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RESUME

Dans un travail important, Alinhac [6] a prouvé lexistence globale de solutions
petites pour les équations des ondes en 2D sous la condition nulle. La preuve repose
en grande partie sur le fait que les données initiales ont un support compacte [23].
Que cette contrainte peut étre retirée ou non est encore une question ouverte. Dans
ce papier, pour les équations des ondes totalement non linéaires avec la condition
nulle, nous démontrons ’existence globale pour des données initiales petites sans
I’hypothese de support compacte. De plus, nous appliquons notre résultat & une
classe d’équations d’ondes quasilinéaires.

© 2017 Elsevier Masson SAS. All rights reserved.

1. Introduction

Global well-posedness for nonlinear wave equations is a well-oiled mathematical topic. Many mathe-

maticians including S. Alinhac, D. Christodoulou, L. Hérmander, F. John, S. Klainerman, etc. have made

tremendous contributions to this subject. The first nontrivial long-time existence result was established by

John and Klainerman in [15] where they showed the almost global existence for 3D quasilinear scalar wave
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equations. The landmark work of global existence for 3D quasilinear wave equations was obtained firstly by
Klainerman [19] and by Christodoulou [8] independently under null conditions. The corresponding problem
in 2D is more delicate since it only has critical decay even under the null condition. In 2001, Alinhac [6]
introduced the so-called ghost weight and proved the global well-posedness. However, the argument in [6]
heavily relies on the compact support of the initial data, since the use of a certain kind of Hardy-type
inequality depending on the compact support is crucial [23]. For the case where the initial data is not
compactly supported, it’s still unclear whether the existence of solution is global or not.
In this paper, we consider the following 2D fully nonlinear wave equations:

{Du = NopuwOadsud,d,u, a1

U(O, ) =¥ atu(ov ) = ﬂ}a

where 0 := (0,01, >), O is d’Alembertian operator, ¢, € HY (the space HY will be explained in Section 2),
u = u(t, x1,x2) is the unknown variable. Here and throughout this paper, Einstein’s summation convention
is used, which means that repeated indices are always summed over their ranges. Our first goal is to prove
the global well-posedness for (1.1) without compact support.

We denote the nonlinearities as

N(u,v) = Nagu0a0pud,0yu. (1.2)
It’s clear that, by a simple symmetrization procedure, Nog,, can be assumed to be satisfying the symmetry
Napur = Ngapy = Nagup- (1.3)

For global existence, we impose the standard null condition for N(u,v):
NapuwXaXpX, X, =0 (1.4)

for all X € ¥, where X is the light cone
Y={XecR: X2 =X+ X3}
The main result of this paper can be described as follows:

Theorem 1.1. Let M >0, 0 < v < % be two given constants and (p,v) € HK, with k > 8. Suppose that the
nonlinearities satisfy the symmetry (1.3), null condition (1.4), and

Ny < M, 1l w)lgnr <. (L5)

There exists a positive constant eg < e~ which depend on M, k, ~ such that, if € < eq, the fully nonlinear
wave equation (1.1) with initial data (u(0),0:u(0)) = (p,¥) has a unique global solution which satisfies
Ey(t) < CoM%(t)Y and Ej_1(t) < Coe?e“M for some Cy > 1 uniformly for 0 <t < cc.

Remark 1.1. We emphasize that our argument can also be applied to the general fully nonlinear wave
equations with cubic and higher-order nonlinear terms whose quadratic and cubic terms both satisfy null
conditions. For simplicity, we only focus on the quadratic case here, since the higher-order terms can be
treated similarly, see [6,27].

Our second goal is to apply Theorem 1.1 to show the global well-posedness for a class of quasilinear
wave equations even when the initial data is not compactly supported. There are two key points for this
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purpose. The first one is to transform the quasi-linear wave equations to fully nonlinear equations so that
the application of Theorem 1.1 is possible. In general the resulting fully nonlinear wave equations do not
satisfy the symmetry condition (1.3), but do satisfy certain null condition if the original quasi-linear wave
equations do. To avoid the loss of derivatives, we need to symmetrize the resulting fully nonlinear wave
equations and at the mean time, keep the null structure. The second point is to show that the null condition
(1.4) is preserved under the symmetrization procedure. See Lemma 5.1 for more details.

Consider the following quasilinear wave equations:

{m = A191(N,,50,,0050), 16)
v(0,z) = vo(z), 0w(0,2) = vy (x).
Now we are ready to state the second main result of this paper as follows:
Theorem 1.2. For the quasilinear wave equations (1.6), we assume the following null condition holds
Nys X, Xs =0 (1.7)

for all X € X. Let (p,v) defined by (5.1) or by (5.2)—(5.3) in Section 5 belong to HY with k > 8 and they
satisfy the condition (1.5). Then the equations (1.6) with initial data satisfying (5.1) or (5.2)—(5.3) have
global classical solutions.

Remark 1.2. We mention that (1.7) is equivalent to
AN, X, X, X5 = 0. (1.8)
See Section 5 for more details.

As an example of (1.6), we consider the following prototype quasilinear wave equation

Ov = 0,(|0w|? — |[Vu?),
L(10rl? ~ [7012) (19)
v(0,-) = vg, 0:v(0, ) = vy.
In this case, ¢ and ¥ which appear in Theorem 1.2 are
=X ¥=nuo, (1.10)
where x is a function satisfying the following elliptic equation
—Ax = |v1]? = |Vol? — vy,
{ X= o? = Tl = "
(x(z), Vx(z)) € H.

Remark 1.3. Indeed, we can obtain the uniform bound of the highest-order energy for the equation (1.9)
(see Section 6). In [4], Alinhac proved that for the three dimensional scalar quasilinear wave equation with
small initial data under null condition, the highest-order energy is uniformly bounded (see also Wang [32]),
and he also conjectured that a certain time growth of the highest-order energy is a true phenomenon except
for 3D scalar wave equation. However, in [24], Lei-Wang were able to show that the uniform boundedness
of the highest-order energy is still true for 3D incompressible elastodynamics which gives a counterexample
to Alinhac’s conjecture. Here we provide another counter-example to Alinhac’s conjecture. We emphasize
that it is still unclear whether Alinhac’s conjecture is true or not for general 2D quasilinear wave equations,
3D non-relativistic wave equations and compressible elastodynamics.
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This paper is mainly inspired by the recent work of global existence result for 2D incompressible elastody-
namics in which the concept of strong null condition is introduced [22]. In the case of general 2D quasilinear
wave equations, to prove the global existence of small solutions under null conditions, Alinhac [6] used a
kind of Hardy-type inequality to produce good unknowns 9(9; + 0,.)T'*u which decay as (t)~! in L?. For
that purpose, the initial data is required to have compact support. Our strategy is to focus on the fully
nonlinear cases in which the equations naturally have one more derivative than the quasilinear ones. Hence
we can gain an extra (t)~! decay in the lower-order energy estimate. Since we don’t need to use Hardy-type
inequality to create an extra derivative, the constraint of compact support can be removed. Moreover, for
a class of quasilinear wave equations (1.6) with the initial data satisfying (5.1) or (5.2), we can transform
them into fully nonlinear cases, hence the compact support constraint is removed and we can still obtain
the global well-posedness. In particular, we can even prove the uniform bound of the highest-order energy
for the equation (1.9).

From now on, we review some related results concerning nonlinear wave equations and elastodynamics.
When n > 4, the global existence of small solutions to the Cauchy problem of quasilinear wave equations is
easy and can be obtained by the fact of subcritical decay, for instance, see [18,20,25]. The nontrivial long-
time behavior was firstly established by John and Klainerman in [15] where they showed the almost global
existence for 3D quasilinear wave equations. In general, this is sharp [12]. By introducing the null condition,
the global existence results were obtained firstly by Klainerman [19] and by Christodoulou [8] independently.
Klainerman’s proof uses the vector field theory and generalized energy method, while Chritodoulou’s argu-
ment relies on conformal mapping method. For nonrelativistic systems of nonlinear wave equation where the
Lorentz invariance is not available, Klainerman and Sideris introduced the weighted L? energy with the use
of only invariance of translation, rotation, scaling and obtained the almost global existence in 3D [21] (see
an earlier proof by John [14] using L' — L® estimate). Subsequently, Sideris adapted the weighted energy
method to get the global existence for 3D elastic wave under null condition [26]. Be of importance is that
Sideris [27] and Agemi [1] got the global existence under nonresonance null condition which is physically
compatible with the system. For 3D incompressible elastodynamics, the global existence was obtained by
Sideris and Thomases [28,29]. For wave systems with different speed, the global well-posedness were proved
by Sideris and Tu in [30]; see also [34] for a different method. While there is no null condition, the finite
time blow-up was shown for nonlinear wave equations [5,12] and for compressible elastodynamics [13,31] in
three dimension.

In 2D, the blow-up results for quasilinear wave equations were firstly shown by Alinhac in [2,3,7]. Com-
pared with the three dimensional case, the corresponding long time existence problem is more delicate since
quadratic terms have only critical decay even under the assumption of null condition. In the semilinear
case, Godin got the global existence under null condition [9]. In the quasilinear case, if the nonlinearities
are cubic terms and they satisfy the null condition, a series of global existence results were derived by
[11,16,17,35] etc. When the nonlinearities contain the quadratic terms, Alinhac [6] was the first to prove the
global existence under both null condition. In Alinhac’s proof, the key point is the introduction of ghost
weight. However, the method used in [6] heavily relies on the assumption of compact support to the initial
data, since a certain kind of Hardy-type inequality depending on the compact support of initial data is
crucial [23]. While there is no Lorentz invariance, the corresponding problem is more complicated. The first
non-trivial long time behavior results was established by Lei, Sideris and Zhou [23] where the authors es-
tablished the almost global existence for incompressible elastodynamics in Eulerian coordinates. The global
well-posedness is finally established by Lei [22] in which the author found a kind of inherent “strong null
condition” in Lagrangian coordinates (see a new proof by Wang using space time resonance method [33]).
We remark the results in [22,23,33] don’t require the compact support of the initial data.

The paper is organized as follows. In Section 2, we give some notations and necessary lemmas which
are important for our energy estimates. In Section 3, we focus on the null structure of the nonlinearities.
Section 4 concerns the higher and lower order energy estimates for (1.1) which yield the first main result of
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the paper. Then the second main result for the global solutions of (1.6) is proved in Section 5. In the last
section, we show the uniform bound of the highest-order energy for the equation (1.9).

2. Preliminaries

In the whole paper, we use the following notation conventions. Points in space-time Rt x R? are denoted
by

Partial derivatives are written as

8028,5:%, and 61‘:%, 1§ZS2

We also abbreviate space derivative and space-time derivative as
V:(al,az), and 8=(8t781782).

For the convenience, we denote

x
T:|1’|, Ww=— W
r

b= (wfwh) = (—wpwn), (@) = VI1+a2

We often decompose space derivative into radial and angular components

OJJ‘
V:warJrTag, (21)

where 0, = w-V,0p = 2t - V. This fact plays an important role in our argument.
A central role in our paper is the application of the generalized vector field operators, which was intro-
duced by Klainerman [18]:

Q= —x901 + 2109,
S =to; + 10y,
L; =t0; + x;0;, 1<i<2.

Note that if wu(t,r) is a solution to (1.1), then A~2u(A\z,\t) is also a solution with initial data
(A"2p(Ax), \"19(Ax)) for any A > 0. Hence more precisely, we define the modified scaling generator

S =5 — 2. The seven vector fields used in this paper can be denoted by I' = (9,9, L1, Lo, S). For I'*u, we
mean ['*1...T%7 where a is multi-index a = (ay, - - - , a7). We also use the abbreviation ['*u = {T%u : |a| < k}.
Based on the above preparation, we define the generalized energy in line with the wave equations by

Ek(u(t)):% > [ or ul*da.

|a|§k—1R2
To describe the space of the initial data, we introduce the following notation (see [27]):
A={V,rd,,Q},

and
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HY={(f.9): > (IA*fll= + VA fllz2 + [[A%g]lr2) < oo},
laj<k—1

with the norm

Dl = D (IVA“fll2 + A% 22)-

la|<k—1
Space Hp(T) is defined by
HE(T) = {u:[0,T) = R| du € N5Z3C7([0,T); HY 7~ 1)}
Solutions will constructed in the space Hr(T) with the norm

sup Ey(t)Y2.
0<t<T

It is obviously that HE(T) C C2([0,T)xR?) if k > 8. This confirms the fact that the solutions we constructed
are classical one.

Throughout this paper, we use A < B to denote A < CB for some absolute constant C', whose meaning
may change from line to line.

Now we state some preliminary weighted estimates.

Lemma 2.1. There holds

(t+rEt =)z < [0, (2.2)

la]<2

provided the right-hand side is finite.

Proof. If we replace S by S, then (2.2) is a classical inequality by S. Klainerman [18]. Note that S and S differ
each other by a lower order term, thus the lemma is an easy consequence of the classical Klainerman—Sobolev
inequality. O

The following lemma states the relationship between the ordinary derivatives and the vector field.
Lemma 2.2. There holds
|(t+7)(0r + Or)u| < |Tul, (2.3)
and
|(t — r)ou| < |Tul. (2.4)

Proof. If we replace S by S, one can find the result in [18]. Note the relation between S and S , one
immediately has the lemma. 0O

Combining Lemma 2.1 with (2.4), we get strengthened decay rate for ||0?ul|~ away from the light cone.
Lemma 2.3. Let u € Ey4, then there holds

(t+r)2(t—r)2|0% < > [|orul|ze.

la|<3
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We have the following lemma which asserts that the null structure is preserved upon the commutation
between the T operators and the wave equations (1.1). This property would be extremely important in our
proof.

Lemma 2.4. Assume the nonlinearities of the wave equations (1.1) satisfy the null condition (1.4), then there
holds

ol%u = Z Ng(Tbu, TCu), (2.5)
b+c+d=a

where each term Ny is of the form (1.2) satisfying (1.4), especially No(u,v) = N(u,v).
Proof. See L. Hérmander [10]. O

The local existence of the classical solutions to (1.1) and (1.6) are trivial by standard method, we omit
the details here. In order to get the global existence result, it suffices to establish the following a priori

estimates
@ Bu(n) < (0 BBE (), (26)
%Ekfl(t) S <t>_%E1§ (t)Er—1(t). (2.7)

Once the above estimates are obtained, the main results hold by standard continuity method. For the details,
one can consult [22].

3. Estimate for the nonlinearities

In this section, we are going to study the good properties of the nonlinearities due to the null condition.
Both the higher-order energy estimate and the lower-order energy estimate will benefit from those properties.
We will state them in two different lemmas.

The use of (1.4) for the lower-order energy estimate is captured in the following lemma. It says that we
are able to gain (t)~! decay near the light cone.

Lemma 3.1. Let 1 < r. Suppose that the nonlinearities (1.2) satisfy (1.4). Then there holds

[N (u,0)| S

S|

(|0Tu| + |Ou]) (|OTv| + |Ov]). (3.1)
Proof. First, we introduce the notations:
1
D* = 500+ 0,), YE = (1, +w).

Consequently, one has (9;,wd,) =Y "D~ +Y+TD%. By (2.1), one can decompose the space-time derivatives
as follows:

1
8= (0,,0,,0)) =Y "D~ +Y*+D* +(0,“—8) =Y "D~ +R, (3.2)
T
where

1
R=Y*D" + (0, ‘”709).
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Here the derivative D~

and
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denotes the bad derivative, R denotes the good derivative. Simple calculation shows

1 1
|Ru| < min{|8u|7 [(0; + Or)ul| + \;89u|, |;1"u|}, (3.3)

1
|ORul,|R*u|, |DF Rul, |[R(YED¥)u| < —(|0Tu| + 9ul). (3.4)

Here ORu, R?*u, R(Y*D%)u are understood as matrix operators 0® Ru, R®Ru, R®(Y* D% )u, respectively.
Employing the decomposition (3.2), we organize N (u,v) as follows:

N(u,v) = NaﬁW{Ya_Yﬁ*D_D_u + Y, D™ Rgu+ Ro(Yy D™ u) + RoRgu}

x{Y, Y, D D v+Y; D R+ R,(Y, D v)+R,R,v}
= NapuwYa Y5 Y, Y, D™D uD™ D™ v
+ Nopuw Yy Yy D™D ulY,, D™ R,v+ R,(Y,” D™v) + R, R,v]
+ Noguw|[Ya D™ Rgu+ Ro(Yy D™u) + RyRgu]Y, Y, D™D v
+ Noguw[Yy D™ Rgu + RQ(YB_D*u) + Ry Rpul
x [Y, D™ R,v+ R, (Y, D™ v) + R,Ryv]. (3.5)

Note Y~ € X, then thanks to the null condition (1.4), one immediately has

NopuwYa Y5 Y, Y, D™D uD™D v =0.

For the last four lines in (3.5), by (3.3) and (3.4), it’s easy to see that they are bounded by the right hand
side of (3.1). Thus the lemma is proved. O

We cannot directly use Lemma 3.1 in the higher-order energy estimate since it will cause derivative loss

problems. This loss makes the use of the null condition rather delicate in the higher order energy estimate.

Fortunately, we still have the following lemma:

Lemma 3.2. Let Fi(u) = NapuOalu0plud,dyu, Fo(u) = NapuwOal*udsl'*ud, 0,0, Fi(u) =
Nappuw 08I *u0 I *u0,0,0,u, and 1 S r. Then for all multi-index a, there hold

[F1(u)] S

[Fa(u)] S

[F3(u)] <

The nonlinear terms

1
|(wiOs + 05)T%u||OT *u|0%u| + ;|8tfau\2(|81“u| + |0ul),

.

Il
—

2

[ V)

|(wiO + 0;)T%u||OT “u||03u| + %|8t1”u\2(|82fu| + |0%ul),

Il
-

%

]

1
|(wi0r + Oi)F“u||6tF“u||63u| + ;\8tl““u|2(|8F2u| + |0Tu| + |0ul).

Il
-

%

Fy, F5 and F3 are taken from the higher-order energy estimate in the next section.

The lemma says that due to the null condition, we can estimate Fy, F and F5 by good derivative 0; + 0,
with some good remainders.
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Proof. Since the proof of F}, Fs, F3 is similar, we only give the details concerning F} and leave F; and Fj3
to the interested readers.

Case a: all of o, 8, p, v € {1,2}. By (2.1), we rearrange F' as follows:
Noguw 0o u0sl' 10,0, u
= {Nag#,, wWa O + 00 )TudpT 10,0, u — Noguwwa Ol *u(wgdy + 05)T1d, 0, u}
+NoguvWawgw,wy, Ol w0 I w0, 0ru
+{Naﬁwwawﬂaﬁ“uaﬁau[wu@(%wﬁ%)u + %wjao(wyar + %wic%)u}}
= Jiu + Ji2 + Jis.

Simple calculation shows

2
[Ta| S (wids + ;)T ][0T u| |07 ul,
i=1

[J13] S ;|8J‘“u|2(|8fu\ + [0ul).

Case b: one of «, 8, u, v is 0.
1) a=0,8,uve{l,2}or 5=0,a,u,v € {1,2}. By the symmetry of the nonlinearities and (2.1), one

gets

Noguw Ol 08I u0,,0,u + Naouy 0 *u0 I 10,0, u
= 2N05,W8t1““u851““u<9uauu
= 2Nou O u(wpdy + 05)I' 10,0, u

—2Nogupwpwuwy, O u0 w0, 0ru

1 1 1,

+{ — 2Noguwp0e N ud I uw,, 0, ( wkdg)u + ey 59(wy<9 + W 0p) ]}

= Jo1 + Jog + Jos.

Similarly,

2
o1 S Hwidh + 0:)T ul[00ul|0%ul,
1=1

[ Ja3| S ;IatF“ul2(|0FU\ + |0ul).

2) p=0,0,8,v €{1,2} or v =0,a, 8, € {1,2}. By the symmetry of the nonlinearities and (2.1), we
have
Napow0a I u0sT*u0; 0,1 + NopuoOal *udsl 10,0, u
= 2N4,800 0o I " u0s 100, u
= {QNQBOV(%@ + 00 )TudsI*ud, 0, u — 2N 480, wWa O T u(wsdy + 85)F“u8t3,,u}
+2Nap00waws O ud I ud, (0r + 0y )u
—2Nqgovwawgw, O w0 I 10, 0ru
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wJ_
—2Nap0vWawg0 I ud I u(—-0p)0ru
T
= J31+ Ja2 + J33 + Jza.

As before,
2
[Js1] S Hwidh + 0;)T"ul[00ul|0%ul.
=1

Exploiting the good derivative (2.3), we get

1
|J32 + J34| 5 ;|8tF“u|2(|8Fu| + |8U|)

Case c: two of a, 5, p, v is 0.
1) p,v=0,a,8 € {1,2}. By (2.1), then

Napoo0aI' " udpT*ud,du

= {NaﬂOO (Wa 0 + 00 )T udpT*ud; 0 — Nopoowa Ot “u(wgdy + 05)I' uatatu}
+{ Napoowawsd T ud, I *u[0; (0 + Or)u — 9, (8 + 0r)ul}
+Nogoowawsd I ud I ud, 0ru

= Ju + Jao + Jus.

‘We have

2
[Tal S Hwidh + 0;)T"ul[00ul|0%ul.

=1
By (2.3), we get
izl S 10 uP (10T ul + 190
2) a,f=0,u,v € {1,2}. By (2.1), then

Noow 0T ud T ud, 0, u
= Noopwpwy, 0 I u0 I ud, 0ru

1 1 1
+{N00W8tf‘“u3tfau[wuar(;wj‘ag)u + ;w:‘&g(wy& + ;wf,‘ag)u]}

= J51 + Js2.
Obviously,
1 a, |2
[Jsa] S ~10 (10T ul + |9u).

3) B,v=0,a,u € {1,2}. By (2.1), then
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Nao“oatfauaaF“ua &gu
= Na0po0i I u(wa 0 + 0a) T 10,0t — Noouowa O ud I ud, (0 + 0y )u
+Naopowaw, 0" w0 I w0, 0pu + Naouowaé}‘tF“uﬁtI‘au;wié}‘garu

= Jo1 + Jo2 + Joz + Joa.

Obviously,
2
el SO [(widh + 0:)Tul[00ul|0%ul,
1=1

and by (2.3), one gets
1 a, |2
| Jo2 + Joa| S ;|5tF ul*(|0Tul + [Oul).

4) B,p=0,a,v € {1,2}.
5) a,pu=0,8,v e {1,2}.
6) a,v=0,58,u€{1,2}.

Since the estimates of 4),5),6) are similar to 3) in Case ¢, we formulate them together as follows:
Naoow Ol ude I udi 0yt + Nopoy 0T udpl udy 0yt + Noppo Oyl udsl™ ud, Opu
= {NQOOVwawVatFauatPauararu + NOBOVO')ﬁwuatrauatFauararu
JFNOﬁpowﬁw#atI‘auatF“u@raru}
+{3Na00uatrau(waat + 00)Tu0, 0pu — 3N 00,wa O L ud T *ud,, (0 + O )u

1
+3Na00uwaatrauatrau—Wj_ 898,«11}
r

=Jn + Jra.

Similarly,

2
1
[J72| < Z |(w;i0s + ;)T %u||OT *u||0%u| + ;|8tFau|2(|8Fu| + |Oul).

~
i=1

Case d: three of «, 8, u, v are 0.
1) o,B,p=0,ve{1,2} or a, ,v = 0, € {1,2}. Owning to the symmetry of the nonlinearities and

(2.1), there holds
Nooow O: T *uo I u0: 0, u + Noo”oatl““uaﬁ’“uatauu

= 2N00M08tFau8tFau8t8Hu
wJ_
= 2N00H08tfau8tF“u—”8t89u + QNOOMOw,ﬁtF“u@Fau&n ((97« + 3t)u
r

—2Noopow, O 0 I 10,0 u
= Jg1 + Jso + Jgs.

Similarly, by (2.3), there holds
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1 a, |2
|Js1 + Js2| S ;|5’tF ul*(|0Tu| + [Oul).

2) ﬂauayzoaae{laQ} or Q,M,V:O7BE{1,2},

Naooo9aT%ud T4, dyu + Noood T udsT udsdyu

= 2N 40000 w0 I *ud0su

= 2N4000(Wa 0t + 0u )T ud L udi0ru — 2N 4000Wa Ot “ud I udy (0 + O )u
+2N4000Wa Ot T ud T u(0; 4+ 0,)Orts — 2N 4000wa Ot ud T ud,Oru

= Jo1 + Jo2 + Jo3 + Jou.

Easily,
2
[Jor| S (wids + ;)T ][0T *u||0%ul,
i=1

and by (2.3), one gets
1 a, |2
[Joz + Joz| S ~10:Tul*(|0Tu| +|Oul).
Casee:a=0=p=v=0.

Noooo O I ud I udpdyu

= Nooood L ud T udy (8; + 0 )t — Noooo 0y D ud, T u(8y + 0,)0ru
+No00o 0 T *u0 I *ud,0ru

= Jo1 + Jo2 + Jos-

Obviously, by (2.3), there holds
1
| Jo1 + Joz| < ;|at1“au|2(|aru| +|0ul).

Now we have taken care of all the terms except for Jio, Joo, Js33, Ju3, J51, Je3, J71, Js3, Joa and Jos.
Each of them can not be bounded by some good derivative. However, note that the sum of them is

Ji2 + Joo + J3z + Juz + Js1 + Jg3 + Jr1 + Jsz + Jog + Jo3
= Napguw XaXp X, X, 0,1 w0, I 10,0, u.

Here X = (—1,w1,w2) € X, thus they vanish by the null condition (1.4). This completes the proof of the

lemma. O
4. Energy estimate

This section is devoted to the energy estimate. We split the proof into two subsections, which correspond
to the higher-order energy estimate and the lower-order energy estimate, respectively.
In Theorem 1.1, by taking appropriate small €y, we can assume E,_; < 1, which will be always assumed

in the following argument.
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4.1. Higher-order energy estimate

In this subsection, we perform the higher-order energy estimate. Apart from the usual energy estimate
for wave equations, we will see that the ghost weight method of Alinhac plays an important role in our
argument.

Let k> 8, la| <k—1,0 =7r—tand q(0) = arctan 0. We write e? = e9(?) for simplicity of presentation.
Taking the L? inner product of the equations (2.5) with e9;'*u. Then employing integration by parts, we
have

%/eqqatrauﬁ +VDu[2)da

R2
1< e?
a, |2
zleQ

:/ Z Ng(Tbu, Tu) 9, T ueldz. (4.1)

R2 b+c+d=a

DN | =

At first sight, we will always lose one derivative for the highest order terms. Fortunately, the symmetry of
the nonlinearities enables us to circumvent this problem. The price we pay is to lose (t)~! decay rate, which
will be compensated by the ghost weight method. We remark that the estimate for the highest order terms
is the only spot where the ghost weight energy is used.

For the highest order term No(I'’u,T°u) in (4.1), we only treat the case for b = a. The counterpart case
for ¢ = a can be estimated exactly in the same way, we omit the details here. Using integration by parts,
one has

/NO(F“u,u)GtI’aueqdm

R2

:/Nafgm,aa85F“ué‘uayu8tfauequ
]RQ

:/Naﬁwaa(851"“u6u3,,u8t1"aueq)d:c—/Nagwc’?gl"“uﬁaGuayuatl"“uequ
R? R?
—/Na@W35Fauaﬂayu8a8tfauequ—/NQBWagFauﬁuayuatF“uﬁaequ. (4.2)

R2 R2

The first term on the right hand side of (4.2) will be absorbed into the generalized energy. The second term
has no derivative loss problem and the null condition is present. The third and the forth term need further

attention.
For the third term on the right hand side of (4.2), by the symmetry of the nonlinearities, we write

— / Nopuw 08I 10,,0,u0, 0, “ueldx
RQ

1
—3 / Naguv0,,0,u0 (0T ud T u)eldx

R2
1 1
_5@/Naﬁuyauayu@gf‘auaafauequ—‘r 5/NaguyatauayuaﬂFauaal_‘auequ
R2 R2

1
+§ /Nam“,8u81,u3g1"“u8afau8tequ. (4.3)

R2
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For the fourth term on the right hand side of (4.2), we organize them as follows:

— Naguw0s1u0,,0,ud I ud,e?

2
= —Nogur 0T 10, 0,ud T udse” =Y ~ Nigu 0T 4,0, ud;T *ud;e?

i=1

2 2
=Y Niguw0sT “ud, 0, udiT udre? + > Nigpu 05T *udy, 0, ud; T udse?
i=1 =1
2

= —Napu 0T 10,0, u0, I udse? — Z Nigun 08T 10,0, u(w; 0y + 0;)Iu

i=1

Combining the above (4.2)—(4.4), we derive that

/ Naﬁp,uaa 3@Fauau&,u8tfaueqdm

R2

ed

1402

= at/NO/gwf)ﬂF u0,, 0, u0 I uequ—/ Napuw 08I 104,0,,0,u0 " ueldx

— 58,5/Nagwﬁuﬁ,,uaﬁFauaaFauequ—|— §/NalgW8t3uﬁyuagfau8afauequ
2 2

1
— 5/Naglw(()uayuagFauﬁaF“u@tequ

RZ
2 o

- Z; / Nigu 08I u0,0,u(w; 0 + ai)F“umda:
—1gs

=h+ I+ Is+ 1y + Is + Ig.

In the sequel, we will estimate I; to Iz one by one.
Denote the ghost weight energy by

2
el o
i=1ps

In view of Lemma 3.2, we have
I+ 14+ Is + I

2
Z |(wiB; + ;) TudTu|(|0u| + |8°ul)

r>(ty/2 =t

+ %\3tfau|2(|8f2u| +10Tu| + |Ou))dz

+ / |07 %u|? (|0%u| + |0%u|)da

r<(t)/2

(4.6)
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Here we have divided the integral domain R? into two domains. By Lemma 2.1 and Holder inequality, the
first two lines on the right hand side of (4.6) can be estimated by

2
Z [(w;iOf + 0T udT *u|(|0u| + |0%ul)

r>(ty/2 =t

1
+—|3t1"“u|2(\81"2u| + |0Tu| + |Oul)dx

i” w13t+6‘ I'w

Z/\

| 20Tl 2 [|(r — 1) (|0%u] + |0%ul)| o
=1

>’1H|8F“u| HL1|\ar2u||Loo
S On<t>_1EkEk,1 + ’17G
Here 7 is a constant which can be chosen to be any positive number, C), is a constant depends only on 7

and k.
For the last line of (4.6), we derive from Lemma 2.3 that

/ O u[2(|0%u] + |0%ul)dx
r<(t)/2
< [[lorul? || [[10%u] + 10%ull| Lo (e 4y 2y

S BEL,
Then inserting the above two estimates into (4.6), one gets

L+Ii+1I5+1s < Cn<t>—1EkE,§_1 +nG. (4.7)
Here we have used the assumption Fj_; < 1.

Next, we are going to take care of I; and I3. They will be absorbed by the energy as a lower order
perturbation. Denote

1
Ey(u(t)) = 3 /e‘I(”)|8Fau|2dm - /Noﬁ,wagF w0, 0, u0 I uedx

R2

+§ /Naﬁwauauuaﬁrauaaraueqdz. (4.8)

The reason why we define E,(u(t)) is that one moves I; and I3 to the left hand side of (4.1), then one will
get E,(u(t)). As is indicated in the beginning of this section, we assume Fj,_; < 1. Then

1
|§/Naﬁwﬁuayuﬁ‘gf“uaafauequf/Noﬁ#,,ﬁgf‘luaﬂﬁuuaﬁ‘“uequ\
R2 2
< /|8I‘“u|2|82u|dx < E,f_l/wrauﬁdx<</|arau|2dx. (4.9)
2 R2 R2

On the other hand, note that
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/eq(|5‘tfau|2 + VT u|?)dx ~ / 10,0l + | VI u|d. (4.10)
R2
Hence one deduces that
/ |oT%|?dx ~ E,(u(t)). (4.11)
RZ

Combining (4.1)—(4.11), we have

d
2 / (10,Tuf2 + VT ul)dz + G(1)

R2
< Z Ny (TPu, Tu) 0T % uel dx

R2 b+c+d=a,d#0
1
+(t) T ERE? | +1nG.

Let 7 be small enough, then G on the right hand of the above inequality will be absorbed by the left-hand

side, thus we are arriving at
dt/|8f“u| dzx </ Z Na(Tu, Tu)0, T ueldx + <t)_1EkEé_1
R2 b+c+d=a,d#0

Now we are going to estimate the remaining lower order terms. We still split the integral domains into two
parts. First, for r < (t)/2, there holds (r —t) < (). Since |b| +|c| < |a|, without loss of generality, we assume
[b] < |a|/2]. By Lemma 2.3, we deduce that

Ng(Tbu, Tu)d, T “ue?da

|b|+d|§£|0<|a| r<(t)/2

N

Z |0,T%u||0*Tbu||0°T “uldx

bl lel<la]
lbl<llal/2) "</2

S Y o ull e ) 10PT ull Lo gy 2) |1 0° T ull 2 (r <0y 2)

[b]+|c|<|al
b]<[la]/2]

2 1
S TTERE]

When r > (t)/2, we need to fully utilize the null condition of the nonlinearities. By Lemma 3.1 and

Lemma 2.1, one has

Na(Tu, T°u)0, T uel dx

g1l v 2

1
< - a [b]+1 le|+1
S Z r|81" w|[OT1T || 0T | da
[bl+lel<lal > (1) /2
S S e ull e [or ) e OT I s

bl +]c|<|al
b]<[la|/2]

1
S () EELER
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It then follows from the above three estimates that

d a _ 1
£/|ar ulPde < () ELER .
R2

Summing over |a| < k — 1 yields

d

() S (0 BB (2).

This gives the first differential inequality (2.6).
4.2. Lower-order energy estimate

In this subsection, we perform the lower-order energy estimate. Unlike the higher-order energy estimate,
we care less about the derivative loss problems since it’s not an issue. We will focus our mind on obtaining
the maximal decay in time.

Let |a| < k — 2. Multiplying the equations (2.5) with 9;I'%u, then integrating over R?, we have

4
dt
R2

= / Z Ng(Tbu, Tu)d, T udz.

R2 b+c+d=a

1
§(|3t1"“u\2 + VT u|?)dx

We still split the integral domains into two parts. When r < (t) /2, by Lemma 2.3, one gets

> Na(Tbu,Mu)d, T udx
r(y /2 bretd=e

< Z |0,T%u||0*Tbu||0°T “u|dx:

bl <lal |
bl<llal/21 "=/

S Y o ullzie ) 10°T ull o (re /) 10T ull L2ty f2)
b1l <]al
ib1<lal/2]

2 1
S (6B By

When r > (t)/2, by Lemma 3.1 and Lemma 2.1, one gets

Z Ng(Tbu, Tu) 9, T udx
r2{t)/2 Mretd=e

A

1
> = |0 y||aT P+ Ly |aT el Ly | da
,
[bl+fel<lal > i1y /2

< ST B ortul g2 | T L e AT 2

b]+|c|<|al
[b]<[la|/2]

1
< (B EE.
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Gathering all the above estimates in this subsection, and summing over |a| < k — 1 yields

G B 1) S (0T EE 0 B a(r).

This gives the lower-order energy estimate (2.7).
5. Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2. The main idea is to transform (1.6) into fully nonlinear
ones. For the latter, we have obtained the global well-posedness result in the last section.

First, we give the definition of ¢ and 1 which appear in Theorem 1.2. For (1.6), if Ag = 0, we assume
A # 0 without loss of generality. Under this case, define

o=y [2vo(s, 22+ g2 (s — 21))ds, o)
P = A% [P vi(s, 20 + 42(s — @1))ds
Otherwise, if Ag # 0, define

— 1, A _ A
Y= A, V0 AD31X A062X7

where x is a function satisfying the following equation

(A181 + Ag@g)zx — A%AX
= —Aoat’l)(O) + A1811)(0) + AQaQU(O) + A%NM@#U(O)&SU(O), (53)
(x(@), Vx(x)) € H.

Next, we elucidate the nonlinearities of (1.6). Obviously (1.7) implies (1.8). On the other side, if
AN X X, X5 =0
for all X € 3, one deduce that
(A X1)(Nus X X5) = 0.
From which one must have
N X, Xs=0

for all X € . This means (1.7) and (1.8) are equivalent.
Following the same argument, one can see that (1.7) is also equivalent to

AAmN s X X X, X5 = 0. (5.4)

We will directly use the null condition (5.4) in the following proof.
Before the proof of Theorem 1.2, we first state a simple lemma which asserts that the null condition is
preserved under symmetrization procedure.
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Lemma 5.1. Suppose that the nonlinearities (1.2) satisfy (1.4), but they may not satisfy the symmetry con-
dition (1.3). After some symmetrization procedure, they still satisfy (1.4).

Proof. Define

~ 1

Napuy = Z(NQBHV + Ngauw + Napup + Nﬁowu)'
One can check that

N0 000510,0,u = Nopun0a0sud,d,u.
Moreover, ZVQBW satisfy the symmetry (1.3) and the null condition (1.4). O
Now we prove Theorem 1.2.

Proof. We are going to show that (1.6) can be transformed into

Ou = AAAVNW;@f\#u@Z(;u
U’(07 Z‘) =¥, 875“(07 33) =1,

where (p,1)) is defined by (5.1) or by (5.2)—(5.3).
Case a: Ag = 0.
Without loss of generality, we assume A; # 0, let

T

u(t,x) = Ai1 / o(t, s, 2 + j—i(s —x1))ds.
Simple calculation shows
1
Ou(t,x) = A1 A2 8211 t,s,To + A—l(s — xl))d
Ay
Aau(t, ) 8211 t,s,To + A—(S — acl))d
1
One can infer that

Inserting them into (1.6), we get
A;0;(0u — AAAUNMai#u@g&u) =0.
Let
Ou — AAA,,Nﬂgﬁf\#uafau =0.

Obviously one has
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1
U(OJC)_A—l/U0(87$2+A1(8—$1))d
g 2
ou(0,z) = R /v1(5 xg—i——(s—xl))ds
1 1

which gives (5.1).
Case b: Ay # 0.

Let

Ay
t — —t
TR AO)

1
du(t, r) = A—O’U(t,m)
1 A1 A2 Al A2
A /( A_oal B A_OaQ)v(S’xl + A_O(S t), 2 + A—O(S —t))ds
0
Al AQ 1 A2
(A—061 + A_082>X(x1 A0t7$2 A—Ot),
1 1 A A
Ofult, ) = A—Oatv(t,m) - A_O(A_(l)al A—EO Yo(t, x)
1 A
ey (it Go0) (s + (s = )22 + 32 (s = 1))d
A2 1 A2
¢ _ 2y
( 51+A 02) X(fﬂl 1 T ” )’

Ou(t,x) = s /8111 s xl—i-—( —t), xg—i—A—(s—t))d

Ap
Ay As
+01x (71 — A—Ot,$2 - A_ot)’
Ay
Oau(t,x) = —/821) s,x1 + —( —t),x2+ A—(s—t))d
0
A, Ay
+82X($1 A t To — A—Ot)

Combing the expressions in the above, we deduce that

v = Al&u

Inserting them into (1.6), we get
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A;0;(Ou — A,\A,,Nm;@?\”uaféu) =0. (5.6)
Let
(Ou — ANAL N3, udsu) =0 = 0,

then the expression inside the bracket of (5.6) always vanishes. Thus the quasilinear wave equations (1.6)
will be transformed into the following fully nonlinear wave equation

Ou = AAAVNugaiuuaggu
u(0,2) = x, 0u(0, ) = -vo — G2 x — G20ax,

where y is a function satisfying the following relation

(4501 + 4202)°x — Ax
= —25000(0) + 4810(0) + §8820(0) + N,50,0(0)950(0),
(x(@), Vx(z)) € H.
This gives (5.2) and (5.3).
In the above two cases, the quasilinear wave equations (1.6) are both transformed to the fully nonlinear
wave equations (5.5). Note the null condition assumption (5.4), then if the initial data (p,1) € HE with
k > 8 and they satisfy (1.5), we obtain the global existence result to (5.5) according to Theorem 1.1

and Lemma 5.1. Consequently, the quasilinear wave equations (1.6) have global classical solutions since
v = Alﬁlu O

Remark 5.2. The transformation from quasilinear wave equations (1.6) to fully nonlinear equation (5.5) is
reversible. Consider

{Du = A\AN,503, ud?su 57

u(0, z) = ug(z), du(0,x) = uy(x).
We assume (1.7) holds, let (ug,u1) € HE and they satisfy the condition (1.5). According to Theorem 1.1

and Lemma 5.1, we obtain the global existence result for (5.7). Let v = A;0;u, then v exits globally in time
and satisfies the following quasilinear wave equation

(5.8)

Ouv = lal( ugaﬂvagv)
v(0,2) = A;0;u(0,x), 0w (0, x) = A;0;0:u(0, ).

6. Proof of Remark 1.3
In this section, we are going to prove Remark 1.3.

Proof. Following the argument in the above section, let
t
/v 7,2)dr + (=A) " (|v1|* = [V |* — v1).
0

Then the equation (1.9) can be transformed to the following fully nonlinear wave equation
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{Du = |02ul? — |9, Vul?, 61)

u(0,-) = (=A) " (Jor[* = [Voo|* = v1), 9,u(0,-) = .

For the nonlinearities in (6.1), it’s easy to see that they satisfy the null condition (1.4). Hence by Lemma 2.4,
we have

oru= Y Ng(T’u,Tu). (6.2)
b+c+d=a

Now we preform the highest order energy estimate for (6.1). Since the techniques are essentially the same
as the ones we have used in Section 4, we only sketch the main line of the argument.
Let k > 8, |a] < k — 1, multiplying the equation (6.2) with 9,I'%u and integrating over R?, we have

d

1 a, |2 a, |2
dt/2(|atr ul? + [V de

R2
= /2(6?F“u8t2u — VI - 0, Vu) 0, I udx
R2
+ ) Ng(Tu, Tu)d, T udz.
b+c+d=a R2
d#0

For the highest order terms, we deduce from integration by parts that

2 /(3t2F“u8t2u — VT "0, Vu) o I udx

R2

:—/|8t2f‘au|23tmu—|—8t/\6tfau|28t2udx
R? R?

< Ep(t)||0y0ul = + 0, / 10, T u[20%udz.

R2

By Lemma 2.1, Lemma 2.2, and Lemma 2.3, we have

18:0ull L= S (1) 2EZ(1).

~

The last term 0 [, |8;[*u|?07udx can be treated similar to (4.8)-(4.11) as a lower order perturbation. On
the other hand, following the paradigm of the energy estimates we have done in Section 4, we can estimate
the remaining lower order terms as follows:

T polw

Z Ng(Tlu, Tu)d, T udx < (t)ng
b+c+d=a R2
d#0

(®)-

Thus we infer by gathering the above argument that

d

B0 S 1)

Nlw
T oo
—~

~
N2

By continuity method, if F;(0) < e for a sufficiently small ¢ > 0, then the fully nonlinear wave equation
(6.1) is globally well-posedness and the highest order energy is uniformly bounded: Ei(t) < Ce for some
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universal constant C. Note that we can transform (1.9) to (6.1), hence the highest energy of (1.9) is also
uniformly bounded. O
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