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THE NULL CONDITION AND GLOBAL EXISTENCE OF 
SOLUTIONS TO SYSTEMS OF WAVE EQUATIONS WITH 

DIFFERENT SPEEDS 
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Sapporo 060, Japan 

In this paper, we consider the initial value problems to systems of quasilinear 
wave equations with different speeds in two space dimensions. Applying John-
Shatah observations to our problem, we introduce the null condition for the system 
with different speeds. Moreover, we prove a global existence theorem for a class 
satisfying the null condition. 

1 Introduction. 

We shall start this paper with the description of John-Shatah observations on 
the null condition. We consider the scalar quasilinear wave equations with 
quadratic nonlinearity in three space dimensions. Introducing the space-time 
gradient of unknown, one can find that components of the gradient satisfy 
some hyperbolic system of first order. The plane wave solutions of this system 
satisfy hyperbolic systems of first order in one space dimension. Making use of 
the results of F. John,3 F. John and J. Shatah have proved in F. John's book 
5 the following remarkable fact: The requirement that no plane wave solution 
of this system is genuinely nonlinear leads to a class of equations which satisfy 
the null condition (S.Klainerman9). 

We apply John-Shatah observations to a system of quasilinear wave equa
tions with different speeds in two space dimensions. We consider the system 
with unknown vector u(t,x) = *(«* (*»«) um(t,x)) in the form 

m 2 

3 ( V - e ? A u ' = £ £ C°0{du)dad0u> ( i = l , . . . , m ) , (1.1) 
j = l a,3=Q 

where du stands for space-time gradient of u, i.e. 

du = t(du\...,dum), 

and the a(i = 1 . . . . ,m) are positive constants different from each other. We 
assume that C°f are t?°°-functions of their arguments which vanish at du = 0 
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of second order and C?f = C?f. Setv = du. Then one can find from (1.1) and 
(1.2) that the vector v satisfies the system of first order which is hyperbolic 
near v = 0: 

2 
Y^a°(v)dav=0. (1-3) 

For the concrete expression of aa (v) see section 2. We next consider the plane 
wave solutions w of the system (1.3): 

2 
v{t,x) = w{t,s), s = ^Qxi (1.4) 

t=i 

where C = (C1.O) € R2 and C / 0. Then one can find from (1.3) and (1.4) 
that the vector to satisfies the system in one space dimension: 

i 
a°{w)dtw + £ Qal(w)dsw = 0. (1.5) 

We take the initial values for the solutions w of (1.5) in the form 

tu(0,*) =£¥>(»). (1-6) 

where <p has sompact tupport tnd d is small lositive eonstant. 
Since the system (1.1) has the cubic nonlinearity, the system (1.5) is not 

genuinely nonlinear. Thus it is natural to require that the lifespan Te of solu
tions to (1.5) and (1.6) is at least of order e~3 for any f. Making use of the 
results of Li Ta-tsien, Kong De-xing and Zhou Yi,lz we shall prove in section 
2 that the requirement above is equivalent to the following fact: it holds that 

d2C\ O0 

• J ^ M W*W*tf) 
X'aXl

3X^Vs=0 (i = l m) (1.7) 
3u-0 

for any real vector Xi = (X^X{:X^) satisfying 

(X|)a-cf£(XJ)2 = 0. (1.8) 

Thus we can interpret this as the null condition for the system (1.1) with 
different speeds. If 

d2cf 
di&yU^didiU1) 

Su=o 

=0 UA7,i«U*J (L9) 
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then the null condition (1.7) is automatically satisfied. The main aim of this 
paper is to prove the global existence of solution to (1.1) with small data 
under the assumption (1.9). It is still open whether the null condition (1.7) 
guarantees the global existence of solution to (1.1). 

The null condition is also considered with respect to nonlinear elastic wave 
equations. For this problem, see T. C. Sideris' work.13 

In section 3, we introduce some notations and in section 4 we state the main 
result. In section 5, using the representation of solution to (1.1) of Kovalyov,10 

we estimate the first order derivatives of solution. Finally we prove the main 
results in section 7 using the estimates and energy inequalities in section 6. 

2 The Null Condition. 

In this section we introduce the null condition for the system (1.1) with different 
speeds stated in Introduction. 

We consider the system in the form 
m 2 

£ Y. a*?{du)daa0u> = 0 (i = 1,..., m), (2.1) 

where du stands for space-time gradient of u 

du = t(du\...,dum), 

a x d 8 d TU d 

We assume that 

a?f{0) = -<$6ij6aa for (a,0) * (0,0), (2.2) 
c, > 0, c, ^ Cj for i ^ j 

and C${du) - 1, a°f(du) + c*6uSai) vanish at du = 0 at least of second order, 
that is, 

a°°(du) = \+0(\duf) 
a°f(du) = - c ? M a J + 0(|9u|2) 

near du = 0. 
Set 

v = V , - . - . " " 1 ) (24) 
v' = e(u0.w!<u2K*'a =S„u'. 
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Then we find from (2.1) and (2.4) that the vector v satisfies a system of first 
order which is hyperbolic near v = 0: 

2 

J2aa(v)dav = 0 (2.5) 

Here the 3m x 3m matrices aa are defined by 

aa = {A°j : i , j = l , . . . , m ) , (2.6) 

where 

/ « p 0 0 \ / 2aJ? e $ ajf \ 
4 , = 0 6i} 0 , ^ = - * y 0 0 , 

\ o o % / V ° o o / 

(2.7) 

^ , = 0 0 0 . 

V -*& o o y 
We next consider the plane wave solution v(t, x) of the equation (2.5): 

v{t,x) =w{t,s), s = ^2&xi, (2.8) 
t = l 

where C = (Ci, 6 ) £ R2 and C / 0. Then we ffnd from (2.5) and (2.8) that the 
vector w satisfies a system in one space dimension. 

dtw + a(w)dsw - 0 (2.9) 

where 
2 

a(iu) = o°(u))_I 53CiO*(«i)- (2.10) 
1 = 1 

We take the initial values for the solution w of (2.9) in the form 

w(Q,s) = E<p(s), (2.11) 

where <p has sompact tupport tnd d > 00 
We shall seek the eigenvalues A = A(tu) of the matrix a(w) and the corre

sponding eigenvector £ = £(tu). By the definition, A satisfies an equation 

d e t ( A a ° ( u > ) - £ C i a > ) ] - 0 . (2.12) 
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We can verify by induction that 

det (\a°{w) - ^2Qa^w)) = Y"det(Pl J : ij - 1, . . . ,m) (2.13) 

where 

py = a°°A2 - 2 A £ < $ 0 + £ agOC. (2-14) 

Therefore we find from (2.2), (2.3), (2.12), (2.13) and (2.14) that the eigen
values A±(0)(i = 1, . . . ,m) of the matrix a(0), aside from the trivial multiple 
eigenvalue A = 0, become 

A?<Q) = ±e»KM<l = Kf + £)V* (2.15) 

According to (2.4) we arrange the components of a vector £ G R 3 m as follows: 

(2.16) 

Then we find from (2.2), (2.3), (2.7) and (2.12) that the eigenvector £±(0) 
corresponding to Xf (0) becomes 

( ^ ( 0 ) ) J - '(0,0,0) for j*i 
( f i W = t(=Fi,CiMlCU2/ci|CI) 

and the eigenvectors & {« = I,,.. .m) corresponding to the trivial eigenvalue 0 
become 

(&}J = '(0,0,0) for j / i , 
{&)' = f(0,C2,-CO-

Since ^ ( 0 ) , ^ (t = l , . . , ,m) are linearly independent, we see that the system 
(2.9) is hyperbolic near w = 0. 

We now require that a solution tu(t,«) to the initial value problem (2.9), 
(2.11) has a lifespan Ts which is at least of order e- 3 for any ( £ R2 . This 
requirement is equivalent to the following facts12: 

2 dXf 
2-, 2—i a 3 ( # W ) i = * 0 (2.18) 

u/=0 
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and 

£ £ 32A± («?(o)):(«?(o));=o 
tu=0 

for i = 1 , . . . , m a n d C £ R2 

Set 

P(A) =det(py(A) : i , j = l , . . . , m ) . 

Differentiating the equations 

P(A f ( i u ) )=0 (t = l t . . . ,m) 

in a variable < and evaluating the results at w = 0, we get 

(2.19) 

(2.20) 

2c-icr- in^-c?)^ = 0 
UJ=0 

which implies 
d\* 
dwi 

= 0 (2.21) 
m = 0 

for all ij,a. Therefore it follows from (2.2), (2.3), (2.14) and (2.21) that the 
condition (2.18) holds trivially and 

9fa{Xt)) 
dw' = 0 (2.22) 

u'=0 
for all i,j,kj,a. Next differentiating twice the equations (2.20) in variables 
mi and wk

0 and evaluating the results at IU = 0, we get 

ICI 2m-2 
! ! < < * - * 

pfavt)) 
t*i dwidwg 

= 0 (2.23) 
ui=0 

for all i,j,k,a,0. By the definition (2.14) of pu(X), we have 

d2 tpu(Xf)) 
dwidwg 

= 2Xf(Q) 
2\± d2\ 

w=0 
dwadw% 

+ Xf{0) ?i2n00 

2 0 ait 

-2A1
±(0)£ 

w-0 
.2„I0 

dwadw'k 
d2a' 

+z 
,= 1 dwidwg 
Baftf 

ur=0 

, y i a îaw* 

m=0 

li! = 0 

(2.24) 
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Then it follows from (2.15),(2.17), (2.23) and (2.24) that 

2 \ ± d2\ 
dwadw$ 

TC.KI 

i i = 0 
2

 liS=0 dw{dwk
s 

(tfW)iUf(O))! (2.25) 
u>=0 

Therefore we find from (2.17) and (2.25) that the condition (2.19) is equivalent 
to 

1„-rS d2a 
, . „ dwl

ndw\ (4f(0))l fe*(Q))J (4f (0)); (^(0))i = 0 (2.26) 
u>=0 

fori = 1 , . . . ,mand ( e R2 By the definition (2.17) of (^(O))'\ we have 

{ftfTO^-^Et^wtf-o (2.27) 
J=I 

for all ( £ R2 

Consequently we have proved the following 
Proposition 2. 1 The fc/espan Te of a unique solution w{t,s) of the initial 
value problem (2.9), (2.11) is at least of order e - 3 for any < e R2 if and only 
if it holds that 

£ ,2„1<(S 32a 
i,8.~,.i=0 a & 

X>aX<0X\X>s=O (f = l m) (2.28) 
u/=0 

for all real vector X1 — (XQ,XX,Xl
2) satisfying 

(2.29) 

Setting 

C$(du) = l-af(du)> 
C?f(du) = -cfSi^-affidu) (a,0)jMO,O), 

that the null condition (1.7), (1.8) follows from Proposition 2 . 1 . 
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3 Notations. 

To begin with, we introduce some notations that are used throughout the 
paper. 
Partial derivatives are denoted by 

dt dx\ ox2 

We also use the angular derivative: 

SI — x\di — x-idi. 

We set 

and define 

VA = V?'V^V$\\A\ = Ai + A2 + A$, 

where A.= (AU A3,A3) is a multi-index. 

Let u = ^ ( u 1 . . . , um) be an unknown vector and set 

Wi(t,r) = ( r + l ) 1 ' 2 " 1 ^ + r + l)7( | r - fcjt| + i ) ^ a (3.1) 

for 0 < 7 < 1/2. Then we define, for a non-negative integer fc, 

\du(t,x)\ = £ ^ | 3 0 u U * ) l 

m 2 

\du(t)\k = Y. E E SUP !*>***«'(M)| 
|A|<* i=l a=o^eR= 

m 2 

IWOIU - E EE1I^«U ,"MUR., 

[&*«]* = E E E SUP | ^ ( * , k l ) ^ 9 Q « ' ( i , x ) | . 

(3.2) 

Moreover, we define 

|du|*(t) = sup \du(s)\k, 

[du]k{t) = sup [M*)]k- (i-A} 

0<a<t 

In what follows, M denotes various constant depending on Fitf\ gi and 
Cj. 
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4 Statement of the Main Result. 

The initial value problem to be considered is 

f dfu'-ct&u'^FtO^dhi) in [0 ,oo)xR 2 

(i = l , . . . , m ) (4.1) 
ul(0,)=ef1,dtul(Q,) = Eg> in R 2 

where a are positive constants and e > 0 is small parameter. Moreover, / ' and 
a1 are C0"-functions with compact support. We describe some assumptions on 
the initial value problem (4.1) and state the main theorem. 

First, we assume that F* are of first degree with respect to the second 
derivatives of u: 

m 2 

Fi(du,d2u) = J2 Y, ^f(du)dad$uJ + Ei(du). (4.2) 

Here, Off and Et are C00-functions of du in {\du\ < 1} that satisfy 

C?f = C?; = C?f, (4.3) 

| c , f (3u)| < M\du\2, (4.4) 

|£,(3u)| < M\duf (4.5) 

Assuming (4.2)-(4.5), M. Kovalyov10 proved the almost global existence of the 
solution to (4.1). 

Second, we assume the null condition (1.9) for different speeds introduced 
in Introduction: 

c, f Cj for i ^ j (4.6) 

82C?f 
d{d^ul)d{dsui 

The conditions for E{ are 

d*E, 

du=0 - U^-TJ- ™ 

in accordance with (4.7). 

8) 

Theorem Z,ef iu assume (4.2)-(l8). Then there exists a positive con
stant ea depending on given functions such that the initial value problem (11) 
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has a unique C°°- solution in [0, oo) x R2 for all e with 0 < e < e0. 

M. Kovalyov showed in his papern1 that the theorem holds when Cfj = 0 
and Ei (i = 1 m) satisfy the condition 

d3E, 

instead of (4.8). 

= 0 (U = h-,m) 

5 Estimate of the First Derivatives of the Solutions to Initial Value 
Problems. 

The aim of this section is to estimate the first derivatives of the solution to the 
initial value problem: 

f Sfti -&u= F(t,x) in [0,D x R2 

(5.1) 
[ u(0, ■) = &««>, •)=<) in R2 

Here, F is a C~ function m [0,T) x & For this purpose, we use the rep-
reservation formula of the solution to (5.1) which has proved by M. Kovalyov 
10. 

Proposition 5.1 Let u £ C°°([0, T) x R2) be the solution of the initial value 
problem (5.1). Then, u has the following representation: 

u(i,x) = — 11 rdrds I KiF(.%re'/^ie+'i'))di> 

+ Y-\(t-a) f[ rdrds f A',F(s, r e ^ ^ 1 " ' ) ^ 

where 

x — (a cos 0, a sin #) = a e * ^ 9 

<r + r2 - f( - $f t ( if - arccos for (s,r) e D 
2ar 

{ { f - s ) 2 - a 2 - r 2 + 2arcosV}l<'2 

1 (s > 0) 
0 (s < 0) 

f 1 / 1 {5 > 0) 
X'(s) = | 
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Moreover, the domains D' and D" are. defined as follows. 

& - { (» , r ) ]0< »<■*, r j < r < r 2 } 

{ {(s, r) I 0 < s < ( - a, 0 < r < n } for t > a 

0 for K a 

where 
n = \a ~ t + s\, r2=a + t - 8. (5.2) 

Next, we derive representation formulae for the first derivatives of the 
solution of the initial value problem (5.1) from Proposition 5. 1 . In order to 
Dresent the formulae, we set 

6 = min{l/2,a} 
(a = |*|) (5.3) 

6 = m i n { l / 2 , ( t - a ) / 2 } 

and split the domains D' and D" as follows: 

D' = blue U white 

blue = {(s,r)€D'\r1 <r<n+S or r2-S<r<r2} 

f D'\blue for 5 - 1 / 2 
white = I 

y 0 foT I5 = Q 

D" = black U red 

black = {(s,T)eD"\n-i<r<n &c 0<r<$] 

f D"\black for 6=1/2 
red = I 

{ <H for 6 = (t - a)/2 

We set 

hiue(F)(t,x) = It rdrds I KxF(i 
J Jblue < — 4 ? 
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W e ( F ) < t , x ) - ff rdrds T K,F{s,re^~^e+^)d^ 
JJ white J—\p 

W * ( F ) ( f , i ) - ff rdrds f K,F{s,re^~^+^)di> 
J Jblack J -n 

h,d{F)(Ux) = ff rdrds f K]F(s,re"/^IiS+,t,])d^ 
J J red J —n 

Then, by Proposition 5. 1 , d^u {/i = 0,1,2) is represented as 

+X(t - o J W t t ^ f ) + x(t - a - l)I„d{duF)}. 

Following M. Kovalyov,10 we change the variable of integration from $ to r by 
the map ip = * , where 

$ = arccos[l + PT — r], 
a2 + r2 -(t-s)2 

2ar 
Then we have the following 
Proposition 5. 2 

IwhitAdpF){t,x) 

m X ) I / / * / rh'2a°(8 + * > / ( « , r e ^ T , , + * ' l ) d r 
j.Q=0 [JJS(whtU) Jo 

- ff drds f Va{rK2a°(9 + VJ)}F(s,re^(e+'t>))dT 
J J a i k i f e JO 

- ff rdrds f K2a^(e + * J ) ( n F ) ( S , r e ^ I f e + + ^ ) V a * J d r l 
JJwhite Jo J 

+ 11 drds j K1a2
l(e + iJ})(QF)(s,re^~HB+'l'))diP 

J J white J "¥? 

U<d{d»F){t,x) 

tre^9+^)di}> 
a=QJ Jd(red) J-n 

'Jiff drds I V o{ f "^ i}<(^ + V')F(s , re^T T ( s +^)d0 

+ ff drds f K1Ql($ + $)(nF)is>re*/=Il6+W)dj> 
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where 

Ko = 
{2arr{l - r)(2 + PT - r ) } 1 / 2 ' 

* j = ( - l ) J * , 

f 0 fa = 0) ( 0 (,x = 0) 
< ( * ) = $ ! . < ( * ) = { cos* (JI = 1 ) , <£ (« )= { - s i n * (p = l) , 

I sin<9 (/i = 2) I casff (|t = 2) 

^ _ / 9 s (a = 0 
V Q " \ dT (a = 1 

0) 
) 

n = W m ) w the unit outer normal vector field on d(white) U fi(red), anrf 
do- is the line element on d(white)Ud(red). 

M. Kovalyov used these formulae in his work,10 but he has omitted the terms 
containing the first derivatives of *j in the above formulae. So we show the 
proof for completeness. 

Proof. We denote F^re^)) = G(s,r66), Then, 

a = 0 

Therefore, 

U « ( 8 / ) = Jiff rfrdB f Kta*(0+i>)(VaG)i*,r,9 + \t>)<fy 
Q _ Q J J white J — \fi 
+ / /" drds I Kial(8 + i}>){deG)(s,r,8 + ip)di>. 

J Jwhite J-,f 

Changing variable from $ to r by the map ii> = * , we have 

/ / rdrd.5 /" «Tia*(# + ^)(V aG)(*,r ,* + ^ ) # 
J J white J—ip f . 

1 f/ r1 { 5 o > 
-Jill rdrds / ^ < ( ^ + *;)(VoG)(s,r.0 + *j)d7-. 
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Notice that 
(VaG)(s,r,8 + *j) = Va{G(s,r,$ + #,-)} - (deG)(s,r,8 + * j )V a * j . (5.6) 

Substituting (5.6) into (5.5) and integrating by parts give 

I white (dp F) 

= Y I / / do f rKKW + *j)naG(s,r,8 + *j)dr 

- / / drtfe / Vo{rtf2<(0 + *,-)}<?(«, r,0 + V^dr 
JJwhite Jo 

- ff rdrds f K2a°(9 + Vj)(d$G)(s,r,9 + V})VaVjdT\ 
J Jwhite Jo i 

+ ff drds f K^Ke + tpKOeG^s^r^ + ^dtp. 
J Jwhite J — & 

(5-7) 
Similarly, 

htdid^F) = Y ff rdrds f Kia"(* + ^)(VaG)(«,r,0 + ifr)d0 
a=0J Jred J-x 

+ ff drds f Kml{6 + rp){deG){s,r,e + ip)dip 

= Y ff rda f ffi<(e + ^ K C ( s , r , « + i i ) # (5.8) 

~Y ff drds f Vo{r/C,}a°(0 + ^)G(s,r,0 + tf)(ty> 

+ / / drds I tfia*(0 + tf)(flfcG)(a,r,0 + 0)«ty. 
JJred J— ir 

Thus we get the representation formula from (5.7) and (5.8). I 
The following proposition is used to estimate the terms appearing in Propo

sition 5. 2 . This was shown in M. Kovalyov,10 except the estimates containing 
the derivatives of $. For the sake of completeness, we give the proof of all. 
Proposition 5. 3 
I. Let (s,r) € D'. Then the following estimates hold: 

(i) / tf,d0 = 2 / K2dr 
J -^ Jo 
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^ ( ^ l o g 2 + 
fir 

(f - ri)(r + r5) 
\ (( - 5 - a) 

II. Let 

H) / {\d3K,\ + \drK,\)dr< g 

H) / ' ^ { | f l . » l + l^*|}rfr< f . , ^ , V ]
 2U1/2 Jo {«r(r2 - rf)(r | - 72)}1/2 

(s,r) G D". Thera (Ac following estimates hold: 

/ * « • , ■ • ■ M 

1/ — JT 
# < 

ii) / {15,^1 +|ft .A-i |}d0< 
«f — ir 

log 
(n - r ) ( r 2 +r) 

U 
(rj - r ) { ( f + n ) ( r 2 - r ) > ^ 

Proof. The following identity can be easily verified by simple computation. 

(r + ra){r + a - t + s) _ _ (r2 ~ r ) ( t - s - a + r) 
2ar 2ar 

I-(i). Changing variable by the map $ = * , we have 

(5.9) 

^ j {r{\ - r)<2 + P7 - r ) } -^ 2 dr . (5.10) far)* 

First, we notice that in the domain D', 

\P\<1 
2 + P r - r = (P + 1)7 + 2(1 - 7 ) > 2 { 1 - T ) for 7 > 0. 

Thus, splitting the interval of integration into two pieces, we have 

/ {T{l-T)(2 + pT-r)}-1/2dr<21/2 r~1/2dT = 2, (5.11) 
Jo Jo 

f { 7 ( l - 7 ) ( 2 + P 7 - 7 ) } - l / 2 d 7 
Jl/2 

< 2 1 / 2 / { ( l - 7 ) ( 2 + P r - 7 } } - l ' ' 2 d 7 
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< 21 '2 f 3T{-2(1 - r)^2}{2 + PT- T)-l^dr 
Jo 

= 2 + 2^2{\-P) f (l-T)l/2(2 + Pr-T}-3/2dT 
Jo 

< 2 + ( l - P ) / .(2 + P T - T ) - ' d r 

< M l o g [ 2 + r ^ p ] . (5.12) 

Since P + 1 > 1/2 for t - a < a, the estimate I-(i) follows from (5.10)-(5.12) 
and (5.9). 

I-(ii). Since 

(2ar)3^(l-T)1 /2(2 + P T - T ) 3 / 2 

1 r ' / 2 / l P \ 
9 r * 2 = ~2~rK2 ~ 23/2(ar)V2(i _ T)i/2(2 + PT- T ) 3 / 2 \ a ~ *■/ ' 

then we have 

/ {|aSJftr-2| + |a r^2 | }dr 
_1_ f1

 K . t-s + a + r f] T^_ 
~ 2rJ0

 2 T+ (2ar)3/2 JQ (l - T ) i /2 ( 2 + Pj _ T)3/2dT-
(5.13) 

By I-(i), we have 

1 Z"1 

— I K2dT < Ma(ar)-'i/2 log[2 + (1 + P)"1] 

< A / a ( a r r 3 ' 3 ( l + P r ' - (5.14) 

On the other hand, since 

we have by the method from which (5.12) was derived, 

fl r 1 ^ 3 1 
J0 (1-T)^2(2 + PT-T)V2 - 21/M + P- ( 5 1 5 ) 
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Therefore it follows from (5.13), (5.14) and (5.15) that 

Jo (ary/1 1 + P 
M 

I-(iii). We can easily verify that 

*• ■ (H) 

{ary/2{r + s + a-t)' 

r i /a 

a 5 * -

{ ( 1 - P ) ( 2 + P T - T ) > V 2 

( - 5 W 2 

ar { ( l - F ) ( 2 + P T - r ) } V 2 

We use the same method as we used in I-(i) and obtain 

Jo 

iry/2 \ (2or 
M a + T 

I P 
a T 

t -s 
<v 

1 1 /' "L_ 
J ( l - P ) 1 ^ 7 o (l-r)>/»{2 + PT-T) 

(ar)1/2 ar {(1 - P)(l + P)} ' /2 ' 

Thus we get the estimate I-(iii). 
H-(i). In the domain D", P < -1 and t - s> a + r. Therefore, 

LKl4* = {{t-s?-a*-r>yi*L (T 

■ f l 2 - r » } ' / » { ; 0 (1 

+ 

P- ' cos^ ) 1 ' ' 2 

2 - 1 / 2 ) 1 / 2 

(5.16) 

Further, 

r/4 # 
/„ {1 - cos^ + (1 + P - ' J c o s ^ } 1 / 2 
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r*/* dtp 
~ J0 {27r-^2 + (l + J P - I ) 2 M / 2 } 1 / 2 

< M{\ - l o g ( 1 4 - P - 1 ) } 

= A/ | l + log(l - r ^ p ) } £«•") 

From (5.17), (5.9) and 

( t - s ) 2 -a2 -r2 = -2arP>ar(l - P) = - ( r + n){r2 - r) , 

we get H-(i). 
Il-(ii). We can easily see that 

a r^i = 

((( - s)2 - a2 - r2 + 2urcoST/>)3/2 

r - a cos ip 
((( - s)2 - a2 - r2 + 2ar cos i/>)3/2 

Thus, 

/ {|a,K-,| + |ft.tf,|}rf0 
■/ - I T 

<2<«- . ) / ; { ( J - s ) 2 - a 2 - r 2 + 2arcos^)3 /2 

4(t - s) f dip 
L (i ( -2a rP ) 3 / 2 7 0 ( 1 - P - ' c o s ^ ) 3 / 2 ' 

We get by the same way as the proof of II-(i) that 

(5.18) 

L (i P - ' c o s ^ ) 3 / 2 

<»/3 A* f»/" <ty 
- y 0 ( i_2-i /2)3/2 + jQ { 2 T T - V + (1 + P - I ) 2 - 1 / 2 } 3 / 2 

^ M ( 1 + rfp) 
< Mn~p- (519) 

Therefore it follows from (5.18) and (5.19) that 

A/(t - s) P 
J — rr ( -2arP) 3 / 2 1 + P 
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< 

M(t - s) - 1 
( a r ) 3 / 2 { i _ p ) i / M + P 

M 
(n - r J t o r J ^ t l - P ) 1 / 2 

and we get the estimate Il-(ii). I 

Now we can show the estimates for the first derivatives of the solution to 
the initial value problem (5.1). 

Proposition 5. 4 Let u £ £7°°([0,T) x R2) be the solution of the initial value 
problem (5.1). And let w(s,r) be a positive function that satisfies 

(i) fc-l<r<fc + l=5. T7tu{s, it) < w(s, r) < Mw{s, k) (5.20) 

[k — 1,2,• •';M is independent of s, k,r) 

w{s,r) ~ y^ (r + s + l)(\r - cts\ + 1) 
1 

+ (r + s + l)1+2^(r + l ) 1 - 2 ^ 

+ (r + s + l )>+*( | r - s | + l ) 1 " ' / ( 5 - 2 1 ) 

(d j i l (i = 1,2, •■-,£), 0 < 7 < l / 2 , 0 < e < l ) 

Then the following estimate holds: 

M 
|5"(f ,a:)1 " (|x| + l J^-HM + * + 1WIM - *| + l)1'2 " 

£ »p|IM-.i-i)»^(-.-)||0 {522) 
JA|<3 

+ V sup | | ™ ( s , [ - n ^ F f s 
| ,4 |<2 0 < S < ( 

>>llo} 
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Proof. By (5.4) and Proposition 5. 2 , we have 

\du(t,x)\ < \ sup Bap|*i1/2w(ff,|*l)l^{*»*)l { sup sup l^l1 

°<*<(*eR* 
+ sup sup |x|1/2w(,s, \x\)\dF(s,x)\ 

0<«<'reR= (5.23) 

+ sup sup \x\]/'2w{s,\x\)\QF(s7x)\ 
o<*<'isR= 

. { / ; + . . - + !>.+!»+ ... + I") 
) 

where/,' f( = l , . . . , 5 )and /," (i = 1 4) are defined as follows. 

/; = / / 4—r<*«fe /" K^ 

r2 = // -4—/h I K>dT 

/; = IL,^drd'iy^+ia'mdT 

,; = /jLw3fM,j£'JMM'+IMD* 

I'l = ff —,—-dnfo / K\M 

I'l = If —,2 -drds / k\dTp 

/ . / red UAS.fJ ./_,, 
Here, /,' (i = 1,...,5) are integrals that are related to the domain D', and 
/," (i = 1 4) to the domain D". We show in the following that 

1 " (a+l)'/a->(a-M+i)M|a_t| + i ) i / 2 (» = 1..-..5), (5.24) 
„ M 
1 ~ ( a + l ) i / 2 - ^ ( a + ( 4 - i ) . ( | a _ ( | + 1)i/2 ( i - l . — »4), (5-25) 
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where a = |ar|. M. Kovalylov showed in his paper10 that 

\x\\f(x)\2w(s, \x\)2 < M Y, IM». I • \WAf\\l {5.26} 
|.4|<2 

for / € C£°(R2). Then we get the estimate (5.22) from (5.23), (5.24), (5.25) 
and (5.26). 

First, we prove (5.24). To prove this, we introduce some notations. Set 

f , .... y - 1 1 
h{ Cr + s + l ) ( | r - c , s | + l) + (r + s + l j ' + ^ r + l ) 1 - ^ ' 

(r + s + l V + ' d r - s l + l ) 1 - ' 

Then by the assumption (5.21) on tu(.s,r), 

1 
w(s,r) 

Moreover, set 

r)(s,r) = r)i(s,r) +r?2(s,r), 

<M$(s,r). (5.27) 

VL (s,r) - J ] 
£ 1 1 

^ (r + s + l)*(|r - c,.s| + 1) {T + s + l)A+2T(r + l ) 1 ^ 

i)z(s,r) = = , 
(r + s + D ^ + ' d r - s l + l ) 1 " ' 

where 
0 < A < min{7,1/2 - 7}, A = 1/2 - 7 - A. (5.28) 

Since r + s > \a-t\ for (s,r) G £>', we have 

M 
6 ( s ' r ) " ( j a - f | + l) i /3+^ ( f i ' r ) (,' = 1 ' 2 ) ( 5 ' 2 9 ) 

< „ . „ M,„nMMs,r) (5.30) 
tu(a,r) ~ ( | a - t | + l)1 /2 +T+ A 

for (*,r) £ £>'. But in the estimate of /,' and J|, &(*,r) is treated in another 
way. 

(i) Estimate of l[ 
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By Proposition 5. 3.1-(i), 

2 + nr 
[T - r\){r + r-x 

Therefore it follows from (5.31) and (5.20) that 

ds ^+6 

X(t -s- a) drds. (5.31) 

r < 2L\ / ds [ 
1 - a'/z y 0 w{a,ri)JTl 

log 

J0 w(s,r2) ]r2-

2 + ar 

fri—6 

[T - ri)(r + r2) 
ar 

X(t- s - a) dr 

-X(t-s a) dr > 
(r - n){r + r2)' 

(5.32) 
Let us consider the integrals of log[2 + ar/(r - r, )(r + r22 ) •(t ~ s - a)]. FoF 
0 < * < t-a and ra - * < r < ra , it folfows from (5.2) ana (5.3) that 

r - ri > r2 - 6 - n — 2a - d > a. 

Then we have 

log 2 + ar <log 
(r - ri){r + r2) 

For 0 < s < i - a and n < r < n + 8, we have 

f i+ 'S 

2 + 

/ 
log 2 ar 

(r - n ) ( r + r2) 

r — ri 

dr 

<log3. (5.33) 

< / log 2 + 
r — fj 

dr 

- <S [{log(35 + n ) - log(5} + ^ log(l + M/r , ) ] 

< <Slog(3/2 + ( - a) +■ ( S ' ^ e " 1 + 6 
< M 5 1 / 2 l o g [ 2 + | a - t | ] . 

Therefore it follows from (5.32), (5.33) and (5.34) that 

Mb1/2, r„ , .„ f f* ds 

(5.34) 

We next show 

log[2 4-1* - t\] { f - * + /" - * I . (5.35) 

I ds M 
'„ w{a,r,) ~ < |a-* | + l)i/a+T+A ( i= l ,2 ) . (5.36) 
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We use (5.30) for l/w(s,r2) and obtain 

f ds M /' 

Moreover, 

I V(s,r2)ds < M f [y- 1  

1 1 1 
+ - + ^ } ds 

< Mrl± i r 

i i l , 
- -\ - > ds + 

< M. (5.38) 

Therefore, from (5.37) and (5.38) we have (5.36) for i = 2. The treatment for 
t = 1 is slightly different. We remark that |n -s| = \a - tj ffo rr - o)+ < s < t 
by the definition (5.2), where x+ = max{0,x}. Then we see from (5.28) that 

&(3,ri) < (5.39) 
~ (jfl - t\ + l )V2+^+A( r i + 3 + l)l+mta{..X> l ' 

for <t - a)+ < 8 < I. Therefore it follows (5.27), (5.29) and (5.39) that 

f( ds 1 
/(t-a)+ ( r i + a + l)1*™1"*'.*} J 

M 
- (\a-t\ + iy/2+-<+*' 

Combining (5.35) and (5.36), we have 
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< 1 
- ( a + l ) 1 / 2 ( | a - ( | + l)i/2+7 
< * 
" (a + l ) ' /2->(a +■ t + l)-r(\a - t\ + l)1/2 

Here we use the fact that 

a + t + 1 
( a + l ) ( | o - * | + i; < 4 for a,t> 0. 

(5.40) 

(5.41) 

(ii) Estimate of V% 
By Proposition 5. 3 .I.(i), 

1 ~ a1/2 jJs(white) w(s,r) ° S 2 + ar 
(r -rt){r + r2) 

X{t-s- a) da. (5.42) 

Let 0 < s < t - a and (s,r) E white. Then 

or 
L -T < -JL- < TJ4^ < 2(* " « + 1/2)-(r - rL)(r + r2) r - n 1/2 

So we have 
or 

x(t - 8 - a ) < 2(2 + |o - i|) 

for (5,r) € wftlte. Hence from (5.42) and (5.43) we get 

M , r . , „ / / tfo 
its) w(s,r- ) ' 

-log[2 + | a - « | ] / / 
l l / 2 

(5.43) 

(5.44) 

We have already computed the integral of l/w(s, r) in the estimate of l[, except 
the one on {0} x (|a - t\ + S,a + t - S). Applying (5.30) for s = 0, we have 

ra+t-S ra+t-° dr M__ 
J\a~t\+6 w(0,r) - ( | a - t | + l)W L/2+7+A' 

Therefore it follows from (5.44), (5.36) and (5.45) that 

M ji < 
2 " a 1 / a ( | a - t | + l) '/a+i+* log[2 + [a - (fl. 

(5.45) 

(5.46) 

Since a > 5 = 1/2 when the domain wUte is not empty, we have (5 24) for 
i = 2 by the way from which (5.40) was derived. 

(in) Estimate of J's 
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By Proposition 5. 3.I.(i), 

7 3 < ^ / / ^-Tlog[2+7 £ x{t-s-a) 

Further, by (5.30) and (5.43), 

M 

drds. 

(5.47) 

■- — : , 7 7 5 7 ^ 7 1 ° S [ 2 + I " " ' I ] / / ^drds. (5.48) 
■/ J white T a l / 2 ( | a - t | + l)l/2+T+A 

Since r > 5 = 1/2 in the domain white, we have 

2tLI> < M i ^ l 

1)I+X/2(|T. _ CiS\ + i)i+x/a 

r + TT^TT: ' . . . . ! - (5.49) (r + l)2+A (r — ^ 1 (s-
+ l ) i + V 2 ( | r - * | + l)»+V3 J 

for far) € «?i»te. Concerning the right-hand side of (5.49), the integral of the 
first and the third term are shown to be bounded by a constant M in the same 
way as (5.38). As for the second term, we see that 

ft drds < f n dr 
JLhite (r + 1}2+A " Jo Jri (r + 1)2+* 

< _ J _ f ^ r < M . (5.50) 

" l + AJo { n + l } 1 + * " 

Therefore it follows from (5.49) and (5.50) that 

T}{S,T 
J Jtii 

drds < M. (5.51) 
white 

Hence from (5.48) and (5.51) we have (5.24) for i = 3. 
(iv) Estimate of l\ 
By Proposition5. 3.I.(ii), 

/ ' < M ff 1 -drds. (5.52) 
4-a^JLhitew(s,r)(r + s + a-t) 

Applying (5.30) to the right-hand side of (5.52), we obtain 

I> < - M
 w , , / / -J&^drds. (5.53) 
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Since r + s + a- t > S = 1/2 in the domain white, we have 

r+s+a~t 

< n (v ^ . ^ 
r + s + a-t + l | ^ ( r + s + i)V«(| r - Cis\ + 1)' + V2 

1 1 1 
+ s + l)V2( r + l)i+V2 + (r + s + i J V ^ I r - s l + i J i+Vzj (r 

for(s,r) G tohiie. Hence we find by the change of variables (a, 0) = {s+r,s-r) 
that 

? -<frds< M. (5.54) 
y7nrj /«*«t< r + s + a - t 

Therefore from (5.53), (5.54) and (5.41) we obtain (5.24) for i = 4. 
(v) Estimate of JJ 
By Proposition 5. 3.I.(iii), 

M f f 1 a + r 

We notice that for (s,r) G white, 

r2 + r > a, r2 + r > r; 
T + n > a, r + n > r for r > (r2 - fj )/2; 
r2 - r > a, r2 - r > r for r < {r2 - ^ )/2. 

Hence we have 

a + r f 1 1 1 
{(r2 _ r ? ) ( r2 _ r 2 ) } i / 2 < 2 { {r2 _ r ? ) i / 2 + { ( r _ r i ) ( r a _ r ) } 1 / 2 } (5-56) 

for (s,r) G white. Therefore it follows from (5.55), (5.27) and (5.56) that 

* " ̂  ff^^W^fP** {(r - r,)(Ja - r)}i/» } **■ 
(5.57) 

We show in the following that 
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We use (5.29) for £i(s,r) and obtain 

Since r±{s + a-t) >S = 1/2 for (s,r) e white, we have 

t?i(s,r) < A/ , , 
{r2 _ raji/a - ( r + s + a _ t + i)i /3 ( r . _ s _ fl + ( + 1}i/2rMs< r> 

< M 

~ r+s+a-t+1 
l 

{ £ frj (f + 8 + l)V*(|r - ciS| + 1)»+V2 

+ J _ ) 
M 

( 

r — s — a + ( + 1 

^ 1 1 
^ ( | r - 5 | + l)V2(r + l ) I + V 2 J 

for {s,r) £ white. Hence by the change of variables (a ,#j = (s + r,« - r) we 
have 

/ / - ^ l f * ' r ^ , . .(frda < M. (5.60) 

Therefore it follows from (5.59) and (5.60) that 

II ^S,I\ „drds < - , M
w ^ ^- (5.61) 

JJwhitt {^ - r\Y12 ~ (|a " *l + l)1 ' , 2 +-'+ x 

On the other hand, we see that, for (s,r) e white, 

ft(»,r) 
( r 2 _ r 2 ) l / 2 

A/ < (r + s + a - f + l)'/2(r -s-a + t + l ) 1 ' 2 



70 

•[{1 - X(\r -s\-\a- t\{2)}U*,r) + K(\r - s\ - |a-t | /2)&(*,r}] 

tf 
(|o-

( 

- t\ + I)»/*+7+A (r + 5 + a - t + l ) 1 ' 2 

1 

to 
+ 

" + s + 1) l/2+A + ( ( | r - s j + 1)1"' 

1 to 
+ 

( r — s — i 

M 
2+t+iy i2{r + s + l ) 1 + m i r 

1 
(|o -t\ + l)i/a+->+* (r + s + a - t + l ) 1 ' 2 

( ( r + S + 1 ) 1 / 2 + V 2 ( | r _ s j + l ) l + A/2 

1  
'{r _ s - a + t + l)i/2(|r - «| + l)i/a+mio{..*>/3 

(r + S + l)l/2+min{(.A}/2 J 

Here, we have used that ( - a > 0 on the support of 1 - \{\r - s\ - \a - (j/2). 
Therefore it follows that 

/ / 
J Jwhite 

fr<^> dTds < ^ _ ;drds < ■ —j r . (5.62) 

Combining (5.61) and (5.62), we obtain (5.58). To estimate the second term 
in the right hand side of (5.57), we note that 

1 
{ ( r - r , ) ( r 2 - r ) } ' / » 

* { ( a + , . , . r + 1 ) ( ' + , + fl-f + 1 ) } , /2 (5.63) 

+ -
{{a + t - s - r+ l)(r~s-a + t + l)}'/2' 

Using (5.29) for the first term of (5.63) and the method above for the second 
term of (5.63), we get 



71 

Therefore from (5.57), (5.58) and (5.64) we obtain (5.24) for i = 5. Conse
quently, we have proved (5.24). 

Next, we prove (5.25). £(s,r) and jj(s,r) are used again, but we do not 
consider £i{s,r) and f2(s,r) separately. Since t > a when D" is not empty, 
ri=t—a-s. 

(vi) Estimate of I[' 
By Proposition 5.3.II.(i), 

1 " M JLck w(*,r){(r + r i ) f o - r ) } V a loS 

In the domain D", we use the following facts: 

1 M 

2 + or 
()"! -r)(r + r2). 

drds. 

(5.65) 

for r + s<{t- a)/2, 
{{r + n ) ( r 2 - r ) } i / 2 - {(* - a)(a + i )} 1 ' 2 

(5.66) 

- r ^ - r < T; , « 1 M i ^ i H f « . f ) ^ r + * > ( t - a ) / 2 , (5.67) 
w(s,r) ~ ( | a - t | + l)V2+T+^'v ' 
r2 — r > 2o + <S for r < r\ — 5, 

or 
(ri - r ) ( r + 7-2) 

< M { ( t - a ) x ( 2 r - r ! ) + l} for r < n - 5. 
r i - r 

It follows from (5.66)-(5.69) and (5.3) that 

(5.68) 

(5.69) 

n < {(t-a)(* + t)V/* i i «- ) /a « (« ,*)** 
M 

"(2a + J ) V * ( | o - t | + l)Va+i+A 

/ / 
/ / black 

7>(s,r) 
1/2 

iff 
(r + n)l/2 drds 

(5.70) 

( | a - t | + l)1/2+7+* 

■ j , e k ^ ' ^ { ( r + r O t r j - r ) } ' 

•log 2 + - — ' : r drds. 

/2 

(ri - r ) ( r +r2) 
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Moreover, 

ff r V 2 drds < M f a£(s,Q)ds f r 1 * * < M&&, (5.71) 
jj tuck w(s,r) Jn Jo 

/ / 

r l / 2 
V(s>r)-, TTrt r f r r fs 

- JD ( l + n ) 1 ' 2 7o 

- M 7 0 (1 + r - a - *)Va \ ^ ( s + 1)*{C]S + 1) 

1 1 1 , 
+ -= + r > ds ( s + 1)A+27 (8 + l)l+A J 

<M (5.72) 

because A + 27 > 1/2 by (5.28). 
It remains to estimate the third term of the right-hand side of (5.70). We 

show that 

M 

Mi 

) ( r 2 - r ) } V 2 

^(^fl )^ I O g [ 2 + ^^ 
from which we obtain 

-1/2 

log 2 + (ri — r)(r + ra) A* 
(5.73) 

/ ( M , '̂r,{(r + r 1 ) , ( r 4 - r ) } . / " t o 8 [2 
or 

{ri - r){r + r 2 ) 
drds 

ft —a 
< M I J](s,ri)ds 

Jo 
p r i / 2 r 

(ri - r ) (7 - - t - r 2 ) 
cfr 

M 

^ ^ T i j ^ l a 6 { 2 + * " 4 (5.74) 

To prove (5.73), we consider the following two cases separately: (a) 1 < a and 
(b) 0 < a < 1. 
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(a) 1 < o 
Since r2 - r > r2 - n > a + 1, we have 

1 p 
-(«T7jW > ri — r 

Hence by the way from which we derive (5.34), we have (5.73) for a > 1 
(b) 0 < o < 1 
Since log[2 + ar/(ri - r)(r + r2)] < 1 + a^/(ri - r)1** and r2 - r > 2a, we 
have 

log 2 + ar 
(T-J - r ) ( r + r2) 

< 4<51/2 < 2</2. 

Thus we obtain (5.73) for 0 < a < 1. 
Therefore it follows from (5.70)-(5.72) and (5.74) that 

dr 

n < MS M 
{(t-a){a + t)}1/2 ( 2 o + l / 2 ) 1 ^ ( | o - * | + l)1/44-H-A 

tQg[2 + i - a] 
(0 + l ) , / 2 ( | o - ( | + l)1/a+'H-* 

M A/ 
( t - a + l ) 1 / 2 { ( + a + l ) V 2 ( a + l ) i / 2 { | a - t | + l)i/2+-r 

Af 
(a + l)»/2-^(a + * + l)">(|a - t| + l ) 1 ' 2 ' 

(5.75) 

(vii) O r n a t e o/ I'i 
By Proposition 5.3.II.(i), 

r l / 2 

Moreover, by (5.66)-(5.69), we have 

2 + ar 
(n - r ) ( r + r2) 

da. 

J" < 
2 ~ {( 

M ft r1/2 
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M 
^ T 1 ) 1 / , ( | a _ t | + 1 ) . / ,+^1°g[2 + f - a l -

■ / / n(s,r) T-do. (5.76) 
JJ fl(r.J) ' ( r + r , )i/2 , + r > ( t - a ) / 2 

Here we notice that £* - a)/2 > 6 = 1/2 when the domain red is not empty. 
We further see that 

/ / — rda < M, (5.77) 
/ / 8<»=<i) w(s.r) 

/"/" n(«,r) T' 2 , da < M. (5.78) 
JJ 8(rcd| ' ( r + r i ) l / 2 s + i - > ( ( ~ n > / 2 

Hence from (5.76), (5.77) and (5.78) we obtain (5.25) for i = 2. 
(viii) Estimate of Ig 
By Proposition5. 3.II.(i), 

2 + 
(ri - r)(r + r2) 

drds. I"-MjLlirV*w(s,r){(r + r1)(r2-r)y/i[0g 

Further, by (5.66)-(5.69), we have 

j» < M ff 1 drds 
H ~ {{t-a+l){a + t + l)}WjJm+r~^}ftriftm{*,r) 

M 

II ,,^8,r\,.vdrd8. (5.79) 
j J rt<t r'/^ r + r,}1/2 

a + i . > ( I - a ) / 2 » ' 

Since r > 6 = 1/2 in the domain red, we have 

1 M£(s,r) 
r ^ w ^ r ) " (r + 1)1/2 

" M l ^ t Cr + l)5/4(|r - CJ<| + l)5/* 

+ ^ ! 
(r + s + l ) ' + i ( r + l ) i + i / H 

+ 1 1 
(r + l ) s / < ( | r - * | + 1 )5 /4 / 
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for (s,r) G red. Therefore it follows that 

/ / -rrri r * d * < M. (5.80) 

Moreover, 

17(3, r) 
r i / a ^ + ^ j i / a 

7j(s,r) 
" (r + l)l/3(r + r i + 1)1/3 

< Jtf ■ (t ^ 
+A/2 

1 
(T-S + t - a + l ) » / a ( | r - S| + l)l/2+min{T,-A,A/2} ( f . + !)l+A/2 

+ ^ ^1 
(r 

for (s,r) e red. Therefore it follows that 

7](s,r) 

/ / 
drds < M. (5.81) 

Hence from (5.79), (5.80) and (5.81) we obtain (5.25) for i = 3. 
(ix) Estimate of l'l 
Bv ProDosition 5. 3 .Il.fii). 

Further, by (5.66), (5.67) and (5.68) we have 

r < M . / / r2!l 
4 - { ( ( - o + l)(o + t + l )} i / a yy j + r S «-_ B j / i i « (* , r ) ( r 1 - r ) 

M 
+ ( a + l ) 1 / 2 ( | a - ( | + l)i/2+7+A 

■ If n(s,r) — j-drds. (5.82) 
JJ "d (ri - r)(r + n)1'2 

drds 
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Both rl/JM«,r)(ri - r) and r,(S,r)r1/2/(n - r)(r + n ) 1 ' 2 are bounded by 
T)(s,r)/(n - r). And since n - r > * = 1/2 in the domain red, we have 

-drds II r)(s,r) 
JJred ri-r 

<M[[ 1 (f- ^ 
~ //«* n - r + 1 | £ j ( r + s + l)V2(|r - Cis\ + l ) 1 +V2 

^ 1 = i > ■ - ■ - , -., — i 

1 

H ■ = =— > drrfs 
( r + s + l)V2(|r - s| + l)i+V2 J 

< AT. (5.83) 

Therefore from (5.82) and (5.83) we have (5.25) for i = 4. Consequently we 
have proved the estimate. I 

6 Energy Estimates. 

In this section we prove 
Proposition 6. 1 Let u = ( u \ . . . ,u™) e C°°([0,T) x R2; R"1) be a solution 
of the following system of wave equations with ti(0, ■) € Cg°(R2; R m ) . 

m 2 

#«*-<$*«' = £ XI C^{du)dad0ui + Ei(du) (6.1) 

Here, CfftEi(i,j = 1,2,.. ,m; a,/3 = 0,1,2) are C°°-functions in { \8u\ < 
1 }, uAicA satutfe tAe etmdffiow (4-3)-(4.8). 

Moreover we assume that 

C ? / ( & 0 | < ^ m i n { l , c 2 , c 2 } for \du\ < Si (6.2) 

and that there exists a positive number T{ such that 

[du\0(T1)<l and |0u|o(Ti) < fc. (6.3) 

Then,we have the following energy estimates for 0 < t < Tj : 

II «**(*) H3v < MN{\\du(o)\\% 
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(6.4) 
l|9«(0lfir < MN \\ du{0) \\% (t + l)^USu]t(«t)a_ (6 5) 

Proof. Since ft commutes 0? - c'f A, 

m 2 

S J V I I ' - C ^ I I 1 ^ J£ Pj4{C5d(fti)aoflflu-'} +P-4£,(5U}. (6.6) 
j = l a,p-0 

We set 

aa f 1 - Cf (a = 0 = Q,j = i) 
- t f = { _ C j C j i ^ _ C , f (otherwise) ^ 7 ) 

m 2 

+r>A£ i(5u). (6.8) 

Then from (6.6), (6.7) and (6.8) we have 

m 2 

H X! af/^Rc^'V = w'A (6.9) 
j = l a,0=0 

Multiplying both sides of (6.9) by dtVAuJ and using (4.3), we get 

m 1 

t.j = 1 a,0=0 

- ft {aJ'/Ou)0oZ>V -3^11')] 
m 

1 = 1 

+ £ J ] {dtCff(du)daVAul-d3VAuj 

-23QC;f (9u)9(£>V - c ^ P V } (6.10) 
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Integrating (6.10) over [0,t] x R2 , we have 

in $ JJR? 
m 2 

+ H E {ftc5tf(«u)fl|[ri>*iil*fls»©V 
i , j = l a , / J = 0 

- 2daCf{du)dtVAu' ■ dsVAu>} dx, (6.11) 

where 

l l a^^Ol l^ = / / Y,\<tf{du)dtVAv? dtVAui{t,x) 

- £ s§ (^ )0*X*M-&1>M(t , s )W (6.12) 
c J 1 J 

Notice that by (6.2) and (6.7) we have 

~\\dVAu{t)\\0<\\dVAu{t)\\E< M\\dVAu{t)\\0 

Therefore it follows that 

B«^«(0|i:<w(||OT-u(0)||: + jV,+jJ.ai) 
where 

m ft 

(6.13) 

■#' = £ldsJjRJd,I>Au'WA\dx< 
JA] = E l fds//D kr/Hisp-vna^vid*. 

We first prove the estimate (6.4). Since \du(s)\D < 1, then by the assump
tion (4.4)-(4.8), we get 

(=2 j , , . . j , = l l B , | , . . . . | B , | < | e | *=1 

(6.14) 
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\A\+4 m ( 

\vAE,{du)\ < MAY, E E ^ ^ n i ^ ^ l -
< = 3 Ji Ji = l Mi|,-... | .4,|<1>1| * = ] 

(6.15) 

Here we set 

Since det (a°°(du))™=i I > l / 2 m from (6.2), we can solve the following simul
taneous linear equation with respect to dfu>: 

E ag(0u)a(V = £<{&/) - E E rfidujdadeu3 (i = 1,2,.,.,m). 

Moreover, by (4.4), (4.5), (6.2) and Cramer's formula, we see 

dt2u( = - {det(a™(9u))™=1} cf&u1 h higher order terms. (6.16) 

Therefore it follows from (6.8), (6.14), (6.15) and (6.16) that 

4" < M . E E E E «**-*■ 
1=1 '=3 >'j-J' = »|Ail Mil<l*l (6.17) 

■/rfs// nip'*t9ujfciip'*A'i*B-

Next, we consider JA
2). By (4.4) and (4.7), 

m 

\dc?f(du)\ < M E ^A ' M l52u'l ■ 
k.l = \ 

Therefore it follows from (6.16) that 

jf < M\ E J2fdsJJJ^\8uk\\dhdu'\\dvAu,\\di:>AuJ\dx 

+ fdsff \d*\3\8VAu\2dx\. (6.18) 
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Hence we find from (6.17) and (6.18) that 

J P + J?1 < MAT, E £ ***-* 
/ = 3 J O , . . . , J , = I |,40[ ] 4 , | < | / t | + l 

fafhur*^*-
(6.19) 

By Holder's inequality, 

/j^ni^*^fe*)i <fx 

i - ] 

i,2(R=) 

L°°(R*) 

|^ 'a^ '( s ,o[ |L J ( R : (it2) 

t=0 
1-1 

L2(R2) 
l»"'3«J'(».-)IL.lR.) 

n 
Jt=0 
( - 1 

w ('-!)/' («,j-I) 
z.~(R2) 

(6.20) 
*=o 

Without loss of generality we may suppose that jo = j i = j a does not hold for 
/ = 3. Therefore, it follows from (3.1) that 

n-^'^i-D 
k-0 

< M(s + l ) - 1 -m i n^ 1 / 3 ' 2■ , ' . (6.21) 
L~(R2) 

In order to estimate (6.20), we need Gagliardo-Nirenberg inequality: 
Lemma 6. 1 Let f € C^(R2), \A\ = i < k. Then, 

i/k 

\ | B | < * > 



81 

where 

X = K2 or {x | x £ B2, n < }x\ < n + 1} (n = 0 , 1 , 2 , . . .). 

F. John and S. Klainerman proved this lemma in their paper6 when X = R3 

We modify the proof of them and obtain the above lemma. 
Since 

rjUujfon) < u!j(s,r) < MWj(s,n) (6.22) 

for n < r < n + 1, we find from Lemma 6. 1 that 

00 

n = 0 
2 

E K9^,-)iu {„< | I |<n+1} ) 
|B |< ! | / 4 t [ 

< M^[au(s)]o('"1)||9u(s)||,2
Mt| (6.23) 

Therefore, from (6.3), (6.19)-(6.23) and (6.13), we get (6.4). 
Next, we prove (6.5). For the proof, we use the following two lemmas: 

Lemma 6. 2 Let f,g € C0°°(R2). Then, 

\\VA(fg) - fVAg\\Q < M([Ms\\lA\-i + \ff\a\\f\\\A\)-

Lemma 6. 3 Let f = f/j,.. . , / r ) € C0°°(R22Rr) and let u) = w{/) be a C°°-
function that satisfies 

N/)| < M|/|« 

|B|<M| 

See F. John and S. Klainerman's paper 6 for the proof of Lemma 6. 2 , and 
M. Kovalyov's paper10 for Lemma 6. 3 . 
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By these lemmas, 

KIL*(R=) ^ MA\du(s)\0\du(s)U\\du(S)\\lAl (6.25) 

Therefore from (6.18) and (6.25) we get 

JA
1] + JA

2) < MA f \du{S)\o\du{s)\A\du{s)\\\Mds. (6.26) 
Jo 

Further, it follows from (6.13) and (6.26) that 

\\du(t)\\% < MN Uduiml + j \du(8)\o\du(3)\i\\du(8)\\%daj . 

Hence by Gronwall's lemma we find 

\\du(t)\\% < M\\du(0)\\%cxV (MN f |0u(*)|o|fti(s)|i<fa) (6.27) 

Since 

\du(s)\0\du(s)\i < MN(s + l)-'[du(s)]2
l, 

we obtain (6.5) from (6.27). I 

7 Proof of the Theorem. 

Making use of the method by R. Agemi' and F. John,5 we find that a solution 
u(t,x) to (4.1) is unique and u{t,•)(t > 0) has compact support. The local 
existence theorem of a solution to (4.1) has proved by F. John4 and T. Kato.7 

Let u(t,x) be a C°°-solution to (4.1) in [0.T) x R2 We write u as 

« = «o + u l ! (7.1) 

where «o is the solution of the initial value problem 

dfui - c'jAu}, = 0 

4 ( 0 , ■) - e/*,ftuj(0, ■) =89' (1 = 1,2,..., m), 

and m is the solution of the initial value problem 

d2u\ -c2&u[ =Fi(du,d2u) 

u[(0,-) = dtu\{0,-) = 0 (i = l , 2 , . . . , m ) . 

1 (7.2) 

(7-3) 
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R. T. Glassey has proved in his paper2 by the method of W. von Wahl14 

that 

|Uo( ' - * ) l < 77T1 777^, ; 7777^- (7.4) 
o v ' " - {(N+cit + i)(|W-*i«l + l»>^ v ' 

Here M depends on L'-norm of / \ &P and g*. 
We set 

1 ^ 1 1 
i{s,r) " 2-f, (r + s + l)(\r - Cjs] + 1) + {r + s + l)l+2i(r + l)1"2^ 

1 + -(r + s + l ) 4 / 3 ( | r - c , s | +1)2/3-

Then u>i satisfies (5.20) and (5.21). By Proposition 5. 4 , we get 

[ft»i(0W < MN{Y, Yi sup ||uii(*,[-|)2^/l(ftt,9»u)(«t.)|Ix««« 
[- l |^ |<JV+3°< S < t 

m 

4- £ £ sup ||iu,(«,| ■ MT^Fiidut&vlfaUppp) \ . 
,=1 |J4|<W+2°<S<( J 

(7.5) 

Since [9u(*)]o is continuous, we can take for 0 < £ < <fi a positive number Tt 
such that the condition (6.3) holds, provided £l is small enough. We suppose 
0 < e < €i and set 

f, = sup{Ti | (6.3) holds.}. 

Let 0 < t < Ti in the following. In particular, |a«|o(*) < 1- Then by (6.16), 
we have 

\A\+6 m I 

\VAFt{du,d2u)\<MA E E E *W«-J. 1 1 1 ^ ^ * 1 ' (7.6) 
(=3 J i , . - J " i = l |Aht<l>it+i t = I 

Ci = 1.2 ') 

| J 4 | + 8 m I 

(=3 j i J ' I=1 Mnl<MI+= k-\ 

(7.7) 
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Hence from (7.5), (7.6) and (7.7) we get 
JV+10 m 

[dUl(t)\N < MN^2 Y, H **-* 
( = 3 j , j , = l | A h l < « + 4 

ifc = i . s i) 

■ sup 
0<s<( 

"iW-Dn^^'^-) 
k=i LHB?) 

We notice that 
M 

provided h =j2=j3 = i does not hold. Thus we get 

By (7.9) and Holder's inequality, 

hh-ji Ms,\-\)Y[vA*du^(s,-) 
k = i 

<M \]wf~1)/t(s,\-\)i>A>>dtjn»,-) 

<AfTTL(/"1)/'(s,|-|)Ctau^(s>-) „ (7.10) 

L = (R=) 

Hence by (7.8), (7.10) and (6.23) we have 

[dui(t)]N < MN sup [du(s)}l\\du{s)\\Nl, 
0<s<( 

(7.8) 

(7.9) 

(7.11) 

where Ni = (N + 10)(JV + 4). Therefore it follows from (7.1), (7.4) and (7.11) 
that 

[du{t)]N <MN\e+ sup [du(s)]l\\du(s)\\Ni\ . (7.12) 
L 0<s<! J 

By Proposition 6. 1 , 

\\MB)\\% <MN{l + [du]&8) ■ 

(7.13) 
||9u(T)||(Ar]+i)( /Vi+5j < M N ( r +■ i)M*[5w]fW (7 H ) 
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We fix the constant MN in (7.12), (7.13) and (7.14) so that 

MN >max{8,2/mm{l/3,27},(2/<i1)1^}. 

We take £0 to be 

0 < £o < min{l/4M^,,ei}. 

Moreover, we suppose that eo is small enough to define the following T0 for 
0 < e < en: 

io — sup {t | [du]N(t) <4eA/jv}. 

Suppose that 0 < t < T0. Then, 

[du{t)]0 < AeMN < ljM% < 1/2 
\du{t)\0 < l / A ^ < 5 ] / 2 . 

Therefore T0 < ft. Then for 0 < E < £0 and 0 < { < T0, 

[Bu]l(t) < {teMNf < l/Mf,, 
-min{ l /3 ,27} + MN[au]J(r) < - m i n { l / 3 , 2 7 } / 2 . (7.15) 

Here from (7.13), (7.14) and (7.15) we get 

\\Ms)\\2
Nl < MN{\+~-MNJ\T + l)-l-™W3^/2dT} 

< 2MN. (7.16) 

Therefore it follows from (7.12) and (7.16) that 

[du{t)]N < MNL+ sup [du(s)}0 ■ AeMN - (2MN)^2\ 
\ 0<s<( J 

< MNe + - sup \du(s)]o 
2 0 o < ( 

< MNe + - sup [du(s)]iv, 
6 00<To 

which implies 

sup [du(t)]n < 2MNe. 
0<t<T0 

Therefore T0 cannot be finite, and we complete the proof of the theorem. 
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