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We consider in this paper 3D quasilinear wave equations satisfying the null condition,
for which we construct classical solutions blowing up at infinity. This is done using
conformal inversion and local techniques for constructing blowup solutions. It turns
out that we are dealing with non genuinely nonlinear points; hence, we are forced to
consider weakly nonlinear points, the definition of which involves a new set of invari-
ant quantities. These new invariants are of interest in themselves, and we extend their

definition to first-order general systems as well.

1 Introduction

In this paper, we investigate smooth solutions of quasilinear wave equations in R3 x
[0, +ool

Ou+ Qa(w) + Q3(u) + Qa(w) =0,
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Q3 (w) = g5""°* (3, W) (D51 (92, ).

Q4w = g5"""* (3, (%w) (3. W (3% W).

Here and in the whole paper, the coefficients g are assumed to be real constants. We
assume moreover that Q, satisfies the null condition. Our aim is to understand the
behavior at infinity and the stability of global C* solutions, not necessarily small.

We know from the results of Christodoulou [9] and Klainerman [11] (see also [10])
that small solutions are global and stable, with a smooth free representation (see [7] for

basic definitions)

1
ux,t)=—F(r—tw,l/r), r=l|x, x=ro.
r

In a recent work [8], we give sufficient conditions for global C* large solutions to be
stable, or to have a smooth free representation. Results for systems are given in [6]. Here,
we concentrate instead on the construction of global smooth solutions which blowup at
infinity.
It turns out (as pointed out by Christodoulou) that a convenient tool to study
quasilinear wave equations is the conformal inversion
X t
e TTEoe
This transformation reduces the problem of the behavior of u at infinity to a local prob-
lem of smoothness, up to the boundary {|X|+ T =0} of a cone 7 ={|X| < —T, T <0}, for

the solution v of a new quasilinear wave equation. The function v is related to u by
ux, t) = (T? — RHv(X, T).

To obtain a solution ublowing up at infinity, the idea is then to use previously developed
techniques of construction of local blowup solutions, in the context of the equation for v.
More precisely, we use the “geometric blowup” techniques developed in [1, 2]. Hence the
paper is divided into two parts: finite time blowup and blowup at infinity.

The first part of this paper gives a self-contained treatment of the geomet-
ric blowup construction in two cases: the genuinely nonlinear case and some linearly
degenerate case. The proofs that we give here are more unified and transparent than
previously published proofs. But this is not the only reason: in view of the application

we have in sight, we have to face two new features:
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(i) The v-equation is of general form, with coefficients depending on (X, T, v, dv),
a case not considered in [5], where the goal was simply to illustrate a new phenomenon.
Since the computations are rather heavy, we have to get a geometric understanding
of the required conditions (to construct blowup solutions) in this general setting. This
leads us to discover new nonlinear invariants, defining what we call a “weakly nonlin-
ear point.” Such a point is a point which is not genuinely nonlinear, but not uniformly
linearly degenerate either. We believe that this concept should turn out to be useful in
other context as well (see Appendix for a definition applicable to any first-order system
for a simple eigenvalue).

(ii) In many cases (in particular, if Q3 = Q4 =0), the v-equation presents at the
boundary a nongenuinely nonlinear point, as observed in [8]. This forces us to consider
this apparently “non-generic” case.

The statements summarizing the blowup constructions in the genuinely nonlin-
ear case and in the weakly nonlinear case are given in Theorems I.1 and 1.2 in Section 4.

In the second part, we apply the results of Part I to the equation on v (that
is, after conformal inversion). The issue is to decide whether there can be solutions v
with smooth data which blowup at boundary points. We give two theorems summariz-
ing the blowup constructions for the v equation: Theorems 10.1 and 10.3 (along with
Corollary 10.4).

The corresponding theorem for uis Theorem 10.8. We can state roughly what we

obtain as follow: let m2, be a “point at infinity” given by

w=x/r=a’, r—t=0° r— +oo.

Under various conditions on the coefficients g; at («°, —1), we construct a C* function u

in a neighborhood of m%, such that

(i) wuand d,uhave continuous (up to z=1/r =0) free representations
1 1
u(Xs t) = _F(r - t’ , l/r)9 (Bau)(X, t) = _Fol(r - tv , ]-/r)3
r r
(ii) For some continuous a0 and B,

11
u' = };(aa)ta)—i— O(1/r) + B/r,
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where j(m) — 0 as m — m2,. The precise behavior of j is described in Theorems 10.1 and
10.3 according to the various cases. Since u exists only locally, the fact that u actually
blows up at infinity from smooth data has to be precisely explained: it is reflected in the
fact that the point corresponding to m?, is a hyperbolic blowup point for v, as explained
after Theorem 10.1. We admit that it would be more satisfying to get a solution uexisting
everywhere (corresponding to a solution v existing in a strip T} < T < T; for instance), but
we do not know how to do that for now.

Finally, in Section 10.3, we show, in the spirit of [12] and [14], that blowup at
infinity for uis related to the existence of some incomplete null geodesic for the metric

corresponding to the linearized u-equation.

Part I: Finite Time Blowup for a Second-Order Equation

As explained in Section 1, the construction of blowup solutions at infinity requires
applying the technique of [5] to quasilinear equations obtained by conformal inversion.
These equations do not fit into the framework of [5], for two reasons: first, they have
variable coefficients, a case not considered in [5] where the goal was simply to illus-
trate a phenomenon. Secondly, there is a high degeneracy at the points of interest to us;
this requires a more intrinsic understanding of the assumptions to be made than that
was done in [5]. In this part, we extend the theory of [5], keeping the same notation for

convenience.

2 Notation

Let a quasilinear equation with real analytic coefficients be
P(W) = Z1zi jenn1 PV (X 0 0W0Fu+ r(x u 9w =0, p=p/t, ptirio,
where the variables are
X, y=(X2,.... %), t=Xpt1, X=(x,¥, 1), du=(iu, ..., W),
with dual variables

Ela’):(EZ’u-’fn)a "::ETH—l’ 52(5157757:)‘

The principal symbol is

px, u U, &) = Zp7(x,u U)&Ej = plgig;, U= (Ui,...,Up).
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The variables & and U are indexed below since &; stands for 9; and U; stands for d;u. We
do not write sums for summation over repeated indices. We assume given a real base

point m = (x, u, U, §) (with x= 0 for convenience) where

£, =-1, pm=0, (3 p)(m) #0.

We denote by t = A(x, u, U, &1, n) the corresponding simple root of p. The derivatives with
respect to U will be denoted by D

Djp:E)Ujp,

and the derivatives with respect to & will be denoted by 85.

3 Some Nonlinear Invariants

In this section only, the splitting of variables x= (x, y, t) does not play a role, so we use

x only, especially in Lemmas 3.2 and 3.5.

3.1

Definition 3.1. We define the function q associated to the symbol p= p(x, u, U, &) by

qQ(x,w U, &) =§D'p(x, u, U, £).

The function g corresponds exactly to the function g defined in Appendix for first-order
systems, if one transforms the operator into such a system. The function g for systems,
in turn, is inspired by the concept of “genuinely nonlinear eigenvalue” introduced by Lax
[13] for 1D systems. O

Lemma 3.2. The function q is invariant by the change of coordinates. More precisely,
if y=¢(x) are the new variables with dual variables n and u=v(¢), the function g cor-

responding to the new equation P(v) =0 is given by

gy, v, V,m=q (1, v, ¢ @ )V, "¢ (¢ (¥)n).

Here, (¢')ij = 3J‘¢i. O
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Lemma 3.3. The function q is invariant by the change of unknown function. More pre-

cisely, if u= ¢ (v) gives the new equation P(v) =0, the corresponding function § is

q(x,v, V. &) = (¢'0)?q(x. $ (1), $'V. &). O

The straightforward proofs of these lemmas are left to the reader.

To handle linearly degenerate cases, one needs to introduce the following
objects, the meaning of which will be explained after the definition at the end of this
section.

3.2

Definition 3.4. We define the symmetric matrix C¥ associated to the functions p, g, and

the function C associated to the functions p, g, and to r =r(x, u, U) by

C(p.q.7)=C={p.q} + (3.9) (U p) — (3up)(Ud:q) —r(§Dq),
C(p,q)=C" =d.pDiq—d}qD'p+ 9] pD'q — 3qD' p— 2p” (¢ Dg)
for 1 <i, j <n+ 1. Here, { f, g} is the usual Poisson bracket
{f. g} = (0: ))(0x9) — (3:9) (0x ). H
Remarkably enough, these coefficients turn out to be, in some sense, indicated

in the Lemmas 3.5 and 3.6, invariant with respect to both changes of variables and

unknown functions.

Lemma 3.5. Under the change of variables y=¢(x),

(1)
(i1)

CU = (9pp?)(8197)CH, or, equivalently, C = (¢)C (‘¢"),
C=C+ ;@56 vpCH. O
Proof. Let y=¢(x). With the notation of Lemma 3.2, in the new equation on v, the lower

order terms are

7= p7 (350" 00 + .

GTOZ ‘€2 AN uo AusieAlun dnue iy epLioj] e /6.10°Sfeuinopioyxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

(a)

(b)

Hence

Finally,

Note that

Blowup and Blowup at Infinity for Quasilinear Wave Equations 5367

Let us first prove (i): 9; p= ngajqbi, g = 8gq8j¢i,
D'p=D’pd;¢', D'qg=D’qd;¢".
In particular, we note nDg = ;D/qd;¢' =&;D/q =& Dq. Hence

CY = of po' D'qi¢’ — 9Fqoe' D' piyg’ + 9 ok’ D' gy’

— 0Fqorp’ D' pag’ — 2" 0ig' D197 (nDG) = (D) (197 C.
To prove (ii), we note
9 p=0;p0 (0~ + [8; (g’ (¢~ NID*pV; + (3 p)n;)
and similarly for §. Since 3;((¢~1)") = (¢ D)j; = (¢) i = () D,

3 p=0;p(("¢") " Vij + 3¢ (‘¢ Ha(D*pV; + 3 p)nj).

0 PG = 8] pd;'0:q = 9 Pa(d;0") (‘9 Vik
+ 0 p(0g0") 0597 ("¢ Ha(D*qV; + dfqn;)

= 0 pdiq + (950’ n;) (0L p)(3Fq) + (35’ V) (8, p)(D*q).

{P.@=1{p. q} + (3¢’ V;)(3{ pD*q — 8LqD*p).

Vd, b= "Vid] pd;¢' = U;d] p=Ua:p.

Thus it remains to compute {p, g} — #(nDg). Taking into account the expression for 7, we

get

{p.q} —7(nDg) ={p,q} —r(EDq) + E,
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E = (03¢’ V;)(8. pD*q + 8lqD*p— p'),

E=102¢'vycH. u
Lemma 3.6. Under the change of unknown function u=¢(v),

(1) él} — (¢/)4cij,
(i) At a point where p=g=0, C =(¢)°C + (@) (") U;U,;C. O

(a) According to the proof of Lemma 3.3,
D'p=¢D'p,G=9¢"q.

Hence §D§ = ¢3¢ Dq, CV = ¢'*CY.

(b) The change in C is more subtle. First,
Vi:p=¢'Vidlp=Ud;p. Vd:G=¢'Udcq.

Next, d,p=¢"p+ ¢*d.p+ ¢'¢"V;D'p, and similarly for §. Hence, at a point

where p=q =0, taking into account the additional term in 7,

C=9¢"{p, q} + ¢"°[0.9(U % p) — dup(Ud:q)] — ¢"°r(¢ Dq)
+¢'¢"[(UDq)(Ud p) — (UDp)(Ud:q) — (§ Dq) pU;U;]

=¢°C + 3¢'¢"U;U;CY. 0
Finally, we give here some algebraic relations between the coefficients C¥.
Lemma 3.7. At a point where p=g =0, for all j, §C% =0. O
Proof. We have

§CY = DIqd: p) — D' p(§9:q) + (9] P(E D) — (3] q) (¢ D) — 26 DG (& pY).

GTOZ ‘€2 AN uo AusieAlun dnue iy epLioj] e /6.10°Sfeuinopioyxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

Blowup and Blowup at Infinity for Quasilinear Wave Equations 5369

Using the homogeneity of p and q in &, this reduces to &CY = (SDq)(BSjp— 2¢;p7). But
p= p&¢;, hence 3] p=2p’s;. ]

The invariants C and C are new to us: we did not find them in the literature.
They probably have a geometric interpretation in terms of contact structures. The above

invariance lemmas allow us to define two concepts.

Definition 3.8. A genuinely nonlinear point m = (x, u, U, £) is a point where p(m)=0,
q(m) #0. O

This concept is in fact, in a slightly less general form, due to Lax [13].

Definition 3.9. A weakly nonlinear point m is a point where p(m)=q(m) =0, and the

coefficients C, C¥ are not all zero. O

Thus, the coefficients C, C measure the nonuniformity in the linear degeneracy
of the point. They were found by brute force computations, when trying to construct
blowup solutions for such points. Recall that these concepts make sense for a quasilin-
ear equation P(u) =0, and are invariant under a change of coordinates and a change of
unknown function w.

3.3 Example and comments

In the simplest 1D case
32u— A (dxu, dwd u=0,

we have q=—2c£2G, with §=£9,c+ td.c. At the characteristic point, T =ect (e = £1),

q =0 is equivalent to 9;c + €cd,c= 0. We have then
C''(p, @) = ct*(—cdtc+ Fozc+ 2(8,:0)%),
C'*(p, @) = —2e&*(—cd?c+ Fdzc+ 2(3,¢)?),
2
c*= ?(—calzc+ e+ 2(3:0%).

Hence, since C =0, the point is weakly nonlinear if

—cdtc+ dZc+ 2(3,0% #0.

GTOZ ‘€2 AN uo AusieAlun dnue iy epLioj] e /6.10°Sfeuinopioyxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

5370 S. Alinhac

In general, note first that the condition that all C¥ vanish is invariant by a change of
coordinate or unknown function. The coefficients C¥ can be viewed as Z%q, where the
fields Z are defined by

z = 3l pp? — D' pa} + 9] pD' — D' p} — 2p7¢D.

The fields Z¥ are “vertical” fields (in the sense that they have no (x, t) component) tangent
to {p=0} at a point where p=g=0. The field H, 4 (Ud; p)dy — (dup)Ud: — r§ D, which

defines C in contrast, is always nonvertical, since 9, p# 0.

4 Main Results About Blowup

We come back now to the framework of Section 2.
Theorem 1.1 (genuinely nonlinear case). Assume that g(m) # 0. Let u < 7, and define
D= {(le Y, t)’ tf 0} ) {(Xl’ )4 t)a ti 07X1 =< Yﬁ‘i‘ ,u«t}

There exists, locally near the origin in D, a solution u of P(u) =0 such that

(i) ueCl (D),
(ii) wis C* in D except at the origin,
(iii) uw’' =S/j+ R, where Sis symmetric of rank one, and R and S are C* in D. The
function j vanishes only at the origin, j > C|t| fort <0, j > Ct?® for t > 0 and

J ~ C|t| for some curve reaching the origin. O

According to [4], the blowup of uis a “geometric blowup of cusp type,” the precise
description of which is given at the end of the proof of Theorem I.1 in Section 6. Note
that, in comparison with previous works, the existence domain of the solution has been
extended to a region in {t>0}. In the case of Burgers equation, for instance, we can
extend the solution from the left all the way to the right branch of the blowup cusp
tangent to the characteristic (and similarly, from the right all the way to the other branch
of the cusp to the left of the characteristic). Here, however, we do not quite reach the
characteristic, since the position of the “cusp” with respect to the characteristic plane

is not clear.
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Theorem 1.2 (weakly nonlinear case). Assume that m is a weakly nonlinear point for
the equation P(u) = 0. Then there exists, close to the origin, a solution uof P(u) =0 such
that

(i) wueC! and ue C* outside the origin,
(ii) u’ =S/j+ R, where Sis symmetric of rank one, and R and S are C*. For some

¢>0, j > c|x|? with j ~ c|x|? on some curve reaching the origin. O

As for Theorem I.1, the precise description of j is given at the end of the proof in
Section 7.

Theorem I.1 has been essentially proved in [3, 4]; however, in these versions of
the theorem, the function u is only constructed for ¢t <0. The extension here is crucial
for applications in Part II. Theorem I.2 is proved in [5] in the special case where the coef-
ficients p" and r depend only on du, under non geometric assumptions. The goal there
was to illustrate the existence of unstable higher order blowup, while the general case
we consider here is required for the applications in Part II. However, we give in Sec-
tions 5-7 a simplified and more transparent proof of both theorems, in a self-contained

way, for the convenience of the reader.

Remark: Two challenging examples

The typical cases to which the given Theorems I.1 and I.2 do not apply are the totally

linearly degenerate cases where g =0 on p=0. For example
1+ »wdtu—dtu— (Bwdiu=0

in one space variable, g =0. Setting as usual vg=9;u, v; =9y, this equation can be
reduced to a first-order quasilinear 2 x 2 system. The identical vanishing of g reflects
then in the fact that both eigenvalues of this system are linearly degenerate, hence no
blowup can occur, as easily seen by elementary computations. Now, if we add some
variable, we get

1+ hwdtu—d2u— dfu— (Jwdiu=0,

an equation for which we do not know how to construct blowup solutions, if at all.

Another similar 2D example has been already mentioned in [5]:

Du+ (91wdZu— (d,w)du=0.
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Here again, g =0, and we do not know how to construct blowup solutions for which the
linearized equation is hyperbolic.

5 Generalities about the Proof of the Theorems: Geometric Blowup and the Blowup

System

Associated to a real function ¢, we introduce the change of variables @

(p:(s’yvt)'_)(xl=¢(svy’t)1y1t)9 ¢(0)=01

and set
w=w®), v=ud).

We have the obvious “auxiliary equation”
A= 0w — vds¢p =0.

Writing

52(0’ aya at)’ ¢:(_17 8y¢vat¢)v
we get

(W) (D) = dw — v,

- = 2.9 5:9 bich as
O5(@) = 3w — vdj¢ — Bidjv + 6;010) + i (ﬁ) '

Hence the equation P(u) =0 is satisfied as soon as the functions (v, w, ¢) satisfy the

blowup system

A=0, E=3Zpi(p.y.t.w, v, dyw — vy, dw — vIP)Pid; =0,
R=3p7(¢p. y.t, w, v, dyw — vdye, dew — v P)I3w — vOZie — ($id;v + ;d;v)]

+ r(d)v Y9 t’ w, ayw - Uayd’s atw - Uat¢) = O
To satisfy the eikonal equation £ =0, we choose the root t = A, that is, we ask

0P =A(@, ¥, t, w, v, dyw — vIyP, dyw — vO;p, —1, yeh).
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Since 9; and 9; are characteristic directions for the blowup system, we perform the

change of variables

T=s+t, S=t—s, y=y, 0=0r+0ds, 0s=0d7 — Js.

The system A =0, £ =0 is then equivalent to

T+S

8Tw_asw:U(BT¢_as¢)v 8T¢+as¢=)\’(¢s Y’ 7wsU»BY72-BSs_118y¢>1

or, equivalently,
orw = dsw + (A — 20s¢p)v, Irp =—0s¢p + A.
Here and in the sequence, we note Bg=dsw — vds¢, By, =0,w —vdy¢p. The residual
equation R = 0 becomes
R=p" (@A + 39)%w — v(@r + 95)*¢ — 2(9r¢ + 95¢) (Irv + dsv)]

+255i<nD ™ [0i(Br + ds)w — v0; (91 + d5)¢p

— (3;¢) (37 + 0)v + (3;v) (Ir + 05)p] + 2p""™ (01 + ds)v

+ Ei,jgnpij[f_)izjw — vélzjqb — ((]Aﬁiéjv + (ﬁjéiv)] =0.
Using the above equations giving drw and dr¢, we can eliminate all T-derivatives of w

and ¢ from this equation R =0. It is always understood that the coefficients p”/ and 1

are taken at the point

T+S
¢,y,T,w,v,By,ZBs,—1,8y¢ .

In the sequence, to avoid any confusion, we will sometimes denote by [f] a function
taken at this point. If a function f depends also on t and is taken for r =[)A], we note
simply f. The following lemma gives the expressions for the second-order derivatives of

¢ and w (compare with [5, Lemma 2.1]).
Lemma 5.1. From the equations of the blowup system, we obtain

sl = 91 A0s¢p + 391 + 0uhdsw + Adsv + DABgy + 2D™ ' ABgs + anxa§y¢,

3y, M) = 0129y, + Oy, A + BuAdyw + Adyv + DABy, + 2D ABy s + 9,007 &,
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dr[M] = 91797 + 13:) + dAdrw + Adrv 4+ DABsy + 2D™ ' ABgs
+ (h — 205¢) (DA0yv + 2D™ 1 105v) + 9,1 (—05,¢ + 9, [AD),

dr[A]= 01101 + 3,13y®) + dyAd,h + 20:A + 3uA(Brw + 9,10,w)
+ A@rv + 3,Adyv) + (A — 235¢)(DAdyv + 2D 1dsv) + 2D™ A Bgs
+ (D + 2D™'19,1) Bsy + DA0,AByy — 05,¢9,A + 0,109,205,

025 = —02¢ + dsAl, 82,0 = —02,¢ + d,1Al,

325w = 33w + (A — 285¢)dsv + v(ds[A] — 203¢),

07, w = 05,w + (h — 2056)dyv + v(d,[A] — 205 ¢).
Here,

Bss = 03w — v33¢, Bsy = 05,w — 03,4, By =02,w — v02 8,

A=[D'A] — 3,¢[DA] — 205¢[ D™ 1]
The following lemma clarifies the equation R = 0.
Lemma 5.2. The equation R =0 can be written as

— @, D@0 + 85V) — Dacizn(@ Py v + P 4Bss + (A — 205) (3050 + d7v)]

+ 250inP" " 2Bsy, + (A — 205¢9)3yv] + Foci j<nD Byy, +1=0.
Proof. We have first
2w = 3Zpw + (A — 235¢)drv + v(dr[A] — 20%,0),

(07 + 95)®w = 4Bss + (A — 205¢)(395v + drv) + v(dr + ds)[A],

(37 + 3s)*w — v(dr + 35)*¢ = 4Bss + (A — 235$)(3sv + drv),

For2<i<n,

0;(0r 4+ dg)w — vd;(d7 + ds)p = ZBSyi + (A — 2854&)8%1).
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Hence the residual equation reads

P 4B + (A — 205¢)(3dsv + drv) — 24(dsv + d7v)]
+ 259 cn P 2Bgy, 4 (A — 205¢)dyv — (3;0) (drv + dsv) — 1y v]
+2p " 05 + 0rv) + Taci jenP? 105w — 13750 — 20;¢9;0]

+ 2%, inp" v + 17 =0.
Now, since
p=p" " 4 250D oy + 20V 0E + Dosi jenDninj + 2 2<i<np " Eni + DUEL
we have

atp: 2-L—pTl+1,n+l + 222§i§npi’n+lni + 2p1’n+1§'1,

N p=2p"" T 425, npn; + 2P 6.
The residual equation is then

— (3, P)(Drv + d5v) — Za<i=n(d} POy + P [4Bss + (A — 2054) (3050 + drv)]

+ 2552 nD ™ 2Bsy, + (A — 20593y 0] + Zaci jenD” Byy, +7=0. u

As a consequence of these lemma, we introduce 9s¢, d,¢, dsw, d,w as new
unknowns, and thus obtain a fully nonlinear first-order system in the unknowns
v, ¢, w, ds¢, dy¢, dsw, dyw, resolved with respect to the T-derivative, and for which T =0
is non-characteristic (at a point where ¢ = 0). The coefficients being analytic by assump-
tion, we use the Cauchy—Kovalevsky theorem, prescribing the unknowns on {T =0}, to

solve the system locally near the origin. At the origin, we choose of course
$p=x,=0, w=u v=U,, By=U, 2Bs=U,,;, dpp=n.

To obtain a blowup solution, we also choose d5¢(0) =0, which corresponds to A =29s¢.

Finally, we observe that the values of v on the one hand, the values of ¢, w and the values
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of their first derivatives on the other hand, are fixed at the given point. The following

simple lemma relates the functions A and q.

Lemma 5.3. The function A =[D'A] — d,¢[D1A] — 20s¢[D™"* 1] defined in Lemma 5.2 is
related to g by the formula

(3; p)A + (IM] — 205¢) D™ p=q. O

Proof. Since

p(X’ u, U’ S) = (T - )\(Xa u, Ua 517 r)))h(Xa u, U’ S)v

we obtain, taking derivatives and setting 7 = 2,

Dip=—hD’x, d,p=h.
This gives

(0;p)A=[—D'p+ 0,6 Dp+ 205$ D™ pl

=[&, D' p+nDp+ tD™! pl — (A — 295¢) D" p. .
We set F = dp¢ — dsdp = [A] — 2056.
Lemma 5.4. The first-order derivatives of F are

9sF = 95[A] — 2030, 0,F = 0,[A] — 2039,

d7F = A(d7v — dsv) + F (914 + vduh + DAdyv + 2D Adsv) — 9sF + 9,20, F. O
Proof. We have
IrF = 02¢ — 9370 = Or[A] — 2039 = 2030 + d7[A] — 20s[Al.
We express dr[A] using the first formula in Lemma 5.1, noting that

DABsy + 2D™"! Bgs = d5[A] — Adsv — 8,A05,¢ — 9110s¢p — 50:) — BuAdsw.
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We obtain

9 F = A(drv — dsv) — 0sF + 9,20, F + (A — 205¢)(DAd,v + 2D™ 1dsv)

+ 01A(07¢ — 9s¢p) + A (Orw — dsw),

which gives the formula of the lemma, using the equations on w and ¢. |

6 Proof of Theorem I.1

Lemma 6.1. In the genuinely nonlinear case, we can choose the initial values of v, w, ¢

in such a way that, at the origin,

dsp=0, 044 <0. 0920=0, 0%¢=020=0, Hess,,(ds¢)>0.
Proof. (a) We want first to ensure d;F = 9,F =0. In the new coordinates, this means
drF = 0sF and d,F = 0. According to Lemma 5.4, this is equivalent to 3,F =0 and 205F =
(drv — dsv) A. Taking Lemma 5.1 into account, we can choose the blocks Bss, Bs, and B,y
arbitrarily, impose a§¢ =0, and then choose 32¢ and 8§y¢ appropriately.

We have then 0;F = drF 4+ 9sF = (drv — dsv) A. In the genuinely nonlinear case, we
have A # 0. Using Lemma 5.2, we can choose d,v arbitrarily and then choose dsv to obtain
0 F < 0.

(b) We now compute the hessian of F with respect to (s, y) in the new variables,

using the equation on F that we write here for simplicity 9 F = g+ aF — 9sF + bo,F:

037 F = 0sg + adsF — 03F + bo3,F, 05, F = 9,9 — 03, F + b0 F,

0%F =drg + adrF — 05, F + bdj F = drg — dsg + bdyg + 95F — 2b33,F + b*0% F.
From this we deduce

0LF =E + 403F — 4b0},F + b*3},F,

E =0rg — 30sg + bdyg — ag, dsy F = 0,9 — 203, F + b0’ F.
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Hence, with arbitrary A, B, the partial hessian of F is

H = A%}F + 2AB0} F + B*02 F = A°E + 2AB0,g + Ho,

Hy=4A%);F — 4Ad},F (B + bA) + 02,F (B + bA)*.
Setting C = B + bA, we obtain
H = A*(E — 2bd,g) + 2ACd,g + Hesss ,F(—2A4, C).
It remains to compute Hessg ,F:

Bé[kl = A8§v + DABssy + 2Dn+1)\BSSS + 8n)\,825y¢ 4+
93, I = Ad%,v + DABsy, + 2D ' ABssy + 0,A05,,0 + -+

92 [\ = Ad2 v+ DAByyy + 2D™ ' ABgyy + 0,000 + - - .
and, according to Lemma 5.4
05F =03\ — 2039, 03, F =03, [0] — 203,06, 05, F =02 [0] — 203, ,¢.

Here, the dots denote terms involving at most derivatives of order 1 of v and derivatives

of order 2 of w, ¢; we also have set (subscripts do not denote derivatives!)
_ a3 3 _ a3 3
Bgss = Bsw — vasqb, BSSy— assyw — Uassy¢, etc.

We discuss now the terms in H involving first-order derivatives of g= A(drv —
dsv): the residual equation written in Lemma 5.2 shows that second-order derivatives
of v depend only on the third-order blocks Bgsgs, Bssy, etc. and on terms involving at
most first-order derivatives of v and second-order derivatives of w, ¢. We proceed as
follows: we choose arbitrarily the third-order blocks and the tangential second-order
derivatives d5v, 33,v, 32,v of v. At this point, the quadratic form A*(E — 2bd,g) + 2ACd,g
in H is fixed. Now we choose the third-order derivatives 93¢, d35,¢ and 83, ¢ to get
Hessg yF > . If o is chosen big enough positive, H will be positive definite in the original
variables A, B. [ |
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To summarize the preceding results, one can describe the behavior of

J = (35¢)(@ 1) by recalling the fundamental properties of ¢:

P(s, 7, )=(¢(s, 7,0, ¥, 1),
$(0)=0, (3:¢)(0)=0, (B$)(O0)=z, (3y)(0)=n,
(07¢)(0) =0, (35,$)(0)=0, (354)(0) <0, (37,4(0))=0,

Hesss,y (35¢)(0) > 0.

According to Lemma 6.1, the surface S={(s, y, t), 9s¢(s, y, t) =0} is given, for ¢ >
0, by an equation t = ¥ (s, y), with, at the origin,

s =0y =0, Hessy > 0.
Now, at the origin, since we chose a§¢ =0,
O (s, ¥, 1) = y(3y$) + t(3:p) + O(s|1tl + |yl 1] + ¢ + Is* + | p1).
For (yo, tp) given close to (0, 0), either the line {y =y, t = tp} does not meet S, or it meets
S at exactly two points s_(y, to) < sy (Vo, to) (equality occurs if and only if (y, &) belongs
to the apparent contour of S). In this later case, |s+|+ |yl = O(té/z). Hence, the value
x=¢(s_, W, ) satisfies x = yp(9,¢) + t(9:¢) + O(tg/z). This shows that the image @ ({d5¢p =

0}) is contained in the region x > yn + ut, except for the origin. To obtain the more

precise estimate of j in Theorem I.1, we write
P(s. y. ) = yn + t(x + 0(1) + s(h(s, y) + O(Is* + [y1*)) + O (),
where h is a positive definite quadratic form. Hence, the condition x; < yn + ut implies
s(s” + |y1*) < —at + Bl
for some constants « > 0 and B. If 2,B|y|3 <at, then s is negative and

at < 2|s|(s* + ¥ < 2(s* + y)¥?,
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which implies ds¢ > Ct?/3. If 28|y|® > «t, then |y|?> > Ct?>/® and also d;¢ > Ct%/3.

7 Proof of Theorem 1.2

First, we start with a simple lemma.
Lemma 7.1. Let F be a C? function satisfying the differential equation
ZF =g+ CF.
We assume here Z =97 + ds + bdy, and, at the origin,
g=0, F=0, 0sF=09,F=0, Hessg,F>aid>0.

Then a necessary condition for Hess F to be positive definite is Zg > 0. This condition is

sufficient if « is big enough with respect to Zg(0), (3sg)(0), (3,9)(0). O
Proof. The necessity is obvious. At the origin, the complete hessian of F, evaluated on

(&,n,7)is
H =1?03F + 21£056F + 2005, F + Ho(£, ),

where Hy is the partial hessian Hessg,F. This gives

H =1%rg — 359 + bdyg) + 2151359 + 2tndyg + Ho (¢ — 7,1 + br)

=1%2Zg+ 20sgt (¢ — 1) + 28,97 (n + br) + Ho(§ — 7, n + b1).
This implies the desired conclusion. |

Secondly, we apply this lemma to the equation on F given in Lemma 5.4, with
g= A(drv — dsv), since in the weakly nonlinear case, we have A =0. It remains to check
(3. P)Z A = ZIq).

Lemma 7.2. With Z =37 + ds — (9,1)9y,

Z[q] :Q"F 2BSSCn+1,YL+1 + 2BSYici,n+1 + %BYiiji].' D
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Proof. The exact quantity we have to derive is
[q]zq(¢’ Y7 (S+T)/z’wavaY7ZBSa_158Y¢7[)"])5 BS=8Sw_v8$¢a By=8yw_vay¢
Hence

Zlgl=0:9Z¢ + (3,Q)Zy + 3:q + 3.gZw + D'qZv

+ D'qZBy, + 2D" qZBs + (3,9) Z(3y¢) + 8.qZ[A].
Since A is homogeneous in & of degree 1,
Z¢=0r¢ + dsp — 010y =1 — (9yp)0yh = —0; 1.
Using the equation on w

Zw = 295w — (3,1)d,w,
Z(0yw) = 205,w — (3,102 w,

Z(0sw) = 203w — (9,1)05,w.
Similarly,

Z(Bsp) = 205¢ — (3,1)95,0,

Z(3y) = 205,90 — (3,1)07,6.
This gives us

ZBs=2Bgs — (an)\)BSy - (8S¢)ZU’

ZBy,=2Bg, — (3,.)Byy — (3,¢) Zv.
We can alternatively write

Z(3y$) = dyIa] — 8,102,¢9 = 1Ay + dy + duAdyw + D'AByy, + 2D" 1A Bg,.
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Finally, we need

Z[M] = 8r[A] + 3s[Al — (3,2)8,[7]
= Adsp + 39e) + (3ur)dsw + D'ABgy, + 2D" A Bgs + anxaqus
+ 01207¢ + 39, + 9107w + D'ABsy, + 2D™ A Bss — (3,203,

= A1k + 3¢k + 2805w + 2D'ABgy, +4D™ ' ) Bgs.

Using all these expressions in Z[q], and using the alternative version of Z(d,¢) for the

coefficient of 9, g, we get

E =—0;101q + (011)(09)3,q + (9y1)3,q — 9yqd A + 0:q + (3u1) (0,q)dyw
+ (205w — 3,Ayw)dug + d: (A1 A + dh + 205wy M),
ZIg)=E + (Zv)(D'q — d,¢D'q — 205¢ D' q) + 4Bss(D™"'q + D™ 19.q)

+ 2Bgy, (D'q + D'2d.q + D" 1diq — D™ qdL 1) + By, (D'Ad]q — D'qd]n).
Recall now that the values of v, B, and Bs have been chosen in such a way that
v=Ui, By=U, 2Bs=Up1, Opp=n, Jdsp=2/2.

This gives us

opw="U; +Un;, 20sw="Up1+ AU;.
On the other hand, since g is homogeneous in & of degree 3,
70:q + 0yd,q — 9,9 =3q =0.
Hence we can write

E =—0;701q + 0110} q + dy19,q — 9yqd,A + 0:q + 0:Ad:q + G,

G = (3,0 (U3,q + Uns10:q + U193} ) + (3uq) (Unsr + AUy — 0M(U; + Urny)).
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Since A — 7;9)A = —0} 1, we get finally
G = (0u1)(U0q) + (0u9) (Ups+1 — Uiaﬁ)» -0 3§)»)~
To compute Zv, we use the equation on v, which gives
(3; p)Zv =4Bssp" ! + 4Bg, P! + By, + 1.
It remains now to multiply ZIgl by (9, p), and use that, for any derivative 9,
(9. P)3% = —p.
We obtain
(0: P)G = —(0up)(Ud:q) + (3uq) (Unt19: p+ Uid} p+ U1} p) = (0uq) (U p) — (0uD) (U d:q).
The remaining terms in E become, after multiplication by a, p

9199} p— 013} q + (3:9)(3: p) — (3;:P)(3:q) + dyqd, P — dyPd,q = {P. q}.

Distributing the terms of Zv, we get the desired formula. |
Finally, according to Lemma 3.7, since & = —1,
cli— Z %.jcij’
j=2
hence

cll = Z%‘Clj — Z SiEjCij.
j=2 2<i,j

This shows that if the coefficients C, C¥ are not all zero, then the coefficients C, C¥ for
2 <1i, j cannot be all zero either. Hence the formula of Lemma 7.2 allows us to choose
Bss, Bsy, and By, such that Z[g] # 0. Hence, ZA # 0 and it is possible to adjust the sign of
drv — dsv to obtain Zg > 0. Since we know from the proof of Lemma 6.1 that it is possible
to choose the third-order derivatives of ¢ to get Hessg, F as big as we want, we finally
obtain Hess F > 0.
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To summarize the preceding results, one can describe the behavior of

J = (3s¢)(@ 1) by recalling the fundamental properties of ¢:

D(s,y, t)=(¢(s, 7. 1), ¥, ),
#(0)=0, (3¢)(0)=0, (P)(0)=1, (Byp)(0)=n,

3(3s$)(0) =0, Hess(ds4)(0) > 0.
To prove j > C|x|? is to prove
0sp(s, 7. 1) = C(@*(s. y.t) + ¥ + 1.

But ¢ (s, y, t) = O(|s| + |y] + |t]), so this is obvious.

Part II: Blowup at Infinity for Second-Order Equations

We use here the results of Part I to discuss blowup at infinity for an equation in R x
[0, +o0ol (with x5 = 1)

Ou+ Q(w) =0, Q(w) = Q3w+ Q3z(w) + Qs(w,
where

Q2(u) = g5 (3, W (92,
Q3 (w) = g5""* (3, W) (D51) (92, ).

Qa(w) = g5 (8, W (35w (I w) (35 ).

Here, the coefficients g are real constants with the obvious symmetries in the indices,
and

00y __

00y
9 =

00y e
fo =0.

9a

This last condition means that we normalized the coefficient of 32 to be one. We could

have included higher order Q;(w) as well (i > 5), but these play no role in the discussion
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of blowup at infinity. We assume that g, (and only g») satisfies the null condition
2= &= go(6) = g5 ks, = 0.
For X=(Xo=T, X, X5, X3) we define the functions
93 =G5 X Xp X, X5, 9a(X) =g Ko Xp X, X Xe.

8 Some Results and Notations from [8]

Let up and w; be two C§° functions of x vanishing for |x| > M. We take f > 2M and

consider the Cauchy problem
Uu+ Q(w =0, ux t)=u(x), (@w(x t)=u(x).
The solution vanishes for r > M + t — ty, hence its support is contained in
I'={(x,t) eR%, t* > |x|%).
We use in I" the conformal inversion I defined by
X t
e TTTeoe
Note that I? =idand I(I") = I". We set

Ko=2TS— Ady, K;=2X;S+Ad, A=T*-R, Xo=T, S=Tir+» X

The fields Ky, K; are the image under I of d;, 9;. To a function u= u(x, t) we associate the
function v =v(X, T) defined by

WX, T)=wl)(X, T)=(T? — RHv(X, T).
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We have then the relations

(Bow(I) = (T?* — RHK,v, Ky = K, + 2X,,

Ov = (T? — R>)2Tuw().

The function ubeing the solution of the above Cauchy problem, the function v is the C*°
solutionin 7 ={(X, T), To < T <0, |X| <|T|} of the Cauchy problem

Ov+ Q) =0, v(X,T)=v(X), @)X, To)=v1(X), To=—1/t.

Here, Q is a nonlinear expression that we shall compute, and vg, v; are C* functions
compactly supported in | X| < |Ty|.

The fundamental question of [8] is this: is v smooth up to the boundary of 77?
If this is the case, we say that no blowup at infinity occurs for u, and that u has
a free representation. In this case, u is also stable. If v is singular at some point
mo = (Xo, Tp), | Xo| = —Tp of 37, we say that u blows up at infinity; in this case, it seems
that uis not stable, though this is only a conjecture.

Now arises the question: is it possible for v to have such a singularity on 97 7? It
could be, in fact, that, because of the special structure of the new equation on v that we
shall examine soon, the smoothness of the data implies automatically v € C*(7). This is

the case, for instance, for the very special example
Du+ @w? — ) (3;w* =0,

as discussed in [8, Section 5.1].
To answer this question, we will use the results of Part I to construct explicitly

solutions v which blow up at the boundary of 7.

9 The Equation on v

Lemma 9.1. The new equation on v is

v+ Q) =0, Q(v)= Q2(v) + Q3(v) + Qa(v),
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where the nonlinear expressions Q; are

Q2 (v) = 4[2A(X)(Sv + v) + Y1v]1S*v + 4(Sv + v) Y2 Sv

+ 2A(Sv + v)(g5"" €aep X, 02) + 4AY3Sv + O(A?) +12(X, v, ),
Q3(v) = 16g3(X)(Sv + v)%(S*v + 3Sv + 2v)

+ 16A(Sv + v)(S?v + 3Sv + 20)[g5""° X, X X, €505 v]

+ 8A(Sv + 0)2[g57° X, X5 (Yup S + Yapv + €480 (Sv + 1)1 + O(A?),

Q4(v) =32A94(X)(Sv + v)3(S%v + 3Sv + 2v) + O(A?).
Here, we have used the notation from [8]: ¢, is —1 for « =0 and 1 otherwise, and

AX) =2g3°X;. Vi =03 Xy Xpe,d,.

Yo =205 €, X3X, 00, Ya=g" €ue, X5(d,v)0,.
It is proved in [8] that the fields ¥; and ¥, are tangent to the boundary {|X| = —T]}. O

Proof.
(a) The formula for Q, is taken from [8].
(b) Since d,uis transformed into AK,v, 92,uis transformed into AK,Kgv. Hence
Q3(w) is transformed into
A% geP" (R, v)(Ksv) Ky Kpv.

Since

K, Kgv=4X,X5(S*v + 3Sv + 20) + 2A(¥,pSv + Yopv + €4,8,5(Sv + v))

+ O(A?), Yup = €, X5y + €5 X005,
we obtain the desired formula for Q; and Q. |

Let p», p3s, po be the principal symbols corresponding to the expressions

Qz, Qs, Q4, so that the principal symbol p of the equation on v is p=1% — ||+ p, +
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D3 + pa. The first-order terms corresponding to the expressions Q,, Qs, Q4 are denoted
by ry, r3, 4, so that the first-order terms r in the equation for v are r =, + r3 + ry. Accord-
ing to the general theory of Part I, we note g; = £ D p;, so that ¢ =g, + g3 + g4. In the fol-
lowing lemma, which gives the expressions of all these symbols, we keep dv instead of

V for clarity.

Lemma 9.2. With t =&, asusual and s=)_ X,&,, 1» and y; the symbols, respectively, of
S, Y, and Y3,

P2 =4[2A(X)(Sv + v) + Yivls? + 4(Sv + v) s
+ 2A(Sv + v)(g5" €uep X, bubp) + 4AYss + O(A?),
D3 = 16g5(X)(Sv + v)?s% + 16A(Sv + v)s[g5""° X, X5 X, €5950]
+ 16A(Sv + v)2s[g e, X5 X, X514+ O(A?),
P2 =32Ag4(X)(Sv + v)%s* + 0(A?),
G =Ags, G2 =2AX)s(x* = Y EH + 0(),
qs = 3295 (X)(Sv + v)s* + Ads. Ga = 165° (95”7 X X X, €050)
+1652(Sv + v)(g37"° Xo Xp X, €565) + 3252 (Sv + 0) (93 €uu Xp X, X5) + O (D),

qa = AGs, Ga = 9694 (X)(Sv + v)*s° + 0(A).

Note in particular that the boundary {|X|=—T} is characteristic for the linearized

operator on v. 0

Proof. The formulas for p; follow immediately from the expressions of Q; given in
Lemma 3.2.

(a) From the expression for p,, we get

G2 =8AX)S® +45°(y1 + y2) + 2A5(9y" €wep X, Eubp) + 4AS(5"" €ubu Xpey£,) + O(AD).
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The computation of y;3 + y» has been done in [8] on R=—T. We do it here in general:

n+n ZQgﬂyXaXﬁGVSV + ZanﬂXaXﬂeyéy

= —1(95"° X X5 + 295 Xu Xp) + (05" Xu Xy + 2957 X, Xp).
The coefficient of —7 is, using [8, Lemma 1.2],
4g90TX; + (g5° + 2907) X, X; = 2T A(X).
The second sum is

AE)(T? — R?) — 2A(X)(X - £) + 2TIg°6: X + (627 + g2))& X ]

= A()(T? — R*) — 2A(X)(X - &).

Hence

n+rn=-2AX)s+ AAE).

Now

9577 eutuleptp X, + 2Xpe,8,) = —2TTAE) + T2 AX) — 2795 & X; + (957 + gy & X,
+ T(95 58 + 2957 &i€)) + 956 Xic + 29 €:51.X

=—24®)s + AX) (2= Y &7).

This gives the formula for g,.

(b) The formula for gz and g, follow easily from the expressions of p; and p,. W

10 Main Results

We first give the blowup results for the equation on v, as explained in Section 9. We then

comment how these translate to give information about the equation on w.

GTOZ ‘€2 AN uo AusieAlun dnue iy epLioj] e /6.10°Sfeuinopioyxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

5390 S. Alinhac
10.1 Blowup for the v-equation

In all following theorems and corollaries, we fix a point m® = (X°, T°) of 97 with
R +T°=0, T°<0, X)#O.

The constraint X 0 is purely technical, and correspond to the fact that we choose to

have X; play a special role in the blowup constructions.

Theorem 10.1 (genuinely nonlinear case). Assume that there exists a point
m=(m° v, V,& 1) such that p(m)=0 and gs(m°)(Sv+v)s#0 at m. Then one can
construct a solution v of the equation (v + Q(v) =0 in a neighborhood V of m° in
{|X] < —T}, so that

(i) veCl(V), and v e C* away from m°,
(ii) the point m° is a hyperbolic blowup point for v,
(iii)) v”"=S/j+ R, where S is symmetric of rank one, and S and R are C*. The
function j vanishes only at m°, and j > C|T° — T| for T < T° while j > C|T° —
T|?/® for T > T°. O

Remark 10.2. The expression “m° is a hyperbolic blowup point for v” means that

(i) the linearized operator on v is strictly hyperbolic with respect to T,
(ii) mO°belongs to a domain of determination of a compact portion of some hyper-
surface {T = T'} (T! < T°) on which the Cauchy data of v are C*.

This theorem follows from an application of Theorem I.1 to the equation (v +
Q(v) =0 at the point m®. The precise description of the way j vanishes at m° follows

from the proof of Theorem I.1. O
Theorem 10.3 (weakly nonlinear case). Assume gs;(m°) =0. Set

c=8A(X)s* (1% — [£]?) + 1285*(Sv + v)?Ya(gs) + 64s*(g5""° X, X X, €505v)
+6453(Sv + v) (g2 X, Xy X, €5E5) + 38457 g4 (Sv + v)?

and assume that there exists a point m = (m°, v, V, &, 1) such that p(m) =0 and c#0 at

m.
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Then one can construct a solution v of v+ Q(v)=0 in a neighborhood V of m°
in {|X| < —T}, so that

(i) veCl(V), and v e C* away from m°,
(ii) the point m° is a hyperbolic blowup point for v,
(iii) v”=S8/j+ R, where S is symmetric of rank one, and S and R are C*. For
some C > 0, d being the distance to m®, j>Cd? and j~ Cd? on some curve

reaching the origin. d

Corollary 10.4. Assume only quadratic terms are present (Qs= Q4=0) in the u-
equations. Assume that there exists a point m = (m°, v, V, &, 1) such that p(m) =0 and
A(m®)s(t? — |£|?) # 0 at m. Then the conclusion of Theorem 10.3 holds. O

Corollary 10.5. Assume g3(m°) #0. Then there exists a point m = (m°, v, V, &, 1) satis-

fying the assumptions of Theorem 10.1. O

Corollary 10.6. Assume g3z(m®)=0. Assume that, at m° the fields Y¥; and
nsggﬁVSXaXﬁXyeaa,; are independent. Then there exists a point m = m° v, V, £, 1)

satisfying the assumptions of Theorem 10.3.

Corollary 10.7. Assume only quadratic terms are present in the u-equations. Assume
A(mP®) #0. Then there exists a point m=m° v, V, &, 7) satisfying the assumptions of
Corollary 10.4. O

10.2 Blowup at infinity for the u-equation

It is tedious to completely translate the results of Section 10.1 about v into results
about u. However, we will translate the assumptions of Corollary 10.5-10.7 and describe
roughly the corresponding behavior of u at infinity.

First, for given o°, 0, let us define the “point at infinity” m% in x-polar coordi-

nates as

a):a)o, to—rozao, t = +o0.

We say that m — m2, if

w—>w, t—r—o, t— 4o0.
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A neighborhood of m?, is defined by
w—a’|<Cy, |t—r—0<C;y t>Cs.

Theorem 10.8. Let m%, be a given point at infinity, and note wj = —1. Assume that one

of the following three assumptions is true:

(i) gs(@® —1)#0,
(ii) g3(w® —1)=0, A(@°, —1) # 0 and the fields

Y = g% 00000

1/1 :ggﬁngwgey 8)/1 93 a)aa)ﬂa)ye,gag

are independent,
(iii) Q3= Qs=0and A(w°, —1)#£0.

Then there exists a C*™ function u defined in an appropriate neighborhood of

m?,, such that

(@) uand duhave a free representation
1 1
ux,t)y=—F(r—tw,1/r), @uwxt)=—-F,(r—tw,l/r),
r r

where FeC!, F,eC%uptoz=1/r=0,

(b) For some continuous a# 0 and B,
/ 1 1 t
u(x, t) = ;;(aw w-+ 0(1/r)) + B/r,

where j(m) >0, j(m)— 0as m— mZ,,
(c) wuis in the domain of determination of a hyperboloid for which the Cauchy

data of uhave a free representation.

The behavior of j at infinity depends on which of the assumptions (i), (ii), or
(iii) is made; these assumptions correspond to the assumptions of Corollary 10.5-10.7,

respectively. O
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Remark 10.9.

(i) The property (c) in Theorem 10.8 is a rough way of translating the fact that v
has a hyperbolic blowup at m® with smooth data, as pointed out in the proofs
of Theorems 10.1 and 10.3.

(ii) The function j in Theorem 10.8 is, with the notation of Section 10.1,
J() = (0sp)(@7 ). ]

10.3 Null incomplete geodesics

We believe it interesting to look at the metric corresponding to the linearized u-equation,
to see if blowup at infinity for u is related to the existence of some incomplete null
geodesic. It turns out that the u-blowup corresponding to the strong v-blowup asso-
ciated with a weakly nonlinear point (as in Theorem I.2) is connected with such a

geodesic.

Proposition 10.10. Let the solution u of Ou+ Q(u) =0 correspond to a solution v of
Ov + Q(v) = 0. Assume that v blows up at the point m® as in Theorem 10.3. Then there
exists an incomplete null geodesic for the metric associated to the linearized equation
of Ou+ Q(w) =0. O

Proof. (a) We denote here the v-equation by p” al?ju +r=0, and use the notation of
Section 5. First, we observe that the bicharacteristics for the linearized v-equation
are not well defined in a standard way, since v is not C2. However, once v is
constructed by the procedure explained in Section 5, the linearized operator on
v corresponds, by the change of variables &, to the linear operator with prin-
cipal symbol (3s¢)"'q, with q=0d¢p7&E; —2p¢;E;¢c, where ¢ is the dual variable
of s.

We investigate the null bicharacteristic of g starting from a point (0, ¢°, £°) with
c0£0, p &E? =0. Denoting by a prime the derivation with respect to the parameter, we

have

(0s9) = (92¢)s + (35,0 Y + (954)t =0,

(05)" = (02d)'s' + (02,8) ¥ + (05¢)'t,
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(9s¢)" = Hess(35¢9)(s', ¥/, t).

Since s'=0 but t' = —2§p"+1’i¢3i #0, we have (3;¢)” > 0. If we denote by X (o) the bichar-
acteristic curve for the symbol g, and by Y(o2) the bicharacteristic curve for (3;¢) 1q,
we have X(o7) =Y (¥ (01)), with %”1 = (3s¢)(X(01)). This gives ¥ (07) = co + O(oyt). Since
X(01) = X%, + O(c2), we finally get Y(o,) = Y00,”° + 0(07").

1/3 2/3

(b) The image by @ of the curve Y(o3) is a curve W(o,) = WOUZ + O(0,""), with
W' =@'X° = —20(Zj22 07 4idj, D).

Note that W° 0.

c. We return now to the u-equation. The transform ¢ by conformal inversion of
the symbol ¢ of the linearized equation on uis related to the symbol p of the linearized
equation on v by the formula ¢ = A%2p, A = R* — T2. The null geodesic W(o,) for the lin-
earized v-equation and the null geodesic Z(o3) for { are related by Z (h(o2)) = W(o,) with

2/3

(% = A"2(W(oy)). Since A(W(oy)) = Aoazl/s + O0(0,"), [% is integrable, hence the geodesic

is incomplete. u

11 The Genuinely Nonlinear Case

Theorem 10.1 is an immediate application of Theorem I.1, taking into account the
expressions of gz, g3 and g, given in Lemma 9.2. To prove Corollary 10.5, assume that
at the given point m®=(x°, T°), R°=—T?, g3 #0 and X} #0. We choose 1; = —X}/X}.
We have to select the root  in such a way that s# 0. Since the values of v and dv are
at our disposal, we can take them small enough (with Sv+ v#0) to make sure that
Ov + Q(v) is hyperbolic with respect to T and that t is close enough to +|£|. We have
s=—R%% — (R")?/X?, and |&| = R/|X}|, hence s = —R%[t + (sgnX?)|£|]. So, we choose t of
the same sign as X? The constructed blowup solution exists for T < T° and, for T > T°,

according to Theorem 1.1, in the region

Xy — XY+ (/X)) (Xi — X)X < (T — T°).

2<i

This region contains a neighborhood of m® in {|X| <—T}. Since the boundary 97 is
characteristic for the linearized operator on v, we do have a hyperbolic blowup at mP°.

The behavior of j follows from Theorem I.1.
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12 The Weakly Nonlinear Case

We assume now g3(m°) =0, s # 0. Hence g = 0. We need to examine the coefficients C and

C' at the point under consideration.
Lemma 12.1. At m©, all coefficients C¥/ vanish. The coefficient C is
C =8A(X)s?(t? — [£]?) 4 1285*(Sv + v)?Ya(gs) + 64s*(957"° X, X4 X, €505v)
+ 645 (Sv + v)(g3"° Xy Xp X, €565) + 3845 ga(Sv + v)2.
Proof. The function g is the sum of three functions; g, and g, contain the factor A, and
@3 is a linear combination of g; and A. Since g3 = A =0 at m°, all derivatives of g with

respect to either U or £ vanish, hence all coefficients C¥ vanish. Similarly, C ={p, q}.

Hence

C ={p, ANGz + @3 + Ga) + 328> (Sv + v){p, g3}.

Now

{2 — |&)%, A}=4TT+4Z§L‘X1‘=4S,
and, if Z is a vector field tangent to R+ T =0 with symbol z, {z, A} = Z(A) = 0. Hence

(D2, A} =4[2A(X)(Sv + v) + Yivl{s?, A} + 4(Sv + v){yzs, A} =0,

{p3, A} ={ps, A} =0.

Also

{r? — &%, gs) =2(zrgs — Y _ £iigs),
{P2. 3} = 4[2A(X)(Sv + v) + Yivl{s®, g3} + 4(Sv + v){12S, g3},

{p3. 93} =1{ps, 93} =0.
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Finally, if fis a homogeneous function of degree v, {s, f} =vf, hence

{s*, gs} = 2s{s, g3} =893 = 0,
{128, g3} = 42093 + s{y2, g3} = sY2(g3),

{2, g3} =4(Sv 4 v)sYz(gs).

Since

3095 = 2[g5""° + g5"*“1X5 X, Xs,

we see that

{22 = |£1%, g3} = —4lgs”"’ + gl len6u Xp X, X5 = —4(I + I1),

Gs = 165%( o’ﬂy(SXaX X, €5050) + 165%(Sv + v) (21 + II) + O(A).
q 93 By
Hence

4535 + 325° (Sv + v){p, g3} = 1285*(Sv + v)?Va(gs) + 645 (g5 X, X3 X, €5050)

+64s%(Sv + v)II.

This gives the desired formula. [ |

Theorem 10.3 follows immediately from Lemma 12.1 and Theorem I.2. We now
prove Corollary 10.6: according to the assumptions, we can choose V such that, at m,
Y1v#0 and Y3v = 0. We choose then v such that Sv + v =0 at m. Thus

p=1%— > +4(Viv)s®, C =8As*(r* — |&|*) + 64s*(Yav).

As in the proof of Corollary 10.5, taking ¥ small enough, we can choose (3, r) such that
p=0 and s # 0. Then

C =8s*[8(Yav) — A(Yyv)] = —8s* A(Yiv) #0.
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The case of Corollary 10.7 is not included in the assumptions of Corollary 10.6, since
g3 =0.If V] is not zero at m®, we take V with Yjv # 0 and then Sv + v =0. Thus

p=1"— £ +4(v)s®, C=84s*(r* — &%),

As before, we can choose m such that p=0, s# 0 and then, automatically, C #0. If ;

vanishes at m°, we get

p=12— |12 +4s(Sv+ v)[As+ p], C =8A4s*(t? — |£]%).

We know from [8, Section 5], that y; + y» = —2As. Hence As + y», = —As. We take (v, V)
such that Sv + v # 0 but small enough, so that we can solve p=0 with a root (1, z) for
which s+ 0. Then C # 0 and this finishes the proof.

13 Proof of Theorem 10.8

Set wp = —1, w; = x;/r as usual. If m® = (X°, T°) satisfies R®=—T?, then X° = —T%,, so
that the values at m° of all coefficients and vector fields which are homogeneous in X

can be deduced from the values at »°. On the other hand, since

T—-R
R

o=r—t=(T—R', w=w, z=1/r=(T+R)

)

the functions (o, w, z) are local coordinates close to m®, for which z=0 describes 97.
Hence, the fact that the constructed function v is C! reflects in the fact that v and d,u

have continuous (up to z=0) free representations
1 1
ux,t)=—-F(o,w,2), (WX t)==Fy(0o,w,2).
r r

From the theory of Section 5, we see that

Osv
2 sUpe
(0pv) = 5 b'b+C,

where 9,, b and ¢ are smooth, ds;v #0, b= q3 Now

(2u)(I) =4AX, X3 S%v + O(A?).
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We have

1 A oA 1 A
Sv= 552 XaXpbuty + C° = 52 (s(8))* + C°.

By construction, we arranged s(¢) #0 at m. Hence
i a t
u' = r—j(a) w+ O0(1/r)) + B/r,
with a # 0, where by an abuse of notation, j = j(I).

Appendix: The Case of First-Order Systems

In this appendix, we present the concept of weakly nonlinear point in the framework of
a first-order general system. We also state and prove the analog of Theorem 1.2. We post-
poned this part at the end of the paper in order not to interrupt the natural continuation

between Parts I and II.

Notation

We consider in R”"! a first-order quasilinear system

Lw= A" (x, wou+ »  A(x wu+ B(x, u)=0.

1<i<n

Here, the coordinates notations are the same as in Section 2, u=w(x) = (u, ..., uy) € RY,
the matrices A’ are smooth real functions of (x, u), B is a smooth real vector in RY. Note
that it is natural to index the u-coordinates below, since the reduction in a scalar wave
equation in some unknown v to a system is done by setting u; = 9;v. According to this,

we vectors in Rﬂ’ will be indexed above, etc. We set

Axu = ) Axuwé.

1<i<n+l

Let m=(x,u§).§ =—1 such that A(m) has a simple eigenvalue A =0, with associated
left and right eigenvectors r, £. For m close to m, let A(m) the small eigenvalue of A(m)
with A(m) =0, and r(m), £(m) be the associated right and left eigenvectors, normalized
to satisfy r = 1. We assume ‘LA™ !r £0 at m.

We complete r into a basis of R by vectors rk2<k<N: similarly, we assume

that we can choose ¢¥, 2 < k< N such that t¢¥A(m) complete ¢ A*! into a basis of RV,
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Note that the system we consider is not necessarily symmetric (since the sym-
metry is destroyed by the change of unknown functions, Lemmas A.3 and A.6 would
not make sense). For a symmetric hyperbolic system, that is, with A""' >0, we can
take ¢ =r, (¥ =7k, and ¢ A" 'r # 0 and the other assumptions are automatically verified.
We denote

O, =0y, 0f=0.

Some nonlinear invariants

Definition A.1. The function q(x, u, &) associated to the symbol A is defined by
q(x, u §) = (r- Vuh)(x, u. §). -
This definition is obviously inspired by Lax [13].
Lemma A.2. The function g is invariant under the change of coordinates. More pre-

cisely, if y=¢(x) are the new variables with dual variables n and u=v(¢), the function

G corresponding to the new system L (v) = 0 is given by

Gy, v,m) =q@ (), v, "¢ @ (¥)n). O

Lemma A.3. The function g is invariant by the change of unknown functions w(x) =

¢ (x, v(x)). More precisely,
Q(X, U’S)ZQ(X’ ¢(X7 U),E). D

Definition A.4. Associated to the system, we define the vectors
ci=",c?,...,cNy, 1<i<n+1
and the function C by

CH = (9;M)(raug) — (05q) (rduh) — (LAT)(rdug),
C™ = ({0 (r*aug) — (9}q) (r*auh) — (LAT)(rdug). k> 2,

C=1{1q) —"UBrag.
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Here, { f, g} is the usual Poisson bracket

{f. g} = (0 ))(0x9) — (9:9) (0 ). -

Lemma A.5. Under the change of variables y=¢(x)

CU=> ue'cY, C=c. O

Proof. Since
dli=0;0'0/n, A=Y 0;0'Al,

the formula for the C¥ is immediate. The invariance of C results from the invariance of
the Poisson bracket. [ |

Lemma A.6. Under the change of unknown function w(x) = ¢ (x, v(x)), if we define 7 =

(@)~ (x, wT¥,

for some coefficients «;;. O

Proof. Through this change of function, the &-derivatives do not change, and the fields
rkd, are invariants. Since ¢ = (¢!, the scalars *¢ A'r* do not change either. This gives the
result for C/. Now

dih = 0k + dp; 05N,

and similarly for g. Hence

g =g +1,

I = (3;)3:;059 — (3;Q) ;0.
If we express the j basis vector e/ in RY as e/ = g/r¥, we get

1=Y @ppic™+ (Y aj'eaie) ro.q).
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Now, the additional term in B gives

UB="B+) A (@Hpe). ]

Lemma A.7. We have, at a point m where p=q =0,

(i) Foralli,l<i<n+1,Cl=0,

(i) Forall j,1<j<N,&CU=0. 0

Proof. Since (A— A)r=0,
(A—N@fr) + AT — (3i)r=0.

Multiplying to the left by ¢, we get {0 Air = ng, which proves (i).
We have

§CY = (r10.0) &0 — (o) G0k — rou) (‘) &A1,
Taking into account the homogeneity in & of A and g,

E0iA=1=0, &diq=0,

and also, by definition, ¢ A=0. [ |

These invariance lemmas lead us to introduce the following definitions.

Definition A.8. A point m = (x, u, §) is a genuinely nonlinear point if

p(m)=0, q(m)=rd,r)(m)#0. O

This definition has been introduced by Lax for the case n=1.

Definition A.9. A point m = (x, u, §) is a weakly nonlinear point if

p(m)=0, q(m)=0

and the coefficients C¥, C are not all zero. O
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Note that this definition does not depend on the choice of the vectors rk k> 2.
This concept seems to be new in the literature. Recall that it is invariant under the

change of coordinates and unknown function.

Examples and comments

e The simplest example is the 1D scalar (N = 1) Burgers-type equation
diu+ c(x, t, woxu=0.

Then g =£0,c, and
C =§&(0; + €0x)(3,0).

A weakly nonlinear point is thus such that
0uc=0, (9; + €0x)(9,) # 0.
e Consider now a 2 x 2 system in 1D in diagonal form

oty + A1 (woxuy =0,

8tu2 + )\.z(LL)aXUQ =0.

Assume for instance that T + A1 (W& =0. Then A =7 + A1 (W, and g =£9,1;. We

have then

C?=£r0%0, CHP=E3%0.

Hence a weakly nonlinear point, characteristic for the first mode, is such that
a =0, 8%r #£0.

As for the case of a scalar second order equation, we have C¥ = Z¥q, where
the fields

Z9 = 9iarka, — (rfaun)al — (CLATHro,

are vertical fields tangent to {* =0} at a point where A =g =0.
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Blowup for quasilinear systems

Theorem A.10. Assume that m (with x=0) is a weakly nonlinear point for the system
under consideration. Then there exists, close to the origin, a solution of L(w) =0 such
that

() ueC?and ue C™ outside the origin,
(i) u= f + R, where S has rank one, R and S are C*. For some ¢>0, j> c|x|?

with j~ c|x|? on some curve reaching the origin. |

Proof. The proof of this theorem is of course very similar to the one of Theorem 10.3.
However, we give it here completely, for the convenience of the reader.

(a) Let us go back to the general theory, analogous to but simpler than the cor-
responding theory sketched in Section 5. We follow here, with some modifications, the
notations and the approach of this section. First, note that, close to m, A = 0 is equivalent

to T = u(x, u, &, n), since

L A(m) =AM r£0

by assumption.
With ¢ (s, y, t) and @ as before, we set

wo(s, y, 1), v, ) =v(s, y, b).

Hence, with the same notations for 3 and @,

OsV

(Qw)(P) = dv —¢38 -

The new system is
—(35¢) i A (¢, v, t, V)3sv + A(¢, Y. t, v)3v + B9, ¥, t, v) =0.

We impose now the eikonal equation A(¢, y, t, v, —1, 3,4, 9;¢) =0, which is equivalent to

8t¢ = M(d)v Y t, v, _1a ay¢)
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Multiplying to the left successively by *4(¢, y. t, v, $) and “¢¥, we obtain the equivalent

system

t[A'9;v + Bl =0,

YA, v, t. v, §)osv — (95) FAIDv + B1=0, k> 2.

Using now the new coordinates T=s+t, S=t — s, we obtain the N + 1 x N + 1 blowup

system
drp + ds¢p = u(p, v, (S+ T)/2, =1, dy¢),
LA™ (9rv + dsv) + Y[AB,v + Bl =0,
LR A(drv — dsv) — (dr¢p — sp) KA D, v + A" (dpv + dsv) + Bl =0.
Defining

f="2[Ald,v + 24" v + B,

we rewrite the last N equations as
M(drv — dsv) = (= £.9). §° = (Or¢p — dsp) " TA'dy v + A (v + dsv) + Bl, k=2,

where M is the N x N matrix with lines (*¢A™!, t¢¥A). Note that, by construction, this

matrix is invertible at m, and that
Mr= (A "r,0,...,0).

One can solve the blowup system using the Cauchy-Kovalesky theorem, with arbitrary

analytic data on {T = 0}, satisfying

v(0)=2v,¢(0)=0, 3,4(0)=n.

We carry out the analysis just as in Section 5, setting F(S, y, T) = dr¢ — ds¢. Straightfor-

ward computations on the eikonal equation give then

ZF = BTF + 35F — BnuayF = Fall,L + (8uM)(BTU — st).
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We choose ds5¢(0) =2 = 27 to get F(0) =0.

(b) In accordance with Lemma 7.1, we now compute Z[q] at m, where

[gl=q(@. y, (S+ T)/2,v, =1, 3y, [u]).
We have first
ZIql = 192 ¢ + 3,92y + 9q + 0.qZv + 3.qZ (3, ) + 3.qZIu].
Next,

Z¢=—0}p,
Z(0y¢) = dylul — agua;yp
= 01 L0y, + Oy b + Oty v,
ZIpul = =0} o — Oype) (y10) + dept + dup Zv + (3y10) (D1 10y + ypt + uprdyv)

= 01+ Begt + ButZv + (8y11) (Bupt)dyv.

Hence, since g =0 at m, we get at m

ZIql = —0; u01q + 01149; q + 9,90y — dypdyq + 0:q + 9:qO 1L

+ 0ugZv + Ouul(9,q 4 0:q, )3,V + 0:qZ V).

Now, inverting M, we obtain at m

f

8TU — 851} = —mn

hence

f

2V =iy

r+ 20sv — 0, udpv.

(c) Since A(x, u, —1, n, u) =0, we get, for any derivative 9,

(M) = —dA.

5405
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Hence, remembering that 9,1 = ¢ A" r,

(0:1)Zlgl ={A, g} + E(3ug0: A — 0ur0:q) + (3,20ug — 9,q0uA)Dyv,

where
E = 2351) — f r.
O\
Now, using the explicit expression of f,
LA, v+ B tg ALY
Ee— 20Vt B o (g0 — r 205V
0 A 04

Decomposing dsv and dy,v on the basis r, rk

dsv =ar + axr®, dyv = Bir + Bur”,

we have

tg AT+
dsv — ra—,\sv = (0, 1) o (r€o, 1 — rte AR,

(8)28uq — 8,q8uh)dyv — LA D, v (rduq) = (rduq)Bi (3,1 — “LA'T) + Birld2r*Dug

— 3l qrio i — (raug) CLATR).
To summarize, using the notations of Section A.1, and noting that 8};% =t Alr

(0 M)ZIql=C + Z BirC* + a%akC”H'k.
2<i<n

(d) We proceed now as follows: according to Lemma A.7, the assumption of the
theorem implies that the coefficients C and C¥ (i from 2 to n, k from 2 to N) are not all
zero. Hence we can choose dsv, d,v, more precisely the coefficients oy and g;, B, to get
ZI[ql # 0. After that, we choose 8§¢> arbitrarily, and then 8§Y¢> and 8§¢> such that

9sF = d,F =0.
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Since (3rv — dsv)d A vanishes at m, this implies also 97 F = 0. Inverting M, we obtain with

an irrelevant coefficient *

f

_tgAn-Hrr +*F,

BTU — agv =

hence, since F has a critical point,

Z[(0rv — dsv)duul = Z [—a%fﬂuu]

_f

It remains to observe that

f =known quantity + 2("¢ A" 'r)a,

thus we can choose « to get f 7 0 with the right sign, so that finally Z[(d7v — dsv)dyul > 0.

(e) The last step is analogous to that in Section 7: we can choose the third-order

derivatives of ¢ such that the partial hessian of F with respect to (S, y) is positive defi-

nite big enough. u

References

(1]

(2]

[3]

(4]

(5]

[6]

(71
(8l

Alinhac, S. Blowup for Nonlinear Hyperbolic Equations, Progress in Nonlinear Differential
Equations and Their Applications 17. Boston: Birkhduser, 1995.

Alinhac, S. “Explosion géométrique pour des systemes quasi-linéaires.” American Journal
of Mathematics 117 (1995): 987-1017.

Alinhac, S. “Rank two singular solutions for quasilinear wave equations.” International
Mathematics Research Notices 18 (2000): 955-84.

Alinhac, S. “A minicourse on global existence and blowup of classical solutions to multidi-
mensional quasilinear wave equations.” www.math.sciences.univ-nantes.fr/edpa and Actes
Coll. Forges les Eaux (2002).

Alinhac, S. “Exceptional blowup solutions to quasilinear wave equations I, IL.” International
Mathematics Research Notices 2006, ID 26203 (2006): 1-17 and The Asian Journal of Math-
ematics 11 (2007): 39-46.

Alinhac, S. “Semilinear hyperbolic systems with blowup at infinity.” Indiana University
Mathematics Journal 55 (2006): 1209-32.

Alinhac, S. Hyperbolic Partial Differential Equations. New York: Springer, 2009.

Alinhac, S. “Stability of large solutions to quasilinear wave equations.”
Indiana University Mathematics Journal 58 (2010): 2543-74.

GTOZ ‘€2 AN uo AusieAlun dnue iy epLioj] e /6.10°Sfeuinopioyxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

5408 S. Alinhac

(9l

[10]

[11]

[12]

[13]

[14]

Christodoulou, D. “Global solutions for nonlinear hyperbolic equations for small data.” Com-
munications on Pure and Applied Mathematics 39 (1986): 267-282.

Hormander, L. Lectures on Nonlinear Hyperbolic Differential Equations, Mathematiques &
Applications 26. New York: Springer, 1997.

Klainerman, S. “The null condition and global existence to nonlinear wave equations.” Lec-
tures in Applied Mathematics 23 (1986): 293-326.

Klainerman, S. and Nicolo, F. The Evolution Problem in General Relativity, Progress in Math-
ematical Physics 25. Boston: Birkhduser, 2003.

Lax, P. D. “Hyperbolic systems of conservation laws II.” Communications in Pure Applied
Mathematics 10 (1957): 537-66.

Lindblad, H. and Rodnianski, I. “Global existence for the Einstein vacuum equations in wave
coordinates.” Communications Mathematical Physics 256 (2005): 43-110.

GTOZ ‘€2 AN uo AusieAlun dnue iy epLioj] e /6.10°Sfeuinopioyxo uiwi//:dny woly papeojumoq


http://imrn.oxfordjournals.org/

	Introduction
	Notation
	Some Nonlinear Invariants
	
	
	Example and comments

	Main Results About Blowup
	Generalities about the Proof of the Theorems: Geometric Blowup and the Blowup System
	Proof of Theorem I.1
	Proof of Theorem I.2
	Some Results and Notations from [8]
	The Equation on v
	Main Results
	Blowup for the v-equation
	Blowup at infinity for the u-equation
	Null incomplete geodesics

	The Genuinely Nonlinear Case
	The Weakly Nonlinear Case
	Proof of Theorem 10.8
	Notation
	Some nonlinear invariants
	Blowup for quasilinear systems

	References

