@(F“H)-,; + 103, T
+ AT V(I0) + TPLAH)HI 0,(T° H)),
b+c=a
c#a

+Tp3,Tp} =0,

(2.25¢) 3T +v-VI% 4+ apV - T99
+ D M- VIp+TP4V - T9] =0,
b+;:a

in which the sums extend over all ordered partitions of the sequence a, with |a| <
k. In addition, the following constraints hold:

(2.25d) 3 (M H), = (T H)"
. . . 1 . . .
(225¢) Tp =AMuTl“H+T90(H)), O6(H) = 5[(tr H)? —trH*] 4+ detH .
Note that the notation (2.24) has been used in (2.25b) and (2.25¢).

PROOF: Suppose that I'“ is generated by A“(s) in the sense described above.
Starting with a solution U of (2.20a)—(2.20e), we use invariance to obtain that
A“(s)U satisfies the same equations. The results (2.25a)—(2.25d) follow by differ-
entiation in s and then putting s = 0.

Using a simple linear algebra fact, we have that

. 1 . . .
detH=1+4+trH+ 5[(trH)2 —tr H*] + det H.
Thus, we can rewrite the constraint (2.20d) as
p=AtrH+6(H)).

This constraint is also invariant, and so (2.25¢) follows in the same manner. O

This proposition also holds for the case when I'“ includes time derivatives, and
later, in Section 6, we will need this with exactly one time derivative.

2.8 Projection Operators

Motivated by the second-order case [19], we consider the decomposition of
solutions onto their longitudinal and transverse components. This allows us to
approximately separate shear and pressure waves away from the origin. Given

U(t,x) = (H(, x), v, x), p(t, x)),
we define

PU(E, x)=(w@wH(t,x), o @ wu(t, x), p(t,x)) withw = |x_|
by
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Then set P, = I — P;. Note that Pi2 = P, and P; is self-adjoint for i =
1, 2 so that the operators P} and P, are projections onto orthogonal subspaces of
GLi x R? x R.

Occasionally, we will abuse notation slightly by writing P; and P, for the ma-
trices w ® w and I — w ® w, respectively.

2.9 The Null Condition

Here we formulate the condition for shear waves. In this context, a general
6-tensor Bf;ﬁ” will be said to satisfy the null condition if

(2.26a) B (@01 (@1l (@atily) = 0

for all vectors , 1) € R?, with (@, 1)) = 0. In terms of the projection matrices
P, = w® wand P, = I — P,, this implies that

(2.26b) B,%n(Pl)ﬁ(Pl)%(Pl)f,v(Pz)Q(Pz)]}(Pz)’} =0

forallw e R¥andall I, J, K, L, M, and N.

It was shown in [19] that, for isotropic materials, the shear waves satisfy the
null condition at the reference configuration. That is, the coefficients

tmn __
ijk —

*wW IAT
—— (=%
dF[dF}dFk IF,

satisfy (2.26a). This is equivalent to the fact that the shear waves are linearly
degenerate at the identity.

Since we have changed coordinates, we will actually encounter two sets of
modified coefficients. Define

o))

Alm
nimn _ ij
(2.27a) Bl (H) = B—H,f(H)
and
(2.27b) Binm = Arsy.

A straightforward calculation based on the definition (2.10) shows that 3(1 ) =
B, and so B([) satisfies (2.26a). From (2.11c), it can be easily seen that B also
satisfies (2.26a).

3 Weighted L? Estimates

In this section we will derive the main estimates for our result. Define the
weights

Wl=<r—§> =22+, and W2=<t—5>.
)\’ 9 9 ﬂ
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We remark that A ~ A for A large. Estimation of the weighted L? quantity
G XUMI= Y [WPTU®|+ Y [WV-T|

lal<k—1 lal<k—1

i=1,2,3
y=1,2

is the key to our results. By bounding the quantity &), we see that the energy of
P, U is concentrated along the fast cone, whereas P,U concentrates along the slow
cone. In the incompressible limit, the fast component is swept to infinity.

The heart of the matter is contained in the following proposition, which, com-
bined with generalized Sobolev inequalities, will lead to decay of solutions. Here
and in what follows Q, (U) will represent any generic nonlinear term of degree two
or higher at the origin with total derivatives summing at most to «. Because of the
form of the equations these terms will always contains at least one spatial deriva-
tive, and they will always be bounded independently of the parameter A. Hence we
will write somewhat schematically

(3.2) Q= ) TUFOVIU

lal+]b|<k—1

where f(0) = 0.

PROPOSITION 3.1 Let U € Hp(T) solve equations (2.20a)—(2.20c) and the con-
straints (2.20d) and (2.20e). Then we have

(3.3) X UM < CIESTUM] + [1{t +r) Qe(D)II] -

The proof of this proposition depends only on the linearized equations, which
follow from (2.25a)—(2.25c¢). For |a| < k¥ — 1, we have

(3.4a) T H + VI = Q1 (),
(3.4b) 3, (DD); + A (13 (D H)J, + 19,7 p = QL(U)
(3.4¢) yT + AV -T% = Q°(U).

Here it should be noted that, as a consequence of our choice of variable U, the
singular parameter A appears only in the linear part of equations (3.4a)—(3.4c).

Before proceeding, the following algebraic lemma extracts the essential infor-
mation from (3.4a) and (3.4c), and identifies the useful properties of the resulting
special combinations of derivatives.

LEMMA 3.2 Let U € H{(T) be a solution to equations (3.4a) and (3.4c). Then
foreach (t,x) = (t,rw), r = |x|, and |a| < k — 1, we have

(3.52) rVI% — awV -T% = O(T“U) —tQ°(U),
(3.5b) rV-(MH—-T*H") —t(3,T% — &' VI*0) = O(T*U) — t Q" (V).
Also, we have that

(3.6a) ro,V-(I'*H —T°H")) = QI'"H ,
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(3.6b) (rw, 3,7 — oV - ') = QI'"y,
(3.6¢) (rw, 3,T% — »'VI%) =0,
(3.6d) r(@' V%% — oV - T%) = QI'.

PROOF: To show (3.5a) we will multiply equation (3.4c) by ¢ and use the scal-
ing operator (2.13) to rewrite the equation as

ro,Ip — V. -Tv=8Irp —tQ~.
After multiplying by w, we then use the angular derivatives (2.14) to get the result.
We derive (3.5b) similarly from (3.4a).

For (3.6a)—(3.6d), simply write the expression and use the definition of 2. For
example, upon switching the indices of summation we have

(ro,V - (H— H") = ro;0;(H — H)) = r(w;8; —o'8)H = QH .
The proofs of the other statements are similar. 0

PROOF OF PROPOSITION 3.1: Equation (3.4b) can be reorganized to make the
estimates simpler. Using the constraints from Proposition 2.7 and the linear expan-
sion of A(I) given in (2.11c), we see that (3.4b) has the following form:

. . 22 .
(3.7) 8(T) +p*V-(T°H —TH") + (7>VF”;} = Q' +a’VI9(H),

in which |a| < k — 1, A? = a® + A2, and @ was defined in (2.25¢). We note that the
last term on the right is of the form Qk(U ).

Let U(¢, x) € H{(T) solve the elasticity equations (2.20a)—(2.20c). In view of
the fact that (3.4a)—(3.4c) are linear in ['*U, we shall perform the estimates for U.
This gives the result for X;[U]. The final result will follow from the corresponding
estimates for ['*U after summation over |a| < k — 1.

With this strategy in mind, we specialize (3.5a)—(3.5b) to the case k = 1:

(3.8a) rVp— MoV -0 =A,
(3.8b) rVe-(H—H" =100 — o' VD) = Ay,
in which A; = O(T'U) 4 1Q, (U).

Before getting to the terms in X [U], however, we must first derive some pre-
liminary estimates for the singular terms containing the parameter A.

Step 1. Estimates for ||(r — A)V - 0(¢)| and W,V - 0(1)|.
Multiply equation (3.7) by ¢ and use the scaling operator (2.13) to obtain

22 .
(39) ropb — r[(ﬂvp + BV (H — HU] = Ay,
where Ag = O(T'U) +1Q,(U). Using (3.8a) and (3.8b) to eliminate p and H from
(3.9), we derive
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e 5
(310) rA0+ 7 [Al—i-,B lAz:
r2 = 2oV -0 + (12 = B (0,0 — 0" V) + r2(0' VO — oV - D).
If we take the inner product of (3.10) with w and use (3.6¢) and (3.6d), we find that

_ _ A2
r—x)V-o=(r+ kt)l[rQiJ +rAg+ (7)IA1 + ﬁztA2j| .

Take the L2 norm to conclude with

3.11) I(r = 20V - vl| < C[E{*[UM] + ()| Qu(D)]] -
Before we move on, note that in the final step we can bound ||Q2v|| by the energy
1/2

E,*[U(1)], since by definition of Qv, we have that | Qv]> < [|Qu||> + |[v]|>. The
same holds for QH. These facts will be used throughout the rest of the proof
without further mention.

Finally, since

VIV vl < IV - vl + 27 Gt =)V - o]l
the estimate
WV vl < CLE*TUM] + (1)1 Q1 (D)]]
follows immediately.
Step 2. Estimates for ||(r — A1)V p(2)| and WiV (0)].
Performing the indicated algebra with (3.9) and (3.8a), we obtain
(3.12) —AtAg—rA| =
A2 —r)Vp + AB* PV - (H — H') — Art (3,0 — wV - ).

The estimate in this case is more subtle than in step 1 because by (3.6a) and (3.6b)
the local projection of the terms V - (H— H") and 8,0 — V - ¥ is not zero. We
will need to use the L? orthogonality of these terms with V4 in order to obtain the
estimate. The details of this technicality are now displayed.

Starting with (3.12), divide by (At + r) and take the norm in L? to obtain

|Gt —r)Vp
(3.13) + Gt + 1) 2[RV (H = BT = 1135 — 0V - )]
< C[E\U®]+ (1)1 2]

To get the desired bound we will first estimate the cross terms:

/X()_\t — r)(V,[), (B22V - (H — H") — rt (8,0 — 0V - 0)])dx =
A+

/wm[w)ajz} () (e 00 — xi907)]dx
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where we denote
M —T M o—r . .. ..
2 i 2 i J
r)=t"| = , r)=—t| = , and Z! = H —H/).
o) <M+r> v (/\t+r) ;=P )

We proceed using integration by parts. _
The first term exploits the antisymmetry of Z; and the properties of the angular
derivatives (2.17) to get

fm(r)a,.pajz;i dx
= _/,\qs(r)aiajpz; dx —/W(r)w/aipz;ﬁ dx
208
(At +1r)? /
212 - ; . 2At2r .
_ _ jg. 5 7i Aoyl 7
= Givor (At =)’ d;pZ; dx + Gt )2 ipw’ Z; dx
- .22 i 212 ; i

The second piece of the cross term is treated as follows:
fw(r)a,»p(x-/’ajiﬂ — x'9;07)dx
= / 20; (Y (r)d; px’ ) dx + / 20; (Y (r); px") 0! dx
- _/x [V (r)x78;0; 90" + 39 (r)d; pv' + ' (r)w;x’ 80" | dx
+ / AW (r)x"0;0; 607 + ¥ (r)850; 607 + ¥/ (r)w;x" 0 p07 | dux

= —2/A¢(r)8i,(31')i dx — /Mﬁ’(r)r(ai,i)iji — 0,p(w, V))dx

2f(ir i —t— i 2/ Mo n@pl0 d
= —71)0;p = v — — [(w pJvt dx .
pM—Fr (At +1)? P

Recalling that A ~ A, we see that the cross terms are bounded below by
1 - . . . .
=3 IGt =)VAI* = CUHI + 131° + 12511
From (3.13) this gives us the result

It = )Vl < CLE*TUMO1+ ()1 Q1(D)]I] -

As in step 1, since

IVIVAL < IVl + A7 Ge = Vel
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the estimate
(3.14) WiVl < CLE U1+ () 1Q1(D)]]
is an immediate consequence of the preceding.

Step 3. Estimates for | W5(8,0 — »' V)| and WLV - (H — HY)|.
First, we will add another useful identity to our list. Notice that returning to
(3.8a), we can write

& tVp V'—X ¥ Vo + (At V.1 XA
(3.15) (7) p—rw -v_<x>( —rVp+ At —rw -v—i—(x) 1
EB().

By steps 1 and 2, By is bounded in L? by the appropriate quantities.
If we go back to (3.9) and add our new identity (3.15), we get
(3.16) r(@0—wV-0)—BUV-(H—H") = Ao+ By.

By using (3.6d) we can transform (3.16) slightly and pair it with (3.8b) to get
the following linear system of equations:

r(@0— ' Vi) — B4V -(H—H") = Ay+ By — Qu,
10,0 —w' V) —rV-(H—H") = —A,.
If we multiply by the matrix

Bt +r)~! [

we find that the quantities (81 — r)(9,0 — ' V) and (Bt — r)V - (H — HT) have
the desired bound in L2, and this leads immediately to the estimates with the full
weight:

(3.17a) IW2(8,0 — 0" Vi)|| < C[E*[U 0] + (1)1 Q1(D)]],

(3.17b) WLV - (H — HD)|| < C[EIUM]+ ()1 Q1D

Step 4. Estimate for | W, P,VH||.

To extend (3.17b) to an estimate for the full gradient of H, we will have to
consider two cases. These cases consist of splitting R? into regions D = {r <
(Br)/2} and D = {r > (B1)/2}.

Define a smooth cutoff function

—r ,32t:|

—t r

)1 ifs <3
¢ = {0 ifs > 2,
and set
Wt r) = g(L)
’ (Bt)
Then

IVH |20y < IWVH| 2.
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With the aid of the constraint (2.25d), integration by parts yields
|WVH|? = Z/ W2 (0 H))? dx

i,j,k

_Z/w 3 H} o H dx

i,j,k

5/\D2|V-H|2dx+C/|\IJV\IJHVH|dx

< ||WV-H|*+(Bt) ' |H| |YVH|

w2 o L 7112 20 17112
<IwV-H +§II‘I’VH|| + C(Bt) "I H|I".

This implies that

(3.18a) IWVH|* < CIIWV - H|> + (1) H|*].
But we can bound
(3.18b) WV - H| < |¥V-(H—-H)|+ ¥V -H"|,

and then using (2.25d) and (2.25¢e), we have

IOV -HT|| = ||[¥ViH|

= oo (5 -oom)

(3.18¢) \PV%H + VO] .

Hence all together, (3.182)—(3.18¢) imply

769

(3.19) |WVH| < C[waﬂ +V-(H—-HD|+ ) NH| + ||ve<H>||] :

On D we have that W, ~ W, ~ (¢t) since r < (Bt)/2. Thus using (3.19), (3.17b),

and the bound (3.14) from step 2, we have
Z We PV H | 12

< C()||WVH|

IA

C

(3200 < C[E/ UM+ 0 1Qi@)I].

H NIV - (H - HT>||+||H||+<>||V6><H>||]

C[HWI H+||W2v (H — HT)u+E‘/2[U<t)]+<t>||ve<H)||]
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Now we consider the region D¢ = {r > (Bt)/2}. Using (2.17), (2.25d), and
(2.25e) we can write

(P1ocH)} = o' w3 H]
= wiwka,ﬁg? +r'QH
= wkwiaj rH +r 'QH
= wkw"aj(g — 9(H)> +r7'QH .
Hence, we have

Wi PV H| 2(pe) <

P . o
WIVXH + IWIVOED || + IWir ' QH || 12(pe) -

On D¢, W,;r~! is bounded and so using (3.14) we have that
32D IWIPIVHI 2 < CLEPTUMT+ 14+ ) Q)]
Recall that
(PO H)} = 0 H] — o' w3 H .
We use (2.17) and (2.25d) to write
8kli7jf = a)lw18k1-'1; = w’wka,H} +r 'QH
= w’wka,-H; +r'QH
= ijkE)le +r7'QH .
Similarly, we have
w,-w,akH} = wkw,a,H} +r 'QH
= wkwla/Hil +r'QH
= @,wka,Hf +r7'QH.
It follows that
(P H); = wjoxV - (H—H') +r 'QH .
Thus using (3.17b) and the fact that W,r~! is bounded on D¢, we have that
IW2PaVH | 206y < IWRY - (H = HD I + [War ™' QA |2
< C[E," UM+ DU D)I].
Combining (3.20)—(3.22) we obtain

D IWeP.VH| < C[EIUMT+ 11t + r)Qu(D)]] -

(3.22)
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Step 5. Estimate for ||W, P,Vv]|.
On D we have W, < C({(t) for @ = 1, 2; hence we can use equation (3.4a) and
the vector field S from (2.13) to say that

D IWa P Vil 2y < CNIVl L)
< C[tIVill 2y + IVO]l]
< CllrocH ] o, + V5] + | QF | + | sH]]
= [ Iractil g, + Ve + o + ]
= C[ Y NrPudi i o, + | V9] + [ QF | + 5 ]

k,a

< C[ X IWePuV | o, + | V3] + [ QF ] + 57 ).

Hence using (3.20) we can bound

(3.23) Y IWaPuVi|| 2, < CLEU@) + (0121 D)]] -

On D¢ we will again make use of the fact that W, r~! is bounded for o = 1, 2.
First we can use (2.17) to write

(P1od) = o' ;0,07
= wiwkajt')j +r7'Q0,
which implies that
(3.24) VPVl 2 pey < IV -0l + [War ™' 0] 2 e, -
Next we can use (2.17) to write
(P 0) = v' — o' w;dy v’

= w0, 0 — a)ja)ka,-i)j +r7'Qo

= (8,0 — 0 VD) +r7'Q0,
which implies that
(3.25) W2 PaV |2 pey < [Wa(8,0 — 0T VO) | 4+ [War Q0,5

Combining (3.24) and (3.25) with the previous results (3.11) and (3.17a), we see
that

(3.26) D IWa P Vil 2y < CLE UM+ ()] Q1(D)]].

(D)
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Together, (3.23) and (3.26) imply the result
Y IWa PVl < CLEPIUMT+ ||+ 1) Q@) ]].

This completes the proof.

4 Sobolev Estimates

The following weighted Sobolev-type inequalities appeared in [19]. The only
important thing to note in our case is that even though W, depends on A, we still
have uniform estimates because |0, W;| < 1.

LEMMA 4.1 For U € Cgo(R3), r=|x|,anda = 1,2 we have

@la) rU@|<C Y VU,

la|<1
@by i< Y fageul)?, - Y @l
lal<1 la]<2
@10) rWPIU@N < C Y [Wadr QU] agyony + € D0 129U 12gyom -
lal<1 la|<2
@1d) WU < C Y [ Wadr QU | oy, + € D IVaQU 121, -
lal<1 la|<2

The next result will apply the above inequalities to higher derivatives and re-
move the singularity at the origin in order to be of use in the proof of Theorem 2.5.
Again, this result appeared in [19] and although the proof is very similar, we will
give it here because there are slight differences in the first-order case.

PROPOSITION 4.2 Let U € HE(T) with X [U(t)] < oo and |U| < 8 small. Then
fora=1,2,

(4.22) (1)U, x)| < CEMU@®)], la| +2 <k,
@.2b) (WP TU(t x)| < C[EPIUOI+ X[UD]],  lal +2 <k,
(4.2¢)  (IW,|P,a.TU(t, x)| < CX[U1)], lal+3 <«.

PROOF: We choose § small enough so that the energy E, can be used to domi-
nate generalized derivatives to order « in L2,

To prove (4.2a) for r > 1, we apply (4.1b) to F“U(t, x). To prove (4.2b) and
(4.2¢) for r > 1, we apply (4.1c) and (4.1d) to P,T9U (¢, x) and P,d;TU (¢, x),
respectively. We use the fact that P, commutes with 9, and €. The latter fact is
most easily seen from the commutation of P, with the generators of 2, To;s)-

For r < 1, (4.2a) is a consequence of the Sobolev embedding

(4.3) W22(R?) c L®(RY).
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To obtain the other inequalities for r < 1, we will define a smooth cutoff func-
tion

1 ifr <1
4.4 =
4.4) 5() 0 ifr>2.

To show (4.2b), first note that
4.5) W, ~ (t) whenr < 2.
Using (4.3) and (4.5), we can get (4.2b) as follows for r < 1,
W, [P DU, 3)| < C0) 26T U, )|

< Y IvhErn)|

|b]<2

l .
<C)? Y IVITUllagy <
|b]<2

<CY D W PVITU oy oo,
B Ibi<2

<CXIUMN]I+C ZHW;;/ZPﬂFaU” L2(y|<2) *
B

To complete the proof of (4.2b), we still have to deal with the last term above.
We will now use (4.1c¢) to get

W52 PaT U [ 2y < NIV BT 0 | Lo N1 D251
< C[EPIUM] + XU ®)]].

The proof of (4.2¢) is very similar to that for (4.2b), but since we are applying it
to P,VI'U (¢, x), which already has one spatial derivative (as is needed for the X’
norm), the last step is no longer needed. U

The following result will be used in the final stages of the energy estimates.

LEMMA 4.3 Suppose that f : R® — R3, Zla\SZ 12 flw2-ta2 < 00, and VA f =
0. Then

(4.6) xE P f ) < C YIRSl

la|<2
PROOF: Writing w = ﬁ notice that
lx[(P2f);(x) =Ix|(f — P f);j(x)
=[x|(fj(x) — wjwx fr(x))
=" (i f;(x) — xj fi (X)) ,

and therefore it is enough to estimate |x|"/2(x A f(x)).
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Fix x € R?, and choose R > |x|. Let pg(x) = £(|x|/R), where £ is given in
(4.4). We may now apply (4.1a) with U (x) = pr(x)(x A f(x)):

X2 |Paf ()] < Ix]2|x A f]
= [x|?|gr(xX)(x A £)]

<C Y |IVRlerM O A NI

lal<1

<C Y |2 VigrW O A NI

lal<1

’

where in the last step we use the fact that the commutator of V and 2 is in the span
of V. Note that (|x|V)*@g(x) is bounded independently of R and also that, thanks
to the constraint VA f = 0, we have that 0; (x; fyx —xi fj) = (x; 0 —x19;) fi+O(f).
The result is thus a consequence of this inequality. O

This result is easily understood by expressing f as the gradient of a scalar
potential o. Then P, f ~ Qo, and formally we can apply (4.1a). Our argument, as
given, is meant to avoid unnecessary discussion of the properties of this potential.

5 Bootstrapping the Nonlinearity

In this section we will estimate the nonlinear terms on the right-hand side of
(3.3) in Proposition 3.1. The factor (¢ + r) will be absorbed with the aid of the
inequalities of Proposition 4.2 together with a few simple properties of the weights
W, = (t — r/)_L) and W, = (t — r/B), which we collect below. As usual, all

constants are independent of A.
Define the following neighborhoods of the characteristic cones:

R S [

Then C; and C, are disjoint for A large, and
(ry~ (i) onC; and (r) ~ (Bt) onCs.

r
r — —

B

,
t—=
A

Moreover, in addition to being bounded below by 1, the weights satisfy
Wy > C(t) onC,, a=1,2,

and so, in particular,

(5.1a) Wy > C(t) on(CiUC) , a=1,2.

Now by considering the regions Cy, C, and (C; U C;)¢ in turn, we find that

(5.1b) Ct) 2 (ryWVPWe > 1, a#B.
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Also, by taking first C; and then its complement, we have

(5.1¢) CLH ™2 + (he) YW > 1.
For the cubic and higher-order nonlinear terms, we will use the fact that
(5.1d) 1< C) 2 (r) > WPWy

Finally, since

t+r)y<C{rW, fora=1,2,
we have that

(t+n|U|l=(t+r)|PU+ RU|
(5.1e) ={t+nr(PU|+|PU|)
< C(riMIPU| + WL RU|)
forall U € M x R x R.
The following technical result will be needed several times below.

LEMMA 5.1 Suppose that U € Hf(T) with k > 3. Set k' = [5] + 2 (so that
k' < k). Suppose that E/[U@®)] < 1 and |U(t)| <45 0<t < T, withé
sufficiently small. Consider a smooth mapping f : M x R?> x R — R for any d.
If f vanishes to order p at the origin, then we have the pointwise estimate

P FO@E N =C Y PMU@ x| DU X)), bl <k
[b1]+--+]bp| <|B]

PROOF: Using the chain rule, we write

G52 TrOex=Y Y  fOWCx)NM"UEx)--THUE, x).

J=Ib| by+--+bj=b

At most one derivative above can exceed order [%], since |b| < k. Since E/[U (1)]
< 1and U is small, we have by the Sobolev lemma and (2.19) that

DU x)| < CELIUMI<C, | < [g] .

The result now follows from (5.2) since by the mean value theorem
fPO=cor, j<p,
for |U| < 1. O
We are now ready to move to the main results of this section.

LEMMA 5.2 Let U € H#(T), > 3, be a solution of the PDEs (2.20a)—(2.20c)
and the constraints (2.20d) and (2.20e). Set ' = [5]14 2, and let E,¢[U(1)] < 1
and IU (t)| < 8 throughout [0, T') with § sufficiently small. Then we have

X, [U 1] < C[EY U]+ Xu[UMIE* U 0]+ X,[UO1E, ) [U0]] .
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PROOF: Using Proposition 3.1 we have
X, U] < CLEPIUMDT+ (e + 1) QuU )],
where the form of Q,, was displayed in (3.2):
> IrO)vreu.
[bl+lcl=p—1

Here f vanishes to order p = 1. Applying Lemma 5.1, we have the pointwise
estimate

|QuU x| =C > FPUE 0| |IVIUE, X)) .

[bl+lcl=p—1

With this and (5.1e), we obtain
Ir+0Q.@Il<C Y lr +0|T° 0| IVIeU|

[bl+lcl=p—1

<C [{r)ITPU | Wy | Ped, TU || .

i=1,2,3
bl +Hlel<p—1

In the sum, either |b| < [%] orc|+1< [%], according to which we estimate
as follows:

(P TP U | Wy | P TCU ||| <

{r) W PodiTU lloo IT"U| - if le] + 1 < [5]
[Wa Pdi DU 10T Ul if 6] < [5]-
In the first case, using (4.2c) we get the upper bound
CX UMIEU )],
and in the second case, using (4.2a) we get the upper bound
1/2

CXUUMIEUM0].

These estimates for the nonlinear terms yield the result. O

The next step is to bootstrap the preceding result to bound &’ by the energy.

PROPOSITION 5.3 Let U € H{(T), k > 8, be a solution of (2.20a)—(2.20c). If
EJU®M] < ¢, u=«—2,and |U(t)| < 8 remain sufficiently small on [0, T),
then

(5.3a) XU < CEIUM],
(5.3b) X UM] < CEU®)].
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PROOF: Since we have u > 6, it follows that u' = [%] + 2 < w. Thus, since
E,[U(t)] < ¢ < 1,by Lemma 5.2, we have

X, U 0] < C[EPIUM] + X, [UMIE,*IUM]],

and so we see that, since E,/*[U(1)] < &', we have for ¢’ small enough that the
bound (5.3a) holds.

Since ¥ > 8, we have that " = [%] +2 <k —2 = p. So again by Lemma 5.2,
we may write

XU 0] < C[EPIUM] + X [UDIE U 0]+ X [UDIE)*[U (0)]] .
IfE ,1/ 2[U(1)] < & is small, then this implies that
X AU®] < CEPIUMIN + X, [UD]].

Thus we obtain (5.3b) from this, (5.3a), and the fact that £,[U(#)] is small for
tel0, 7). O

6 Energy Estimates
This section ties everything together.

PROPOSITION 6.1 Let U € H{(T) be a solution of (2.20a)—~(2.20c) and the con-
straints (2.20d) and (2.20e). Suppose that E,[U(t)] < ¢, u = « — 2, and
U@®)| < 8, for0 <t < T, where ¢ and § are sufficiently small. Then we have the
inequalities

(6.1a) %EK[U@)] < C(t)T'EFIUMIELU )],
(6.1b) %Ek_l[a,um] < CE/’[UMIE1[3,U®)],

d _
(6.1¢) T EU®] = Cl(at)™" + (1) PIEPIUMIELU )]
PROOF: The size of ¢’ < 1 and § are determined by Proposition 5.3.

Assume that U(tr) € Hp(T) is a local solution of (2.20a)—(2.20c). We will
use the so-called generalized energy method. Start by applying the derivative "¢,
la] < k, to the system (2.20a)—(2.20c), according to Proposition 2.7. We then
symmetrize the system by multiplying (2.25a) by the tensor A. This results in

(6.20)  AY(H)[8,(T*H)) +v - VIH} + H'3,7“v'] = Q¥ |

(6.2b)  3,(T“D); + v - V(I“); + HY AL (H)d (T H)}, + 2pd; T p = OV,
(62¢) T +v-VI% 4+ r1pV -T% = QF.
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From (2.25a)—(2.25¢) we have

defined as follows:

(6.3a) OF = —Ali(H) > [P0 VITH)] + (I H)! 9, (D°0)']

b+c=a
c#a
(6.3b) Oy =— > {0 V(D) + T’ [AGH)HI{" 9, (T H)J, + TP, T p}
b+c=a
c#a
(6.3c) 0f =— > [["%-VI6+T"pV-T].
bf;:a

It is important to notice that Qa (U ) will never have more than « derivatives falling
on a single term.

Next we proceed with the energy method by taking the L? inner product of
(6.2a)—(6.2c) with I'*U. Because the system has been symmetrized, after integrat-
ing by parts we obtain (using the notation (2.18))

. 1 ~ . ..
o f ev(U)dx — 3 / A (H)(IH)} (I H)), dx
64 - f V- vey (TU)dx — / AL (H) (D H)Y (D )], dx
—/ae(HfAf,;f’(H))(F“H)-,;(F“za)fdx —/al-prap(r%f)dx =
/(Qa(U),F“UMx.
Now, in the statement of Theorem 2.5 we do not assume any uniform bounds

for time derivatives initially. Therefore we must consider the term in (6.4) that
involves ;. By (2.27a) and (2.20a), we have that

oAl (H) = BU (H)o, HY

ptmn k k
= —B/'"(H)[v- VHy + H}0,07].
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We substitute this into (6.4) and sum over |a| < v, resulting in the energy identity

iE (U] =
dr " -

L[ : : N
> [—5/ o (H)[v - VHY + H}0,07| (T H)] (T H)}, dx

la|<v

©65) + / V- dey(TU@)dx + f AL (H)YO* (D H)] (T H)J, dx

+ / ag(H,."Af;';’(H))(F“H);(F%)" dx + f 3 pT p(T0) dx
+/(QQ(U),F“U)dx:|.

Since k¥ > 8, notice that we have [%] + 2 < w. Thanks to our smallness
conditions, we may apply (6.5), with v = «, and Lemma 5.1 to write

d . . .
(6.6a) Bl =C > NTPOIVTEUITeT]

[bl+lc|<lal
c#a

lal<x

Setm = [%]. Using property (5.1e) for the weights and the Sobolev inequalities
(4.2a) and (4.2¢), we have the following bound for the norms on the right:

10| |Ivreu||
<) Y (I T Wal P, 0T U |

< C(f -1 Za,i ”(r)FbU”OO ”WapaajchH, |b| <m,
- S ITPU I We Pt TU oo, ] <m — 1,
1 [Elb/IiZ[U(t)]XIchl[U(f)], |b] < m,

<C(t)” 12
EY UM XslUM]. el <m — 1,

(6.6b) < Ct) N ENLIUMIEYV UM + EVPLUMIE) L IUM)).

Now k > 8, som + 2 < k — 2 = . Therefore, inequality (6.1a) follows from
(6.6a) and (6.6b).

The identity (6.5) holds equally for derivatives of the form 9,I'¢, with |a| <
k — 1, and precisely one time derivative will appear in each of the terms Q, on the
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right. Retracing the steps leading to (6.6a), we find

E[aUml<C > |0 reul||sru].

|b]+[c|<lal
la|<k—1

di

The inequality (6.1b) now follows just by interpolation. For this rough estimate,
we do not use the decay.

In order to obtain the sharp estimate (6.1c), it is necessary at this stage to sepa-
rate the quadratic portion of the nonlinear terms in (6.5). Recall that H = I + H
and u = k —2. Referring to (6.32)—(6.3¢c), weuse v = k —2 = p in (6.5) to obtain

d S
672) - E,U®)] = Z[/(QQ(U) reg >dx+/(ca(U),raU)dx]

lal<p

in which Q,(U) and C,(U) represent quadratic and higher-order terms, respec-
tively. The precise form of the quadratic terms in (6.7a) is

(0.(U), TU) =

1 . af] arr\j mn : arryj a - \i
— 5Bf;j}f(l)a,,u"(r )} (D*H)J, + B (1d HY (T H)J, (TD)

.1 ~0m a rr\i arr\j a2 a *\2
+V-v§[Al.j (D(T*H), (N H)], + IT“0]> + (T'p)*]

+ AU HY (D HD (D) + 8; T p(D0)
(6.7b)
— Z A“"(I) I V(D°H)] + (DY H)! 8(D0) [(T H)),
b+c=a

T [P VD) + AU H) 0T D,

f;z"(l)(rbﬂ)"ae(r H)) +T?p3;Tp](M0)

+ [P0 VI + TPV - T0IMp} .

But before confronting these crucial terms, let us first examine the highest-order
terms in (6.7a). Using Lemma 5.1, we have

f(C (), TU)dx < |C.O)| IT*U |

<C > rhg| ko vk e .

b1]+|b2[+|b3|<lal
|b3|#lal
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Without loss of generality, assume that |b;| > |b;|. Introducing the weights via
(5.1d), we have that

[IT? U |20 | VTR U ||

<CO) 3 Y [ATP U WP P RU || Wy Peai TR U ||
o, B,i

< CN)7E Y NI Ul [ (YW P T2 We Psai T U
a,B,i

With the aid of (4.2a) and (4.2b), this in turn is bounded by

3
C{t) 2 E H[UOI(E] LU O] + XipypalU (0]) Xipy [U ()]
Now 2|by| < |bi] + |b2] < la| < w. Thus, [by] +2 < [5]+ 2 < p, since
W > 6. We also have |b;| + 2 < k. Therefore, by the smallness assumption and
Proposition 5.3, all of the higher-order terms on the right-hand side of (6.7a) are
bounded by

C(t) T EVUMELLUM],

as required for (6.1c).

It remains to bound the terms in (6.7a) arising from the quadratic part of the
nonlinearity. They appear explicitly in (6.7b). These must be grouped carefully
in order to exploit the special cancellation properties of the nonlinear terms. In
particular, the null condition for the shear waves and the rapid dispersion of the
pressure waves enters the argument at this stage.

The most straightforward estimates occur for the terms in (6.7b) containing
VI°p or V - I'0. Recall that by definition (3.1), the quantities ||W; VI “p| and
WiV - T“D|| are bounded by X, [U(¢)] for |c| < p — 1. In the first case, for
example, we have, using (5.1b) and (5.1¢),

/|FbU| IVI¢p| ITU |dx
< |ITPUIVTp| T U |
<Y |[PTPUL[VTp| | [TU |
o

< Clin~ + (01 Y [ PO vres | e

< [ + 0 Y WU wvres] [reo ).
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Keeping in mind that » + ¢ = a, ¢ # a, and |a| < u, we can use (4.2b) to bound
the last expression by

CL ™ + (1) 2 [EVU D] + XU O] XU DIE U @)].
By Proposition 5.3, this in turn is bounded by
CLN ™ + () R EVAUMIELU 0],

as sought. Terms with V - "9 are handled in the same way.
Next, we consider terms in (6.7b) containing a convective derivative, ['’v - V.
We start out by writing

(6.82) / PPy - VDU| [T“Uldx < ) || Pl - VU] 14U | .
If o = 1, then similarly to the previous case, we have
|PT?v - VTeU||
(6.8b) < CLAN ™ + (0731 W PP o[ Wy | PeaiTeU ||
B.i

< CI) ™ + () 21 [ENVIU O] + XU O] X [U 0]

On the other hand, when o = 2 in (6.8a), we partition the domain of integration
into two components: R = {r < (%)} and its complement. Since R C (C; U ()¢,
up to a compact set, we have by (5.1a)

|P.I"v - VTeU || 2R

(6.8¢) < C(0)7 Y [ty | PaT oWy | P TU || o
B.i

< Ci 73 [EPUM]+ XU 1] XU O]

For the exterior region R¢, we use the formula (2.17) to obtain
PI%v -V =—r'P,T%v - (w A Q),
and so by (4.2b) we have
| 2T - VI‘CU”LZ(RL') < |r~!|PT?0] [Ty | ||L2(R")
< )2 | PT0| T Ul 2 ey

6.8d
(59 < c i P r ]

< CO) P EPUM)+ X UM EYUM)].

Together with Proposition 5.3, (6.8a)—(6.8d) gives the estimates for the terms with
convective derivatives.
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The remaining terms in (6.7b) all have the form

ijk

(6.9) / Bimn(rP HyJ 9,(0° H)* (M)’ dx
or
/ Bf;g"(r“m,g(rbH)ﬁa@(FCi;)" dx

in which Be”,z” is either B(I )ff,’c” BfJ",Z”, or Bf,f/’" as defined in (2.27a) and (2.27b).
Thus, the coefﬁ01ents B satisfy the null condition for shear waves (2.26b). As
usual, the derivatives are constrained by the relations » + ¢ = a, ¢ # a, |a| < u.
Both types of terms can be handled in the same manner, and so we will outline the
procedure only for the first group (6.9).

Begin by writing (6.9) as
/Bf;';" (P.TPH)! a,(PsTH)" (P, T0) dx

For those interactlons involving at least one fast wave, we can proceed as above.
For example, if B = 1, then we can absorb the weight (r)W!/2WW,. Otherwise, if

= 1l or y = 1, then the weight <’”>W11 / 2W5 is used. This results in the same
decay as before.

Thus, we may restrict ourselves to the case of shear wave interactions
(o, B, ) = (2,2,2). We can also eliminate the region R using (5.1b), as was
done for the terms with convective derivatives. Thus, we are faced with estimating

(6.10) / B (Py)y (Py)) (P (T H) 9 (D° H) K (D0)! dx.
Re
We can further introduce projections in the remaining indices,
B (P (P (P = Y BU (P (P (PN (P (Py)) (Po) -
a.B.y

Thanks to the null condition (2.26b), we can rule out («, 8, y) = (1,1, 1) in the
sum, and so we need only consider the three possibilities that «, 8, or y is equal
to 2.

Now if @ = 2, then we use (2.17) to write (Pz)é‘aL = —r Yw A Q),. Thus, this
piece of our integral (6.10) is controlled by

/r—1|r”H| TSV H | IT0|dx .
Re
Recall that on R€ we have r > C(t). Hence, using (4.2a), we find the upper bound

() EPIUMIELLU@)] .
If B = 2, then thanks to the constraint (2.20e), we can use Lemma 4.3 to see that

|r2(PM P EY), | < CEMUMI.
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Also, when y = 2 we get
|r3 (PN o (T B ||, < CEM U™
In either case, this again leads to the bound
()72 E2[U (1B, U ()]
for the remainder of (6.10). O

7 Long-Time Existence: Proof of Theorem 2.5

Under our assumptions, the construction of a local solution of the symmetric
system in H{(T) is routine. We therefore concentrate on the extension of this
solution for large times via the priori estimates for the norm in H (7). We remark
that it is enough to control the quantity ngx IT¢U ()], for then by using the

equations, the time derivatives ) |0} r«y (t)|| can be bounded inductively

j+lal<k |
n j.

Recall that as long as |U (1)| < 8, we have that Y, _, IT°U ()| ~ ELV2[U (1]
forall v < k. On the other hand, since u > 2, the size of |U (1)| is controlled by
2 aj<p ITU @)l Thus, we ensure that

Z ITU@®)|| <oo and |U@)| <8

lal<k

by establishing that
ES[UM] <oo and EU®W] < ¢

for ¢’ sufficiently small. We also assume that ¢’ is small enough to apply Proposi-
tion 6.1.

Fix a large constant K, to be defined precisely below, and assume that (2.21)
holds with K& < ¢&’. Now, let us suppose we have a solution in H{(T') with

EPlUM] < Ke <& fort €[0,T).
Using (6.1a), we see that
EJU®] < EJ[UO)n)**.
Plugging this into (6.1c), we have

d _ 3
S EU®] = CEMlUOI() ™ + (1) 21 ) X E [U ()]

Integrating from O to t we have
(7.1) E(U(r) < E U] exp[CE[UO)(U1 + I)],

where . -
Il=f ) CKe=ldr  and 12=/ (1)CKe=3 g .
0 0
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It is clear that I, is is bounded by a fixed constant as long as we further restrict &’
sothat CKe < Cé¢’ < % Now with this restriction on &', we have that

I </ )"rde <1,
0

provided that A > 1 and T < A.
So using (7.1) and (2.21) we have that for t < A,

E\’lU®)] < E,*[U0)]exp CE/?[U(0)]
< eCexpCEV*[U(0)].

We define

K = CexpCE*[U(0)].
Thus if 7% = X, then the solution exists for ¢ € [0, T*) as claimed in Theorem
2.5. Moreover, the preceding establishes the stated estimates (2.22a) and (2.22b)
for E, and E,_,. The bound (2.22c¢) for the first time derivative now follows from
(2.22b), (6.1b), and Gronwall’s inequality. Higher-order time derivatives can be
estimated successively. They remain finite but are not small.

8 Incompressible Limit: Proof of Theorem 2.6

Let U* € Hf (T*) be the solution family constructed in Theorem 2.5. Recall
that T* > A and by (2.22a) and (2.22b)

(8.1) EJ[U ] <C{t)? and E.[U*®]<C, 0<t<T",

where C and p are independent of A. Fix T > 0. Then for all A > T, we have
T* > T and

EU 0 <C(T), 0<t<T,
with C(T) independent of A. Hence, by (2.19), we have

Y ArUtol <cr), 0<t<T,

la|l<k

provided that A > T. In particular, U A>T, is uniformly bounded in the
standard Sobolev class L*([0, T'], W*?), and we can extract a subsequence A,
00, with A; > k, so that U™ — U weak-star in L=([0, T], W*2).

Taking the sequence of times 7; = k and using a diagonalization argument, we
obtain a subsequence, also written as U M Ax > k, converging to a limit function
U® = (H™®, 1™, p*) defined on (0, co) x R? that lies in L°([0, T], W*2) for
every T > 0.

Recall the definition U* = (H*, v*, p*) = (I + H*, v*,1 + A~'p*). Since
p* — p>*, we have p* — 1 = A~'p* — 0. Thus, if we define U® = (I +
H>, 9%, 1), then U* — U® — 0.

In addition, we have TU* — U for all |a| < « in the sense of distri-
butions. However, thanks to the estimates (8.1), it follows that U € Hj(T) for
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every T > 0. Moreover, the norm of U™ in Hf ~2(T) is uniformly bounded with
respect to 7.
Fix a positive integer £ > 0. Since

ITYU™ ()| < C, forO <7 <£and|a| <k,
we have by the Sobolev lemma that

IT“UM(t)||loo < C¢ for0 <t <~fand|a| <k —2.

In particular, we have
IVESTUM (1)]loe < C; for 0 <t <fandla|+j <k —2.

Now let R, be the compact space-time domain [£~!, £] x B,(0). Then since S =
td, + x - V, we get that

|V99] U™ (t,x)| < C; for (t,x) € Ryand |al + j <k — 2.

Thus, the derivatives V49, U™ , lal+ j < « — 3, are bounded and Lipschitz on R,.
By the Arzela-Ascoli theorem, there is a further subsequence U’ converging to
U in C*73(R,). By another diagonalization argument, we obtain a subsequence
U — U™ in C{;*((0, 00) x R?), and then finally, we also have U — U in
Cl’ij((o, oo) x R3). Notice that since p* — 1 — 0, we have that det H® = 1.
Armed with locally uniform convergence, we can now pass to the limit in the
PDEs (2.20a);—(2.20c), . From (2.20a), we immediately see that H°° and v* solve
(2.23a). Substituting p* = 1 4+ A~ p* into (2.20c) and then taking the limit as
A — 00, we find that v™ satisfies the incompressibility condition (2.23c). Since

the nonsingular terms in (2.20b) converge in Cl’;;3, we must have that

A PMV pM = J VM 4 pMV oM —s L

for some £* € C“73. Clearly, £ must be the gradient of some function ¢*.
This shows that V5> = 0, but since p®(¢,-) € L?, we must have p*° = 0.
Thus, in the incompressible limit, we obtain a classical solution of (2.23a)—(2.23¢)
on (0, 00) x R3, with generalized derivatives to order k satisfying the previously
stated bounds. This completes the proof of part (i) of the theorem.

To prove (ii), assume that the initial data is independent of A. Apply =, the
L? projection onto divergence-free vectors, to (2.20b). This eliminates the singular
term Ap*V p* from this equation. We can estimate the time derivatives 9, H* and
mwd,v* in W12 directly from (2.20a) and (2.20b) by isolating them on one side of
their equations to get

82 o H O yeerr + 370 Oy = C(T) foroO <t <T.

Here we use the boundedness of 7 in W*~1-2 as well as the energy estimates.

Using the Sobolev lemma again, we see that the derivatives (V*H*, V¥%),
|| < k — 3, are locally Lipschitz on [0, T'] x R3. So after a further refinement of
our subsequence, we obtain

(H™, mv*) — (H®, 7v™®) in CP ([0, T] x R?).
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Since v*™° is divergence free, we have that 7 v>®° = v™>.
Using the uniform bound (8.2) and weak lower semicontinuity, we have

IH>=(@) — H*($)llwe12 + [07@) — v= () o122
< likminfllH“ (1) — H*(s)lwe-12 4 [0*(1) — 0™ () [y
—00
<Cl|t —s|

for all ¢, s € [0, T], showing that (H*°, v™) lies in C ([0, T], W*~"?). This is a
uniqueness class. Thus, (H®°, v™°) is the unique solution of (2.23a)—(2.23e) with
initial data (Hp, mvg). Given the uniqueness of the limit, it follows that the full
sequence U* converges to U, proving part (ii).

Under the assumptions in part (iii), we have that E,_;[d,U (0)] is uniformly
bounded. From (2.22¢), we obtain

|0:U*@) | yers < C(T) for0 <t <T.

This implies that the derivatives V*U*, |a| < « — 3, are locally Lipschitz on
[0, T] x R3. The remainder of the argument is the same as in part (ii).
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