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Stability of Large Solutions to
Quasilinear Wave Equations

S. ALINHAC

ABSTRACT. We investigate the stability of (large) global C*
solutions to quasilinear wave equations satisfying the null con-
dition in R3 x [0, +oof.

We give sufficient conditions for such a solution to be sta-
ble and have a free representation, and discuss the connection
between stability and blowup at infinity. This latter concept is
defined using a conformal inversion.

INTRODUCTION

In this paper, we study the behavior of solutions to the Cauchy problem

Du+Qu) =0, Q(u) = g*f(3yu)(32u),
u(x,0) = uo(x), (0ru)(x,0) = u;(x).

We consider the simplest case where u; € Cg° (R2), and assume that Q (u) satisfies
the null condition

gaﬁygagﬁgy =0

whenever & = Y E2.
Let us review first the classical results obtained in the case of “small solu-

tions” by Christodoulou [11] and Klainerman [13].The approach of [13] uses the
Lorentz fields

Z =04, R=xN0,H; =1t0; + xi0t, S = t0 + 70r.
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2544 S. ALINHAC

Defining a higher order energy (for an appropriate N)

En(t) = > l1Z¥u(,t)l2,
k<N

it is shown that if Ex(0) = €2 is small enough, the solution u exists globally and
En(t) remains of the order of €2 for all times. If we try an asymptotic analysis in
the spirit of Hérmander [12] or Lindblad-Rodnianski [15], introducing the slow
time T = €logt and looking for u in the representation

u(x,t) = %F(r—t, w, T), r=|x|, x=rw,

we find that Q(u) = O(t™3) and 8.F = 0. Thus, in a first approximation, u
behaves like a free solution of the wave equation (1/7)F(r — t, w).

The approach by Christodoulou uses the embedding of Minkowski space into
the Einstein cylinder (see also [12]): taking advantage of the null condition, it
transforms the original problem into a quasilinear hyperbolic Cauchy problem

gv+Qw) =0

for a certain function v in an open domain D. The global existence of v in D
yields the global existence of u, the smoothness of v in D giving the asymptotic
behavior of u at infinity. It is not clear how to compare the smallness assumptions
in both approaches.

In the present paper, we consider large C* solutions, supposed to exist glob-
ally, and investigate both their behavior at infinity and their stability. The pos-
sibility of using a conformal compactification (namely, in this paper, conformal
inversion) allows us to give a precise meaning to the expression “blowup at in-
finity” : this means that the function v € C*(D) has some singularity on the
boundary of D. It is not clear, however, if this can actually happen : may be
all solutions v, smooth in the open domain D, are automatically smooth on the
closure. Though we do not believe this, we have no proof that smooth solutions
blowing up at infinity do exist.

In this context, we distinguish between

(i) Existence of a representation of u,
(i) Stability of u.
The first property means simply v € C*(D), since by conformal inversion

this corresponds to an actual representation of u identical to that of a free solution
(see [12])

u(x,t) = lF (r—t, w, l)
v v

The proof of (i) is analogous to the proof of a finite blowup criteria for a quasi-
linear wave equation or system (see for instance [16]). The statement follows the
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Stability of Large Solutions to Quasilinear Wave Equations 2545

same scheme : if the solution is smooth in the open domain and if a certain a
priori condition is satisfied, then the solution is smooth in the closed domain. For
technical reasons (similar to that of [14]), we restrict ourselves in this paper to
discussing representation or stability at null infinity, that is, in a domain t <t +7,
t — +oo but |[r —t| < C. The a priori conditions that we impose on the solution
are of two types :

(i) Smallness conditions,

(ii) Decay conditions.

These last conditions are formulated in terms of pointwise decay of a certain
number of Z*¥du ; they involve no small constants. The first ones are the delicate
point, since we do not want to fall back in the framework of the previous papers.
The only smallness assumptions that we make on u are about energy properties
for the linearized operator

L£=0+g"(@,u)d%.
Roughly, we assume that the field
Ko = (r* + t)0; + 2rto,

is timelike, and that a certain family of hyperboloids is spacelike. These condi-
tions are of course inspired by the necessity of having good energy estimates for
the equation on v, the field Ky and the hyperboloids corresponding to dr and
{T = C} by conformal inversion. The precise statements are given in the repre-
sentation theorem and the first stability theorem of Section 3.

The representation property clearly implies stability of u. However, the other
implication is not clear, though we conjecture that it is true. In fact, if it were not
true, this would mean that there are solutions v € C*(D) of OV +Q (v) = 0 with
some singularities on 0D, such that 2/ small perturbations of the data produce
again a solution in C* (D).

If, with the aim of handling more general situations in the future, we are
willing to ignore conformal inversion, we are left with this : a representation of u
with a smooth profile F

u(x,t) = 71—,F (r—t, w, 71—,)

implies that u remains O(t~!) under the action of any number of operators Ky =
Ku + 2x 4, where K and

Ki =2x:S + (t? = r?)d;

are the image of 91 and dx, by conformal inversion. In fact,

- 1- 1
K(xu = ;Fo( (Y—t, w, ;)
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2546 S. ALINHAC

for a new profile Fy explicitly deduced from F. Note that this behavior is far
from being obvious, since it would seem from the expression of Ky that only
Ksu = O(1) ; in fact, several cancellations of “principal terms” take place in the
computation of K4u. On the other hand, the second stability theorem shows a
stability condition, using Lorentz fields, in the spirit of [13]. From what has been
said above, it is hard to believe that this stability property does not necessarily
correspond to a representation with a v € C® (D). However, we are not able to
prove this directly, since this would require to prove directly the O (t~!) behavior
of Kqu. The difficulty here is to express KQ (1) in an appropriate way analogous
to what can be done for ZQ (u) for instance.

Finally, we would like to emphasize the obvious fact that conformal inversion
allows us to connect blowup at infinity with finite time blowup : if we can describe
the way a certain solution v € C*(D) of OV + Q(v) = 0 blows up at a point
mo € 0D, this will describe the behavior at infinity of the corresponding u.
Taking into account previous work on finite time blowup for quasilinear wave
equations [2], [4], [5], we distinguish fundamentally genuinely nonlinear points
from linearly degenerate points. In this spirit, the linear degeneracy theorem of
Section 5 shows that all points of 0D are linearly degenerate, a highly non-obvious
result.

The plan of the paper is as follows : in Section 1, we recall some basic facts
about the null condition, while we introduce the conformal inversion in Section
2. The main results are stated in Section 3, and proved in Section 4. Finally,
Section 5 is devoted to a somewhat heuristic discussion of blowup at infinity and
finite time blowup.

1. NOTATION AND BASIC FACTS ABOUT THE NULL CONDITION

In this paper, we deal with the Cauchy problem for the quasilinear wave equation
in Ri X [0, +oo[

Du+Qu) =0, Qu)=g*@yu)@izu).

Here, x = (x1,x2,x3), xo = t : greek indices run from 0 to 3, while latin indices
run from 1 to 3. For simplicity, we take g*#¥ to be real given constants with

g% =0, gy = gPoy,
and the sum sign on repeated indices in the expression of Q is omitted. The data
uo(x) = u(x,0), wui(x) = (6u)(x,0)

are supposed to be C* functions on R3 supported for |x| < M. Note that if u is
a global solution of Du + Q(u) = 0, then the function u, defined by

ur(x,t) = A" u(Ax, At)
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Stability of Large Solutions to Quasilinear Wave Equations 2547

is also a solution, with data supported for |x| < M/A. Whenever we consider a
global smooth solution u of Ou + Q(u) = 0, we assume that u is small enough
to make the linearized operator

0+ g (9,u) 0%,
strictly hyperbolic with respect to t.
1.1. The null condition. We assume that the constants g satisfy the null
condition, that is
gaﬁygtxgﬁgy =0

whenever £} = 3" E2. Let us recall the fundamental result due Christodoulou [11]
and Klainerman [13] : if the data are sufficiently small, there exists a global smooth
solution u to the Cauchy problem for ou + Q (1) = 0. If the null condition is not
satisfied, finite time blowup of small enough smooth solutions has been proved for
(almost) all initial data [8].

Recall that the Lorentz fields

00, R=xA0, H;=1t0;j+xi0:, S =10+ inai,

that we denote generically by Z, commute with O, with the exception of [0, S] =
20. For an integer k, Z¥ denotes a product of k Lorentz fields. The quadratic
form Q enjoyes two important properties in connection with the fields Z (see [12]
for proofs).

Lemma 1.1 (Estimation Lemma 1). For any smooth functions u, v,
Ig"‘B”(ayu)(ati)l <C(1+ t)“(lZuI [0%v] + |ou| IZavI),

where the sum over all Lorentz fields Z is omitted.

Note the well-known decomposition

mwar-[on (3]

Here and in the whole paper, (7, w) are the polar coordinates
r=Ix|, x=rw, & =) w;d;.

We will often use 0; = 0; — w;0r, which is tangent to the spheres, with the
decomposition

2
IVxul? = > (0;u)? = (3,u)? + > (6;u)? = (3yu)? + Ru
v
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2548 S. ALINHAC

Note that in an exterior region ¥ > ct (c > 0), if Q contains no t-derivative, the
above estimate of Q can be obtained using only the rotations R and not all Lorentz
fields, since we also have the nice formula

afju = wiwjaﬁu + 5iaju + aiéju - 5151'14, - %(wiaj - wjai)u.

Lemma 1.2 (Commutation Lemma). For any Lorentz field Z and any smooth
Sfunctions u, v,

Z[g°Y (3,u) (324v)]
= g°PY (3, Zu) (3245u) + 9P (Byw) (825 Zv) + G (3,u) (3%4v),

where the new sum with constant coefficients § satisfies again the null condition.

1.2. Algebraic identities for the null condition. It is sometimes convenient
to split the coordinates in (x, t)

Q(w) = 2g°Y (3yu) (3Fu) + gV¥ (9yu) (37u)
= 260 (3ew) (3Fu) + 29 (05u) (FFu) + g% (@ew) (94u) + g% (Bu) (37,w).

Lemma 1.3. [Algebraic identities] The null condition implies the identities
(i) VE€R’, gU0&E; +29"°EiE; = 0,

(i) VE €R3, glikEE ;& +2(9°0E) (T &) =0,
(iii) VE €R%, g(8) = g*PYEaEpEy = A(E) (8 - S &€2), A(E) = 29°0E;,

(iv) VE n € R3, gukEgEink + 2gVKE;Eni = —2A(€)(E - n) - AN (X &),
where & - n = 3. &in;.

Proof Let us fix E with £ = 3. &2. The null condition reads
29°0E5E; + gVEE Bk + (E0)[29°VEE; + gL E;] = 0.
Replace & by —&p in the above equation : by comparison, we obtain (i) and (ii).
These two identities in turn imply (iii).
To obtain (iv), set
f®) = 9788 = ~A®)IEI"
For fixed € and n, consider the function

D) = FE+AN) = —AE)[EI> = 20A(E)(E - n) — AA(N)[EI? + O(A?).
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Stability of Large Solutions to Quasilinear Wave Equations 2549

Then - N
@'(0) = n - VFE) = gI*EEnk + 29"%E;Ekn;

gives the claim. O

1.3. Pointwise behavior of the solution. For a smooth solution u of Ou +
Q(u) = 0, relatively weak decay assumptions on a certain number of functions
Z*u imply a much better decay for u. The following lemma is an illustration,
among many possible variations, of this statement.

Lemma 1.4. Assume that W is a global smooth solution of DU + Q(u) = 0
satisfying for some C and v > 1

SHZkul < cir -t)21+ )7, v> %
k<4
Then |lul < C{r —t)"1(1 +t)"L.

Proof- Using the estimation lemma, and the inequality (r—t)|0v| < C X | Zv/|,
we get from

>lzkul < c1+ ) Vr -t)1?
k<2

the estimate
[Qu)] < C(1 +t)~ @Dy — )7L,

Using the commutation lemma, we have the same estimate also for ZQ and Z2Q.
Proposition 3.1 of [7] shows then

Slzkul<ca+6)L
k<2

Using once more the estimation lemma, we get [Q(u)| < (r — t)72(1 + t)73,
hence by the same proposition, |u| < C{r —t)~1(1 + )7L O

The following lemma is a weaker version of the preceding result in a region
where |¥ — t| < C.

Lemma 1.4 . Assume that W is a global smooth solution in a region
t<st+r,

satisfying there
S Zul < CA+1™, v> .
k<1 2
Then lu|l < C(1 +t)7L.

Proof The assumptions imply |Q(u)| < C(1 + t)~!~2". Hence Proposition
3.1 of [7] gives the result. O
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2550 S. ALINHAC

2. CONFORMAL INVERSION

2.1. Basic formula. We recall here the definition and some basic formula.
Let
T'={(x,t) eR% t2> |x|2}.

The conformal inversion I is the application from T to itself defined by
X .t
T2 2 T2

Note that I? = id on I. We will also note Xy = T, R = |X|, X/R = w = x/7,
and # (X, T) for the transform of a function u(x,t)

WX, T) =ulx,t), u{l) =mu.

We write the Lorentz fields on the (X, T) side with the same letters, when no
ambiguity arises : for instance, S = Tor + R0, etc.

Lemma 2.1. The fields 0;, 0;, are transformed by I into

Ko = (R? + T?)3r + 2RTdg = 2TS - (T* - R*)0r,
Ki =2X;S + (T? - R%)d;.
The frelds
L=at+ar, L-:at—ar
are transformed into
(R+T)*@r +0r), (R-T)*(dr — r).
The rotation fields R; are preserved, while the hyperbolic rotations H; and the scaling

field S are transformed into their apposite.
2.2. The wave equation. From now on, we use the following notation :
u(x,t) is given, @ (X, T) is its transformed function, and we set
(X, T)
T2 - R2 .
The following lemma summarizes well-known facts (see [1] for instance).
Lemma 2.2. Set Ky = Ko + 2x«. The following formula hold :
(i) ov =(T?-R?»3(@uw)(),

v(X,T) =

(i) (Pau)(I) = (T? - RZ)KO('U,
(iii) Ru = (T2 = R®)Rv, Hot = (T? - R*)Hv, St = (T?> - R?)(Sv + 2v),
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Stability of Large Solutions to Quasilinear Wave Equations 2551

2.3. The operators L\ and L,. As shown by formula (iv) in Lemma 2.2
above, Kqw = O(t™!) if w is a solution of the wave equation with C® data.
To understand which cancellations take place, it is convenient to introduce the
following operators.

Definition.
The operator Ly is defined by
Liw=@+t)Lw+2w.
The operator L, is defined by
Lyw = L}w + 2Lyw = (v + £)2L*w + 8(r + t)Lw + 8w.

To understand the origin of these definitions, let us compute Lyw and Lyw
on a free solution of Ow = 0, represented as w(x,t) = ¥ 1F(r—t, w, r7!) (see
[12]). Here, F is smooth, and we note 00 =+ — t, z = ¥~!. We have first

1 1

_;‘Z“F - FazF,

Lw =

2 4
200 -5
Lw—T3F+T4azF+O(r ),

r—t Y+t
hw="5"F-=75

0.F,

4(r +t)0,F

2F
L2w=ﬁ[(r+t)2—4r(r+t)+4rz]+ p r+t-2r)+0(r3

_2Ar —3t)2F . 4(t? —:Z)BZF Lo,
v v
The point is that, for a function w satisfying > <1 1Z kw| = O(t™!), one has
Lw = O(t2) and one would expect Liyw = O(t!) ; in the present case however,
we see that Lyw = O(t72) as long as [¥ — t| < C. Similarly, and even more
strikingly, one would expect L,w = O(t™!), since L>w = O(t~3) ; in contrast,
we obtain here Lyw = O(t™3) aslongas |* —t| < C : note the double cancellation
occuring for the F and 0, F coeflicients in the above computation.
The following lemma displays the relations between Ky, Li and L.

Lemma 2.3. The following identities hold :
(i) Kow =tLiw + (r - t) Y w;H;w,

(i) Kyw = x;Lyw + (t —v)Hjw + v (t — ¥)d;w, 0; = 3; — Widy,
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2552 S. ALINHAC

2 )3
(i) Kiw = (r+1t) Lw + H—T(tz -r)Liw - , "
4 2r
(t-r* ,  (r=t)Bt-3r (t2—r2)2( 2 )
% L w + o Lw+————2 LLw—rarw .

Proof- Since Hy = 3. wiH; = t0y + 70, we have
tLyw+ (r = t)(to,w + rorw)
=@Qw)tr+t)+r(r-1t) + @w)(t(r+t)+t(r-t)) +2tw
= Kow.
Similarly,

xiLiyw + (t —7) (0w + x;0:w) + ¥ (t — ) (0w — W0, W)
=2xiw + x;(Qw)(r +t+t —7) + x;(Qrw)(r +t — (t - 7))
+ (Qw)(tt-7r)+r(t—-71))
=2xiSw + (t2 - r¥)oyw + 2x;w = Kyw.

Formula (iii) has the interest of introducing L,. The proof is straightforward :
first, we check that

4K2w = (r+ 1) L2w+(r—t)* LPw+2(t2-r?) LLw +4(r +1)’Lw+4(t-7) Lw.
Then
R2w = (Ko + 2t) (Kow + 2tw) = K3w + 4tKow + 2(r* + 3t)w,

The strategy is then to express L>w through Lyw, and Lw through L w, and this
leads immediately to the formula. O

As a consequence, in a region |¥ — t| < C, if Y<; |Zkw| = O(t™!) and
ILiw| = O(t™2), we have Kqw = O(t™") instead of the expected O(1). More
precisely, for a solution admitting the smooth representation

u(x,t) = %F (r—t, w, }/) ,

one easily obtains
_ 1 - 1
K(Xu(x’ t) = :,:(FO() (T_t’ w, ;)
for some new profile F4. For instance,

Fy = —0%(0oF) = 2(1 — 02)(0.F),
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Stability of Large Solutions to Quasilinear Wave Equations 2553

and similar formula for F;.

There are of course formula for the products KoK; and K;Kj, similar to the
one given here for KZ. These formula imply that in a region [r — t| < C where
we assume > k<3 |[Z¥w| = O(t™!), Liw = O(t™2) and Lyw = O(t73), we also
have KaKBw = O(t™1). For a solution w of Ow = 0, these estimates can be
obtained just using the commutation formula of Lemma 2.2. In the present case
of a smooth solution u of Ou + Q(u) = 0, it is not algebraically clear how Q
behaves under the action of K« + 6x4. This is the reason why we use conformal
inversion in Section 4.

The following lemma shows how one can control Lyw and Lyw.

Lemma 2.4. Recalling the notation Ay, = 3. Rf Jor the Laplace operator on the
spheres, we have the formula

() LLiw=@r+tow+ 11;%5 Apw + r”‘(Sw + ZwiHiw) + YT—tI;w,

(i) WithL=(r+t)L+8—(r+1t)/r,

+t +
LLw = (r +t)Lo0w + v 'Lw + %LlAww - 2TT2tL1w
. (r - t)> t—r
+3 3 Apw +2 o w+4 2w

Proof. We have first

LLiw=(r+t)LLw +2Lw = (r +t) (Dw + —f—a,w + T%Aww) +2Lw

r+t Y+t r—t
3 ApW + Lw + Lw.
r r r

=(r+t)ow +

Next, since Lyw = (¥ + t)2L2w + 8(r + t)Lw + 8w,
LLyw = (r + t)’LL*w + 8(r + t)LLw + 8Lw.
Replacing systematically LL by 0 + —}(L -L)+ %Aw, we obtain

1 1 1 3 4
2., _ L 172 2 _ 2 _ 2
LL°w = (L - r) ow + rL w+ TZLAww TSAww Tza,w.

Expressing repeatedly Lw and Lw using Lyw and Lyw, we get the desired ex-
pression. O
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2554 S. ALINHAC

With the help of this lemma, we can obtain in a strip [¥ — t| < C, the desired
estimates Lyw = O(t™2) and Lyw = O(t73), provided we have a good control of
Ow and of <y | Z¥w| for an appropriate N. For the present paper however, we
need only estimate L;u, and this will be done in the next section 2.4.

Remark. To estimate Lou in the framework of the present paper, Lemma 2.4
shows that it would be necessary to prove LQ(u) = O(t~4). This can actually
be done in the following way: the estimation lemma from Section 1.1 shows that
Q(u) = O(t™3), an estimate also valid for ZQ(u), etc. However, a more pre-
cise computation shows some cancellation in the expression of ¥LQ (1), namely
rLQ(u) + 3Q(u) = O(t™*). Since we will not use this in the sequence, we omit
the details.

2.4. Translation of the assumptions on u. In the whole paper, we will fix
to > 2M, and consider for t > t the Cauchy problem with data on {t = t,}

ou +Q(u) =0, ulx,ty) =up(x), Oru)(x,to) = ui(x).

Since the Cauchy data vanish for x| > M, the solution u (if it exists) vanishes for
¥ = M+t — to. We will always use the conformal inversion I in these coordinates
(x,t),and set Ty = —1/tg. Recall that we associate to the function u the function
v defined by

u((X,T) = (T - R>)Hv (X, T).
The image by I of the hyperboloid Hy, s, defined in Section 3 is just {T = T} =
—1/t;}. The assumptions on u in the theorems of Section 3 have to be translated

into assumptions on v. In the new coordinates (x,t), the assumptions of these
theorems are that u is a C* solution of Ou + Q(u) = 0 in the region

1 1\"?
= 2, 1
{(x,t), to<t=< T, + (r + 4T12) ]»

for some T, ~1/tg < Ty < 0.
Lemma 2.5. The function v isa C* function in the region
T={(X,T), Th<T<T <0, R<ITI}.
The functions v(X,To), (01v)(X,To) are compactly supported in {|X| < |Tol}.
Denoting by 0 any smooth vector field in T tangent to the boundary {R = |T|}, the

decay assumptions on W imply, for some constant C,

lv| + |ov| + |@0v| + (T? - R?)|9%*v| < C.
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Stability of Large Solutions to Quasilinear Wave Equations 2555

Proof’ The plane {T = Ty} corresponds under I to the upper branch of the
hyperboloid Hr, = {t? — ¥ + t/T = 0}. Since ty > 2M, U vanishes identically
near Hr, but on a compact set, hence the properties of the traces of v on {T = Ty}
are established.

OnT, 0<-T; <R -T =< -2T,. Hence, for any function w,

lw(X,T)| <C & |[(T2—R2)w](I)(x,t)| < %

Infact, T>?—R?*=(R-T)|IR+T|,and |R + T| = 1/(r + t). On the other hand,
the fields S, R and

(R+T)(dr +0r) =S+ w;iH;

generate all tangent fields 0. Hence the boundedness properties of v are implied
by
vl +[0v] + |0Rv| + [0Sv| + |0HV| < C.

According to Lemmas 2.1, 2.2, these conditions on v are equivalent to

lul + |Kqul + |Ru| + |Sul + |Hu| + |[KqRu| + |KgSu| + |[KcHu| <

€
t

Lemmas 2.3, 2.4 show that |[Kqu| = O(t™1) is implied by |Zu| = O(t™1),
|Apul = O(t™!) and |Oul = O(t73) : this last requirement is implied by the

estimation l§mma (Lemma 1.1), since |Ou| = |Q(u)|. To prove the further
bounds on KxZu, we proceed in exactly the same way, using the commutation
lemma, which shows that also |ZQ (u)| = O(t73). O

2.5. The equation on v. The computation in this section is due to Chris-
todoulou [11], who even performed it in a more general context (embedding of
the Minkowski space into the Einstein cylinder, see also [12]). Since we need
very precise information on the equation satisfied by v, beyond the fact that no
singular terms appear, we do it again.

Lemma 2.6. Recall that v is defined by w(I)(X, T) = (T?> - RH)v (X, T).

() Ifthe function w satisfies the equation Ou + Q(u) = 0, the function v satisfies
the equation OV + Q(v) = 0, where

Q(v) = 4[2A(Sv +v) + 1v1(S*v + 3Sv + 2v)
+4(SV + V)[Y25V + You + (g% eabapXy) (SU + V)]
+2(T? = RY)(Sv + v) (g™ enepXy 0250 + g*PY ety S pdyv)
+4(T? = R)(Y3Sv + Ys3v) + (T2 = R%)2g*P enepey (0,v) (3%4v).
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2556 S. ALINHAC

We have used here the following notation : €y is —1 for & = 0 and 1 otherwise;
the vector field Yup is

Y(xB = fo(XBao( + EBXaaB.
The vector fields Y1, Y and Y3 are defined by
Ys = g°BY X, Yop = 29%FY £4 Xp Xy Oux,

Y; = %gaﬁyfy(ayv)ycxﬁ = g"‘ByeaeyXB(ayv)aa,

(ii) The vector fields Y and Y, are tangent to the boundary {R + T = 0},
(iii) The boundary {R + T = 0} is characteristic for the operator g“ByfaEBXyag‘B.

Proof By conformal inversion, the transform of dqu is AKyV, according to
lemma 2.2 (here, A = T? — R?). Hence the transform of aﬁﬁu is AKxKpv. Now,
since Ky = 2XaS + ExA0q,

KoKpv = 2X4S(Kgv) + €020« (KgV) + 2XaKpv
= 2XaS(2Xg(SV + V) + €AV + £4Ax(2Xp(SV + V) + £gAIRY)
+2Xx(2Xg(Sv +v) + £gADgV)
= 4XuXp[S?V + 35V + 20] + 2A[YagSU + YopV + £x0ap(SV + V)]
+ AlenEpOng.

In the sum g"‘BY(IZyv ) (KxKpv), the only terms which do not contain a factor A
are

8(Sv +v)(S2v + 35V + 2v)(g*BY Xu XpX,).

By the algebraic properties displaye_d in Lemma 1.3, g*fY X, XpX, = A(X)A;
hence the transform of Q (u) is A3Q (v), with

Q(v) = 4[S*v + 35V + 2v][2A(SV + V) + g*FY Xo XpE, 0y V]
+ 4(Sv +1)g*FY X, (YapSU + YapV + €40ap(SV + V)
+ 2A[(Sv + V) (g™ eaepXy 025 + 9™V eney Sapdyv)
+ g e, (3,V) (YapSv + Yagv)] + A2g*FY exgpe, (0,0) (9340,

which is the result stated in the lemma.
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Stability of Large Solutions to Quasilinear Wave Equations 2557

Since 04(R + T) = ex(X«)/R on R + T = 0, we have there
RY{(R+T) = g*F¥ X XpXy = 0,
showing that Y7 is tangent to the boundary. Similarly, we have on the boundary
RY2(R+T) = 29*FY e XgXyea Xy = 0,
hence (ii) is proved. Finally, on R + T = 0,

R2g°P¥ e4epXy[0x(R + T)1[0p(R + T)] = g*F¥ XaXpX, = 0. o

2.6. The energy condition. Let us denote by L the linearized operator on
v corresponding to the equation Ov + Q(v) = 0, and by £, its principal part.
According to Lemma 2.6,

L3 =0+4aS? +4(Sv + v)Y2S + Ac*d2, + 4AY3S = 0+ £P3,,
where
A=T?-R?
Y3 = g% ene, Xp(0yV)0a,
a=2A(Sv +v) +Yv,

c® = [g*FYeqep][2X, (S + V) + Agydyv].

We define now a smallness assumption on v, the “energy condition.”

Definition (Energy Condition.). Let Ty < T1 < 0. We say that u satisfies the
energy condition in the region

1 1\"?
- 2, -
{(x,t), lo<t< 2T1+(T +4T12) ,t>r}

if the function v satisfies in the region
{(X,T),R<IT|, o < T < Th}

the following two conditions : For some constant g < 1,
(l) |€00| = KXo,

(i) | ZEYEE | < aolEI.
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2558 S. ALINHAC

Condition (i) ensures that the surfaces {T = C} are (uniformly) non-char-
acteristic, the coefficient of 9% in £, being 1 + £°°. Condition (ii) ensures that
the energy corresponding to the operator £;, the multiplier 1 and the surfaces
{T = C} is at least (1 — otg) times the standard energy. Note in particular that
these conditions imply that 07 is everywhere timelike (in the sense of the metric
corresponding to the operator).

We formulated the energy condition as above to emphasize its geometric char-
acter. It is clear, however, that it is a smallness assumption on u, for which we give
a rough sufficient condition in the following lemma.

Lemma 2.7. There exists a constant & depending only on g, such that if

[l +Rul +|Sul +|Houl < L Hy =S wiH; =13 + ty,

(t=7)ITol3>’

the energy condition on W is satisfied.

Proof: We claim first that there exists an €;, depending only on g, such that
the conditions
[v] + |Rv| + |Sv| + |Hov| < &|To| ™

imply the energy condition. In fact, Y; and Y5 can be expressed as a linear com-
bination of R, § and (T + R) (01 + 0g) with coefficients homogeneous of order 1.
Similarly, AY30 is a combination of SV and Hyv with coeflicients homogeneous of
degree 2. Hence the first energy condition is ensured if &; is small enough.

For the second condition, we inspect the coefficients £J: they all are linear
combinations of Rv, Sv and Hyov with coeflicients homogeneous of degree 3 ;
hence the second energy condition is also satisfied if &; is small enough. Finally,
the given condition on  is just the translation of the conditions on v. D

3. MAIN RESULTS

Let M > 0, and assume given two functions o, u; € Cy°(R3), vanishing for
Ix| = M. Choose ty > 2M, t; > 2(typ — M). Define the (half) hyperboloid Hy,,

by
tl 2 t% 172
Hir = (6, 0), t=-to+ o+ |77+ 7 .

Assume that there exists, in the region between {t = 0} and Hy,,, a C*® solution
u of the Cauchy problem

ou + g*#¥ (3yu) (925u) = 0,
u(x,0) = uo(x), (0ru)(x,0) = ui(x).

Recall that we have assumed that g satisfies the null condition, with g% = 0. We
make on u two series of assumptions :
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Stability of Large Solutions to Quasilinear Wave Equations 2559

Smallness assumptions. We assume the following:

(i) The linearized operator O + g“BY(ayu)aiﬁ is strictly hyperbolic with respect
tot,

(i) For somet > 0, the function U satisfies the energy condition of Section 2.6 for
t>1t.

Decay assumptions. For some constant C, the function U satisfies
k ¢ k
Dzkoul < —, > |1ZFAeul <

’
k<2 L+t k<1

C
1+t Bo = 2 RE.

Note that these assumptions imply in particular that the region t > t is a
domain of determination. Our first result gives a representation of u analogous to
the representation of the free solutions of Ou = 0 (see [12]).

Theorem (Representation Theorem). Under the assumptions above, there exists
a C* function

F: [to—%—l, M] x §2x[0,1]-R

such that, forv = 1,
u(x,t) = lF (r—t, w, l)
14 v

The second result expresses the stability of u.

Stability Theorem 1. Let the assumptions above on W be satisfied. Let u,, u,;
be C3° functions on RS, vanishing for |x| = M. There exists € > O such that, for
€ < &, the solution of the Cauchy problem

ow + g"‘BY(ayw)(aiﬁw) =0,
w(x,0) = uo(x) + eup(x), (Bw)(x,0) = ui(x) + eu, (x)

exists globally in the same region as w and has a representation
w(x,t) = lG (T—t, w, l) ;
v 4

where G has the same smoothness properties as F.

In the following corollary, in order to make scaling invariant assumptions, we
define M as the smallest M such that the supports of the Cauchy data 1y and u;
are contained in the ball [x| < M.

Corollary. Assume M = 1. Then there exists € > 0 such that if, for some v > 1,
the solution . satisfies the assumptions:
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2560 S. ALINHAC

Smallness Assumptions: Forsomet > 0 andt > t, Y y<; |1Z*0u| < e;(1 +t)7.
Decay Assumptions: For some constant C, Y <4 |Z¥0u| < C(1+t)7.

then the conclusions of both theorems are true.

Finally, as explained in the introduction, the following theorem indicates a
case where stability is proved directly, without knowing about any representation
of the solution u. In contrast with the two preceding theorems, the solution u is
assumed here to exist in the whole of R3. X [0, +oo[.

Stability Theorem 2. Letu € C* (R x [0, (). Assume that w is a solution
of Ou + Q(u) = 0 and satisfies the following properties :

Smallness Property: For some oty < 1, |gif>/(ayu)§i§j| < xolE|2.
Decay property: For some Co, X.x<7 |Zkou| < Co(1 + t) "W r —t)~1/2,

Then the solution w is stable, in the same sense as in the first stability theorem.

Comments.

1. The possibility of a representation formula for the solution and its stabil-
ity are of course properties of the solution for large t : that explains the
formulation in the theorems.

2. We formulate the “energy condition”, which is the only smallness condition
on the solution u, in terms of the function v, which depends on the choice
of ty (see Sections 2.4— 2.6). It is of course possible to translate this explicit
condition on v into a condition on u, either directly by replacing v by u, or
indirectly by discussing the energy density produced on the hyperboloids by
integration of (Ou+Q (1)) (Kou). However, this last approach did not seem
very transparent to us either. The point of this explicit smallness condition
is its geometric character, which makes it, we believe, easily acceptable. It
seems to us reasonable to think that the weakest requirement of the energy
condition is obtained by taking for M its minimum and choosing t as close
to 2M as possible.

3. As computed in Section 2.3, if the solution admits the smooth representa-
tion

1 1
u(x,t) = —-F (r—t, w, —),
¥ r

then Kqu admits a similar representation, with a new profile Fx. Thus a
necessary condition for u to admit such a representation is K'u = O(t~1)
for all products of I operators K. It turns out, thanks to the conformal
inversion, that this condition is also sufficient. However, we were not able
to produce a direct proof of this (that is, working only on the “u side”).

4. ffu(x,t) = (1/r)F(r—t, w, 1/r) were a solution of Ou = 0, F would
satisfy the equation

202,F + z0%F — A F —220,F =0, o =7r—-t, z= _i_
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Stability of Large Solutions to Quasilinear Wave Equations 2561

Hence F would be determined, at least as a formal power series in 1/7, from
its value at infinity F(0, w,0). The same occurs here for the profile F of a
solution of Ou + Q(u) = 0.

5. The formulation of the stability in the stability theorems can evidently be
improved by introducing an appropriate norm.

6. For a discussion of the link between instability and blowup at infinity, see
Section 5.

7. The corollary after the theorems is just one example of the following possi-
bility : we can weaken the decay rate to any t= (v > 0) if we ask

> 1zkoul<ca+0)™
k<N

for N big enough.

8. We discussed only the representation and stability of solutions in an exte-
rior region roughly t < t + . The reason for this is technical : to ob-
tain the smoothness of v up to the origin from the equation on v, we
have to require boundedness (or at least reasonable behavior) of a certain
number of derivatives of v. For instance, |07v| < C is equivalent to
IKoul < C(1 +t)"1(r — t)~'. We can of course take these decay prop-
erties of U as our assumptions, and obtain then representation and stability
for u. But we do not know how to obtain these decay properties of u from
decay properties of, say, Z*u for k < N, using the equation on u.

9. In Stability Theorem 2 we do not know whether u has a smooth represen-
tation in the sense of the representation theorem, but we believe so.

10. It is possible of course to weaken the decay assumptions on % in the sec-
ond stability theorem by using more Z fields, as indicated in Lemma 1.4.
We kept the assumptions on % in this form since they are expressed in the
same terms as that on the perturbation v, which come from Klainerman’s
inequality.

11. The assumption that the Cauchy data are compactly supported does not
seem important to us. It can certainly be replaced by a strong enough de-
cay at infinity, using the embedding of a Minkowski space into the Einstein
cylinder as in [11]. We chose to use conformal inversion since it gives sim-
pler computations.

4. PROOF OF THE THEOREMS

Recall here from Section 2.4 that we introduce a new (translated) t-coordinate by
considering u as the solution for t > to of the Cauchy problem

ou+Q(u) =0, u(x,ty) =u(x), (Oru)(x,to) =ui(x).

We use then conformal inversion in these coordinates.
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2562 S. ALINHAC

4.1. Determination domains. Recall from Lemma 2.5 the notation
T ={X,T), Ty<T<Ti <0, R<ITI}.
Let us choose an integer k > T} — Tp, and define the subdomain 7, c T by
Te={(X,T), h<sT<Ty, R<-T-¢ek+T-T)}.
This domain is a compact truncated cone of revolution contained in 7', with

normal “vector” to the lateral boundary N = (w, 1 + ¢€).

Lemma 4.1. Let L be the linearized operator on v of the equation 0v +Q (v) =
0. Integrating as usual the product (Lw)(0rw) in Te N {Ty < T < T'}, we obtain
energy terms in W on the plane {T = T'} and on the lateral boundary A¢ of the
domain :

(1) There exists &g < 1 such that, on {T = T'}, the energy is greater than
1
(1= o) [ [@rw)? + T 0wy ax.

(i) On A, the energy is non-negative.

Proof The first point is exactly the energy condition of Section 2.6. For
the second point, we note that the energy condition implies that 07 is timelike.
Thus it is enough to check that the normal to A¢ (in the sense of the metric) is
also timelike, that is, p(N) > 0, p denoting the principal symbol of L. Since
N = (N;,Ng) = (w, 1 + &), we have

p(N) = NZ = > N?+4[2A(Sv +v) + Y1v]s? + 4(Sv + V) y2s

+ 2A(SV + v)(g*PY enep Xy NuNp) + 4AY3s
+ A (g*BY eqepey (0yV)NuNp),

S, )2, and y3 being the symbols of S, Y, and Y3 taken on N. Now, on A,

R+T=0(),A=0(¢), Xo = Rwy, Wy = EgNy + O(8).
Hence
s=TNo+ Y XiNi=R+T+eT =0(s), ¥1=g"exNaXpXy = O0(e),
9*BY enegXyNyNg = O(e).

These estimates correspond of course to points (ii) and (iii) of Lemma 2.6. We

thus obtain
p(N) =2¢e + €+ 0(|ov]ed).

Since, by the assumptions of the theorems, we already know |0v| < C everywhere
independently of €, the claim is proved for small enough «. O
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Stability of Large Solutions to Quasilinear Wave Equations 2563

Lemma 4.2. For the linearized operator L, we have the standard energy inequal-
ityin T,

.
1w (T") 2 < Clow(Ty) |2 + CL ILw(-,s)|p ds.

Here, the constants do not depend on «.

Proof. Since, according to the preceding lemma, we control the standard en-
ergy on the surfaces {T’ = C}, it is enough, to prove the lemma,

(i) to control |0alr~, if a is a coeflicient of the principal part,
(ii) to control |b|i«, if b is a coeflicient of the lower order terms.

Coeflicients such as a involve only at most one tangential derivative Ov of v
; coefficients such as b involve at most two derivatives of v, one of them being
tangential. In both cases, the assumptions on u, translated into properties of v
(see Lemma 2.5) garantee a uniform control in L norm.

4.2. End of the proof of the representation theorem.

a. To prove thatv € C (T, we proceed as usual, working in T,. We
commute 0% with the equation on v (after normalizing the coefficient of 3%v to
one), and use interpolation in X (for fixed T). One has to be careful, however,
about the structure of the terms, since we do not control the L* norm of 82v, but
only of 90v. Symbolically, we can write the equation on v as

Qv+ QW) =0v + (v +60v)dbv +v2+v0v + (0v) + (Av)dv = 0.

The first order terms do not cause any problem. For a typical second order term
(Bv)(00v), we write

oX[(0v)(060v)] = (Bv)20%v + (06v)(83kv) + 7,

where the first two terms belong to the linearized operator acting on w = 3%v,
and
rl<c > [94100v]| 135 ta0v|.
I<l<k-1

Using now the inequality (see for instance [10])

10%5) @x)l12 < C(||f||L°° gllar+a + gl ”f”Hl”‘i)
with the functions f = 00v, g =00v and p +q = k — 1, we get
Irllz < CllodviiL= 1oV || gx.

In this way, we get a control of the L2 norm in T of all terms 0%, for all k ; this
control is, of course, uniform in €. Using the equation, we extend this control to

all derivatives of v. Since € is arbitrary, we get that v € C*(T).
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b. We have given the above argument in the full domain 7 in order to
simplify the notation. If we assume the energy condition only for t > t as in the
theorems, we will in fact work for v in the domain

1/2
Tgm{Rz(T2+%) 1.

Since v is C* in a neighborhood of the boundary

1/2
R=(T2+%)

of this domain, the argument runs in exactly the same way.

¢. We now have

_ 1 X t
ux.t) = ooV \a_ 2 m_ 1)

Since t/(t + r) and ¥/ (¢ + 7) are smooth functions of (¢t — ¥) /¥, we obtain the
representation of U in the coordinates (x, t), which yields the representation with
the original coordinates 7, w and t — 7.

d. The stability of u is a consequence of the stability of v. O
4.3. Proof of Stability Theorem 2
4.3.1. Set
P, =0+ g*(8,2)0%,
where z is some smooth given function (it will be u + v in application). We first
establish an energy inequality for P,.

Lemma 4.3 (Energy inequality).
Assume that z satisfies the following properties :

Smallness Property: For some oy < 1, |g¥Y (8,2)&:Ej] < o |E1?,
Decay Property: For some C, Y <) 1Z%0z| < C(1 +t)"W(r —t)~1/2,
Then, withn = 0.1, T; = 0; + w0; and
1
Eu(t) = 5 | [@w)? + 3 @w)?]ox,t) dx,
the following energy inequality holds :

Eu®)+ ] r=s) 1S [Tl dxds

O<s<t

< {CEW(O) + CJ |P,w| [d;w] dxds} expC(C + C?).
O<s<t

Proof. We take essentially the proof from [3], but repeat it for convenience.
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a. Note the pointwise inequality
ITiw| < C(1+ )71 > |Zw].

b. Witha = a(r —t), we have first
(Ow) (Bw)e® = %at[e“(atw)2+e“Z(aiw)2]+z di(- - - )+%e“a’ > (Tiw)?.
From now on, we choose
a(s) = ij(a)‘l‘"da,

hence 0 < a < C. We also have (omitting indices in ¢; and q5)

2e%(9y2) (035w) (Brw) = +(- - -) + e*(@'qy + q2),
a1 = —(0y2)[wa(0pw) (O w) + wg(0aw) (Orw) + (Oqw) (Opw)],
@2 = ~(0aw) (3rw) (35, 2) — (3pw) (3 w) (35, 2) + (Bow) (Bpw) (33 2).

c. We use now systematically the identity 0x = Ta — W0¢, with Ty = 0.
The coefficient of —(0yz) in g is

W (Tgw — wgorw) (rw) + wg(Taw — Wxdrw) (O w)
+ (Tow)(0pw) — wx (0t w) (Tgw — wgdrw)

= —ou(,(wrﬁ;(atw)2 + (Taw) (pw) + wg(Taw) (3rw).

When summing with the coefficients gopY, using the null condition, we get sym-

bolically
9% q, = (9z) (0w)(Tw) + (Tz)(dw)>.

Proceeding similarly with g, we obtain symbolically

d2 = (0w)(Tw)(3%z) + b(drw)?,

b = wadp,z + WpdxyZ + WaWpdryZ.
Again, we can write symbolically
b = wawpwy (82z) + Tz,

which gives upon summing

9% q; = (dw)(Tw)(82z) + (0w)*(Tdz).
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d. The terms containing (dw)? in a’g*#¥q; and g*#¥ g, have a coefficient
bounded by

Ca+0) ™ r-n71Y 1221+ Y 1Zozl} s cca+ 02
The terms in (Tw)(dw) in a’ g*8¥q; and g*BY q, have a coefficient bounded by
102z| +a’|0z] < CC(1 +t) W r —t)~3/2,

e. The energy term for the operator P is
% J [e“(atw)2 +e®> (dw)? + e“gijy(ayz)(aiw)(ajw)](x, t)dx.
Hence the smallness assumption on z implies that it is bounded below by
1
> [ et - an [ @awy? + T @awy ] fox, ) .

This implies that the terms [ CC(1 + t)72|0w|? can be handled using Gronwall’s
lemma. To handle the terms in (Tw)(dw), we write, with n° > 0 as small as
desired,

cc (r—s)3201 +5)" Y Tw] |ow|dxds

O<s<t

<n (r—s)“‘"Z(Tiw)zdxds+CC,,'Q2I (1+5)2|ow|>dxds.

O<s<t O<s<t
Choosing n" small enough, and using Gronwall’s lemma, we obtain the result. D

4.3.2. Letu + v be the solution corresponding to the perturbed data,
v(x,0) = euy(x), (0v)(x,0) = eu, (x).

We proceed by induction on time, and make on v the induction hypothesis

> 0zkvlle < Cre.
k<6

Using the Klainerman inequality, this implies

D 1Z*v|(x,t) < CCle(1 + t) Nr — 1)~V
k<4

The equation satisfied by v is, with z = u + v,
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Taking into account the smallness assumption on u, we see that the smallness
assumption required on z in Lemma 4.3 is satisfied if C;¢ is small enough, and
the decay assumption is satisfied with C = C(Cy + C;€). We write the additional
term as

(@*u)(Tv) = c(Btv), ¢ = g"‘ﬁywyaiﬂu.

Just as before, we have |c| < C(1 +t)~1|Zou| < CCo(1 + t)~2. Hence

E,(t) + J (r—s)"171 3 (Tiv)?dx ds < CE, (0) exp C(C + C?).

O<s<t

4.3.3. We now take k < 6 and commute a product Z* with the equation on
v. In this process, we use repeatedly the commutation lemma of Section 1.1. We
obtain

P,(Z%v) + g*PY (325(u + v))3yZ*v + R = 0,

R = Zh?ﬁy(ayzr’u)(agﬂzqv)
p<k, q<k-1, p+q=<k

+ 3 R (0,270 (925Z%) + . mphY (02527 u) By Z%0).
p<k-1, q<k-1, p+q<k p=<k, q<k-1, p+q<k

Here, for each couple (p, q), the constants hgg Yol ;’,‘5 ¥ and mgg Y satisfy the null
condition. We will use the energy inequality for P, ; we have to control the

additional terms
9% (8242) (3yw) (Byw), R(3;w)

with w = Z¥v. The first term is handled just as for the case k = 0. To control

the other terms, we have to modify slightly the estimation lemma of Section 1.1
(Lemma 1.1).

Lemma 4.4. If g satisfies the null condition, we have the two inequalities (which
we write symbolically for simplicity)

G =g (@yw1)(33pw2)| < C(1 + )7 Zwy | |9*wy| + Clow, | |Tow,l,
G < C|Twi| 10%wy| + C(1 + £) 7! owy| |Zow,l.

Using the first inequality of the lemma, we bound an h-term of R(0;w) as

IhphY 8y ZPu) (92, 29) (Bw)|
<C(1+t)7YzP* | |0°Z% ] |8;w| + Cl0ZPul| |TOZ| |0sw|.
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2568 S. ALINHAC

The first term is bounded by
CCo(1 +t)32[102Z901? + |0rw|?].
The second term is bounded for small n” > 0 by
n'(r—t)"1"MTaZ% |2 + CCy C3(1 + t) 320w |2

The m-terms are handled similarly, using the second line of the lemma, with the
same type of bounds.

To handle an #-term, we distinguish the cases p > qor p < q. If p = q, then
a4 < 3 ; using the second line of the lemma, we bound the term by

CITZPv| |0%Z%| |0yw| + C(1 + t)~110ZPv| |Z0Z| |0;w|.

Since q < 3,
192290 | < CCre(1 +t) W r — )12,

and the first term is less than
n'(r—t)"NTZ% |2 + CCp (Cre)*(1 + t) 32 ,w |2
Similarly, the second term is less than
C(C1e)(1 + 1) 2[|0ZPv|* + |o,w |?].

Assume now p < g, hence p < 3. Using the first line of the lemma, we bound the
{-term by

C(+t) Y zPtlv| [02Z%] |0sw| + CloZPv| |TOZ% | |0yw].
The first term is less than
C(Cre)(1 + £)312[1229 v |2 + |3, 2].
The second term is less than
n'(r =) 1"MNTaZ% |? + CCy (C1)2(1 + £) 3213w |2.

4.3.4. Summing all inequalities, and using Gronwall’s lemma, we obtain
with
o) =Y | 19z%v (01 |,
k<6

the inequality

b(t) < C2p(0) exp Co(Co + Cr€ + CE + Cie?),
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Stability of Large Solutions to Quasilinear Wave Equations 2569

where C; is a numerical constant (independent of Co and Cy). Since
¢(0) < Gsg,

we choose
C = 4C2C3 exp Cz(Co + Cg‘)

Then we choose & > 0 small enough to satisfy C; & small and
exp C2(Cr &9 + Cied) < 2.
For € < &, this gives
P(t) < %C 1€
and finishes the proof. |

5. REMARKS ON THE BLOWUP AT INFINITY

Recall that for some ty > 2M, we consider U as a solution of the Cauchy problem
Ou + Q(u) = 0, u(x, to) = uo(x), (0u)(x,to) = u1(x).

Using the conformal inversion I, we set To = —1/t and associate to % the func-
tion v defined by
ul)(X,T) = (T> - RHv (X, T).

The concept of “blowing up at infinity” is not clear to us in general situations, and
we think that it would be interesting to clarify the concept in general situations
for quasilinear wave equations. In the present case however, the use of conformal
inversion allows us to give precise definitions.

Definition. We say that a given global C* solution w of DU + Q(U) = 0 does
not blow up at infinity if the corresponding function v is C* on the compact region

{(X,T), Ty < T <0, T? - R? > 0}.

For a C* solution W only defined below an hyperboloid

1 1 12
(x,t), to<t<-——+ 72+—) , To<Ti <0,
{ 0 2T ( 4TZ o=

the same definition makes sense, the function v being here C® on the compact region
’4 64

{(X,T), To<T <T, T>-R?20}.
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2570 S. ALINHAC

With such definitions, it is clear that solutions which do not blowup at infinity
are stable. Global solutions blowing up at infinity (if they exist) correspond to
functions v having some singularity only on the boundary of the domain : this
appears as an unstable limiting case, since it would seem that some perturbations
of v produce functions having a singularity inside the domain, corresponding to
finite time blowup for u. It is not clear however if the limiting case of global
smooth solutions corresponds to global solutions or to solutions blowing up in
finite type, as shown by the three very simple examples below.

5.1. Three simple examples.
a. Let us consider the ODE

4

Y =-y+yh (0 =x>0.
The explicit solution is

y(t)=(1+Aeh)!, A= 1 1.
Yo

If o < 1, then A > 0 and the solution y is global and stable, with behavior
¥ (t) — 0 at infinity. For 3y > 1, then A < 0 and finite time blowup occurs. For
the limiting case y9 = 1, A = 0 and the solution is simply y = 1, which is global
with blowup at infinity.

b. Let us consider the ODE
y' ==2(t-1y% ¥(0) =1y >0.

The explicit solution is

-1
1
H=|t-D2+—-1| .
() [( )+y ]

0

If ¥ < 1, the solution is global and goes to zero at infinity. If o > 1, the solution
blows up in finite time. For the limiting case Y9 = 1, the solution is simply
y(t) = (t — 1)72, which blows up in finite time.

¢. The explanation of the difference between these two very simple examples
is this: in a, the finite time singularities are stable (with minimal blowup rate),
hence they cannot occur for the limiting case. In contrast, the finite time singular-
ity (t — 1)72 is unstable (with higher blowup rate), and it does occur as a limiting
case singularity. In the first case, the change

s=e!, w(s)=s"y(-logs)
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Stability of Large Solutions to Quasilinear Wave Equations 2571

reduces the problem to

w' = -w?

Thus we have a regular compactification of the problem, analogous to the one
obtained using conformal inversion for our quasilinear wave equation. In the
second case, it does not seem possible to obtain such a compactification.

d. Consider the Cauchy problem with data on {t = to} for the equation
ou + (3ru)? - D (du)? = 0.

As is well known, setting u = e* — 1, this equation reads Ou = 0. Define as before
v and v by

u(D(X,T) = (T2 - RHv(X,T), u)(X,T) = (T* - RHu(X,T).

We already know that Ov = 0. The transformed equation for v is easily seen to
be

OV +4v(Sv) + (T? - R} [ (3rv)? - X.(3,v)?] + 4v? = 0.
We also have
(X, T) = log(1 + @) = log(1 + (T?> - R})v) = (T? - R?)v.

Suppose now that u is a global C* solution of our equation : this implies u =
(T? - R*)v > —1 everywhere. For s close to zero, log(1 + 5) = sf(s) for some
f € C™. Since v is C* everywhere, close to {T? = R?}, we get

v(X,T) = vf((T> - RHw).

Hence v is automatically in C*(T), and u does not blowup at infinity.

This example is of course very special : the equation on v has the property
that all solutions which exist and are C® in the interior of T are automatically
C>(T). But the question is : what tells us that this is not the case for the general
equation OV + Q(v) = 0 obtained in Lemma 2.6 ?

Let us mention an apparent “paradox” connected with this example : it is easy
to construct C* data

Vo(X) = v(X, Tp), v1(X) = Orv)(X, To)

for the equation on v, compactly supported in {|X| < [Ty}, such that the cor-
responding solution v blows up inside 7. If we consider now the solution v¢ of
the v-equation with data (€vg, €vy) on {T = Ty}, it certainly belongs to C *(T)
for € small enough. Define & by

g =sup{le>0, VO <& <¢ ve € C(T)}
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2572 S. ALINHAC

One would be tempted to believe that ve, is C* inside T, but this is not the case
in view of the above considerations. This example is similar to example 2 above :
the singularity of v, inside 7 is unstable.

5.2. Heuristics. 'To summarize what has been said before :
(i) If a solution does not blowup at infinity, it is stable,
(ii) We do not know if blow up at infinity implies instability of the solution, but
we believe so,
(iii) We do not know if there are actually solutions which blow up at infinity, but
we believe there are (otherwise this paper would be meaningless).

5.3. Local blowup for quasilinear wave equations. From what has been
said before, it seems important to us to investigate, on the cone {R + T = 0},
blowup for the solutions of the equation 0v + Q(v) = 0. Let us recall in a
sketchy way some basic facts from [4] about blowup.

Consider to simplify an (hyperbolic) equation of the form

> p*F(@v)alv = 0.

One could allow p®8 to also depend on (x4, V), but only the dependence on dv
is significant. The principal symbol p = p*#(V)ExEp of the linearized operator
on v is a function of & and V = (04v). Denote by Dy the derivative with respect
to V. A characteristic point (Vp, &) is said to be genuinely nonlinear (following
Lax) if

p(Vo,&) =0, & - Dp(Vo, &) # 0.

In this case, one can construct singular solutions for which 0?v blows up at some
point m of a spacelike surface {d = 0} with the minimal rate d~!. This type
of singularity is believed to be stable, that is, slightly modified data yield a mod-
ified solution blowing up close to m with the same minimal rate (for a precise
statement, see [6]). A linearly degenerate point (Vy, &) is defined by

p(VO! §0) = 0, §0 ) DP(VO) EO) =0.

In this case, one can construct singular solutions for which 82v blows up at some
point m of a spacelike surface {d = 0} with the higher rate d=2 ; moreover, such
solutions are unstable, meaning that some slight modifications of the data yield
a minimal rate blowup solution, while some other modifications yield a solution
which does not blow up at all (see [5]). The condition of being a linearly degen-
erate point is invariantly defined with respect to change of variables or nonlinear
change of unknown function. Note that the null condition does not necessarily
implies that all points are linearly degenerate ; however, there are equations satis-
fying the null condition for which all points are linearly degenerate, for instance

Ou + (0,u) (33u) — (d,u) (03,u) = 0.
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Stability of Large Solutions to Quasilinear Wave Equations 2573

For such an equation on u, the equation on v, away from the boundary {R+T} =
0, will have only linearly degenerate points, since the equation on v is the result of
a change of variables (the conformal inversion) coupled with a change of unknown
function. The remarkable fact however, is that for 4// equations satisfying the null
condition, the boundary points are linearly degenerate.

Theorem (Linear Degeneracy Theorem). On the boundary {R + T = 0}, all
points are linearly degenerate points for the equation OV + Q(v) = 0.

Proof- The principal symbol p of the linearized equation £ is actually a func-
tion of (X, T, v, 0v) in our case, but we disregard the dependence on (X, T, v) as
irrelevant. On R + T = 0, the principal symbol is (with (£, T) dual to (X, T))

p =122 +4[2A(5V + V) + Y1v1sZ + 4(Sv + V) yss,
with s = T(T — w&),
T2y = 129" w; - g°w;w;) + g% wiw j& — 28°Y w;E;,
T2y, = 129" wi - 297 wiw)) - 2g7°w;E; + 297 wrw;E;
+ 2gOi0§i _ 290ijwj§i-
Since
Dop = 4Q2AT + YD)s? + 4T y,s, Dip = 4(-2ATw; + Y})s? — 4Tw;y,s,
the expression E = %[TDop + > &Diplis
E = QAT(T - &) + y1)s* + sy, T(T - wE)
= TH(T - WE)*[2AT(T — wE) + ¥ + »].
Now
T2(y1 + »2) = TRA(w) - 29°Ywiw; + g¥°w;iw ;)]
+AE) - 2[gPwiE; + g%V (wi&j + w;iE:)]
+ 9V wiw & + 29 wiwi Ej.

Taking into account the algebraic properties displayed in Section 1.1, with X = w
and Y = & for the last line, we obtain

T2(y1 + 32) = 2A(W)T + A(E) - 2A(w) (WE) — A(E) |w|?
=2A(w)(T — w&).
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2574 S. ALINHAC

Hence finally

2AX)T(T — wWE) + y1 + ¥z = —2A(w)T*(T - WE) + 2A(w) T (T - WE)
=0. 0O

This computation shows that, despite appearances, the equation 0V +Q (v) =
0 still contains many hidden cancellations ! We still dont know how to exploit
this result, but we feel that it is important to understand blowup at infinity for the
solutions of Ou + Q(u) = 0.
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