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The Existence of Global Solutions to Systems

of Quasilinear Wave Equations with Quadratic Nonlinearities

in 2-Dimensional Space

By

Akira Hoshiga

(Shizuoka University, Japan)

Abstract. We deal with systems of quasilinear wave equations which contain qua-

dratic nonlinearities in 2-dimensional space. We have already known that such the

system has a smooth solution till the time t0 ¼ Ce�2 for su‰ciently small e > 0, where

e is the size of initial data. In this paper, we shall show that if quadratic and cubic

nonlinearities satisfy so-called Null-condition, then the smooth solution exists globally

in time. In the proof of the theorem, we use the Alinhac ghost weight energy.
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1. Introduction

Let us consider the initial value problem

riu
i 1 q2t u

i � c2i Du
i ¼ F iðqu; q2uÞ in R2 � ð0;yÞ;ð1:1Þ

uiðx; 0Þ ¼ ef iðxÞ; qtu
iðx; 0Þ ¼ egiðxÞ in R2;ð1:2Þ

where i ¼ 1; . . . ;m and uðx; tÞ ¼ tðu1ðx; tÞ; . . . ; umðx; tÞÞ. We denote q ¼
ðq0; q1; q2Þ with q0 ¼ qt ¼ q=qt and qj ¼ q=qxj ð j ¼ 1; 2Þ. Let e > 0 be a small

parameter and assume f i; gi A Cy
0 ðR2Þ and suppf f ig; suppfgigH fx A R2 :

jxjaMg for some positive constant M. We also assume that the propagation

speeds of (1.1) are positive and distinct, namely we assume

0 < c1 < c2 < � � � < cm:ð1:3Þ

As for the nonlinearity F i, we assume that

F iðqu; q2uÞ ¼
Xm
l¼1

X2
a;b¼0

A
i;ab
l ðquÞqaqbul þ BiðquÞ;ð1:4Þ

where A
i;ab
l ðlÞ;BiðlÞ A CyðR3mÞ and

A
i;ab
l ðlÞ ¼ OðjljÞ; BiðlÞ ¼ Oðjlj2Þð1:5Þ

near the origin. In order to derive an energy estimate, we assume that



A
i;ab
l ðlÞ ¼ A

l;ab
i ðlÞ ¼ A

l;ba
i ðlÞ ðl A R3mÞð1:6Þ

holds for each i; l ¼ 1; . . . ;m and a; b ¼ 0; 1; 2. Furthermore, for the sake of

simplicity, we assume that

jAi;ab
l ðlÞj < ðminf1; c1; . . . ; cmgÞ2

2m
ðl A R3mÞ:ð1:7Þ

Actually, this constitutes no additional restriction, since we shall only deal

with solutions, for which qu stays close to the origin. Note that if uðx; tÞ ¼
tðu1ðx; tÞ; . . . ; umðx; tÞÞ is a solution to (1.1) and (1.2), then by (1.3), (1.4) and

(1.5), we have for any i ¼ 1; . . . ;m

uiðx; tÞ ¼ 0 for jxjb cmtþM:ð1:8Þ

For the proof, see Theorem 4a in F. John [12].

Our purpose in this paper is to estimate the lifespan Te of the solution to

(1.1) and (1.2). Here Te is defined by the supremum of all T for which there

exists a solution u to (1.1) and (1.2) in ðCyðR2 � ½0;TÞÞÞm. Many works with

respect to this problem have been obtained in the last several years. Denote

F iðqu; q2uÞ ¼ F i
2ðqu; q

2uÞ þ F i
3ðqu; q

2uÞ þHiðqu; q2uÞ;

where F i
p is the homogeneous p-th order terms ðp ¼ 2; 3Þ and Hiðqu; q2uÞ ¼

Oðjquj4 þ jq2uj4Þ. Then we know the following. If Bi 1 0 and F i
2 D 0, then

Te bC1=e
2 holds for su‰ciently small e. Besides if Bi 1 0 and F i

2 1 0, then

Te b expðC2=e
2Þ holds for su‰ciently small e. Here C1 and C2 are constants

depending on f i, gi, F i and ci. These were proved by L. Hörmander [6]

when m ¼ 1 and by [8] and [9] when mb 2. Furthermore, if Bi 1 0, F i
2 1 0

and F i
3 1 0, then Te ¼ y for su‰ciently small e. This was proved by [6]

when m ¼ 1 and by [10] and [11] when mb 2. In general, we cannot expect

to improve the above estimate of Te, because of counter results, for example S.

Alinhac [1] or [7]. However, we can obtain better estimate of Te, in the case

where the nonlinearities F i satisfy an algebraic condition, which is so called

Null-condition. In order to state the Null-condition precisely, we introduce

another representation of F i. By (1.5), we can write A
i;ab
l and Bi as

A
i;ab
l ðquÞ ¼

Xm
j¼1

X2
g¼0

a
i;abg
jl qgu

j þ
Xm
j;k¼1

X2
g; d¼0

c
i;abgd
jkl qgu

jqdu
k þOðjquj3Þ;ð1:9Þ

BiðquÞ ¼
Xm
j; l¼1

X2
a;b¼0

b
i;ab
jl qau

jqbu
lð1:10Þ

þ
Xm

j;k; l¼1

X2
a;b; g¼0

d
i;abg
jkl qau

jqbu
kqgu

l þOðjquj4Þ
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near the origin. Here a
i;abg
jl , b

i;ab
jl , ci;abgdjkl and d

i;abg
jkl are constants. Then, for

X ¼ ðX0;X1;X2Þ A R3, we define functions FðXÞ ¼ ðF i
j ðXÞÞi; j¼1;...;m, CðXÞ ¼

ðC i
j ðXÞÞi; j¼1;...;m, YðX Þ ¼ ðY i

j ðXÞÞi; j¼1;...;m and XðXÞ ¼ ðX i
j ðXÞÞi; j¼1;...;m by

F i
j ðXÞ ¼

X2
a;b; g¼0

a
i;abg
jj XaXbXg;ð1:11Þ

C i
j ðXÞ ¼

X2
a;b¼0

b
i;ab
jj XaXb;ð1:12Þ

Y i
j ðXÞ ¼

X2
a;b; g; d¼0

c
i;abgd
jjj XaXbXgXd;ð1:13Þ

X i
j ðXÞ ¼

X2
a;b; g¼0

d
i;abg
jjj XaXbXg:ð1:14Þ

Furthermore, for a function fðX Þ ¼ ðf i
j ðXÞÞi; j¼1;...;m, if

f i
j ðX Þ1 0 for X 2

0 ¼ c2j ðX 2
1 þ X 2

2 Þð1:15Þ

holds for each i; j ¼ 1; . . . ;m, we denote fA0 and we say that the correspond-

ing nonlinearity satisfies Strong Null-condition. On the other hand, if (1.15)

holds when j ¼ i ði ¼ 1; . . . ;mÞ, we denote f@ 0 and we say that the corre-

sponding nonlinearity satisfies Standard Null-condition. Note that the Strong

Null-condition is stronger than the Standard Null-condition, while there is no

di¤erence between two of them when m ¼ 1.

We know the following. When m ¼ 1, S. Alinhac [2] and [3] showed that

if B1ðquÞ1 0, F@ 0 and Y@ 0, then Te ¼ y for su‰ciently small e > 0 and

also that if B1ðquÞ1 0, F@ 0 and YS 0, then

lim
e!0

e2 log Te ¼ Cð1:16Þ

holds, where C is a positive constant depending on f 1, g1, Y and c1. When

m ¼ 1, P. Godin [5] showed that if A
1;ab
1 ðquÞ1 0, C@ 0 and X@ 0, then

Te ¼ y for su‰ciently small e. He also showed that if A
1;ab
1 ðquÞ1 0, C@ 0

and XS 0, then

lim
e!0

e2 log Te bCð1:17Þ

holds, where C is a positive constant depending on f 1, g1, X and c1. On the

other hand, when mb 2, the author showed in [10] and [11] with H. Kubo

that if BiðquÞ1 0, F i
2ðqu; q

2uÞ1 0 ði ¼ 1; . . . ;mÞ and Y@ 0, then Te ¼ y for

su‰ciently small e > 0. The author also showed in [9] that when mb 2,
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BiðquÞ1 0 and FS 0, there is an example of radially symmetric solution to

(1.1) and (1.2) whose lifespan satisfies

lim
e!0

e
ffiffiffiffiffi
Te

p
¼ C

for some constant C > 0.

The purpose of this paper is to analyse the case where mb 2, F i
2 D 0,

FA0, CA0, YA0 and XA0. We have the following.

Theorem 1.1. Let Te be the lifespan of the solution to (1.1) and (1.2). As-

sume that (1.3), (1.4), (1.5), (1.6), (1.7), (1.9) and (1.10) hold and FA0, CA0,

YA0 and XA0. Assume also that a
i;abg
jl ¼ b

i;ab
jl ¼ 0 if j0 l. Then there is an

e0 > 0 such that Te ¼ y holds for e A ð0; e0Þ.

We have two typical forms of the nonlinearity F i satisfying the Strong

Null-condition; Null-form and Nonresonance-form. The Null-form consists of

polynomials of qau j ða ¼ 1; 2Þ for which F i
j ðX Þ, C i

j ðXÞ, Y i
j ðXÞ and X i

j ðX Þ
vanish on the hyperplane X 2

0 ¼ c2j ðX 2
1 þ X 2

2 Þ, while the Nonresonance-form con-

sists of terms which contain products of waves whose propagation speeds are

di¤erent. For futher consideration, we write F i as

F iðqu; q2uÞ ¼
Xm
j¼1

N i
j ðqu j; q2u jÞ þ Riðqu; q2uÞ þHiðqu; q2uÞ;

where N i
j stands for the Null-form and Ri stands for the Nonresonance-form.

We also use a notation N i
j ¼ N i

j;2 þN i
j;3 with

N i
j;2ðqu j; q2u jÞ ¼

X2
a;b; g¼0

a
i;abg
jj qgu

jqaqbu
j þ

X2
a;b¼0

b
i;ab
jj qau

jqbu
j;ð1:18Þ

N i
j;3ðqu j; q2u jÞ ¼

X2
a;b; g; d¼0

c
i;abgd
jjj qgu

jqdu
jqaqbu

j þ
X2

a;b; g¼0

d
i;abg
jjj qau

jqbu
jqgu

j:ð1:19Þ

It follows from the assumption in Theorem 1.1 that Ri is cubic with respect to

qu and q2u and also that we can write A
i;ab
l as

A
i;ab
l ðquÞ ¼

X2
g¼0

a
i;abg
ll qgu

l þOðjquj2Þ:

Furthermore (1.6) implies that for any a; b ¼ 0; 1; 2 and i; l ¼ 1; . . . ;m

X2
g¼0

a
i;abg
ll l l

g ¼
X2
g¼0

a
l;abg
ii l i

g
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holds for any l ¼ ðl l
gÞl¼1;...;m; g¼0;1;2. This means that for any a; b; g ¼ 0; 1; 2,

a
i;abg
ll ¼ 0 if l0 i:ð1:20Þ

In the proof of Theorem 1.1, we derive an a priori estimate of the solution

and for this purpose we use the method of Ghost weight energy which was

introduced by S. Alinhac in [2]. It makes enable us to use the advantage of the

Null-form in the energy argument. In [2], Alinhac used the Klainerman type

embedding inequality to bound the weighted Ly norm of the solution. The

Klainerman inequality holds for any function u possessing suitable regularity.

But it does not give enough decay estimates to qu. Thus, Alinhac could not

deal with semilinear terms B1 in F 1. However, in the present paper, we suc-

cessfully deal with the semilinear term Bi. This is due to the Ly-Ly estimate

of the solution to the wave equation, which appears in Proposition 3.2 below.

It was developed in [11].

This paper is organized as follows. In Section 2, we introduce some

notation and we also describe a lemma which implies Theorem 1.1. Section 3

is devoted to the weighted L2-Ly estimate of the solution. In Section 4, we

carry out the L2 estimate of the solution, by using the method of Ghost weight

energy. In the final section, we complete the proof of the main lemma stated

in the section 2.

The author is grateful to Professor K. Kubota for his valuable comment.

2. Preliminary for the proof of Theorem 1.1

In this section, we explain notation and discribe a lemma to show Theorem

1.1. First of all, we introduce the following vector fields:

W ¼ x1q2 � x2q1; S ¼ tqt þ rqr;ð2:1Þ

where r ¼ jxj and rqr ¼ x1q1 þ x2q2, and we denote

G ¼ ðG0; . . . ;G4Þ ¼ ðq0; q1; q2;W;SÞ:

We can easily verify the following commutator relations:

½Gs;ri� ¼ �2d4sri for s ¼ 0; . . . ; 4; i ¼ 1; . . . ;m;ð2:2Þ

½qa; qb� ¼ 0 ða; b ¼ 0; 1; 2Þ; ½S; qa� ¼ �qa ða ¼ 0; 1; 2Þ;

½W; q1� ¼ �q2; ½W; q2� ¼ q1; ½W; q0� ¼ 0; ½S;W� ¼ 0:

Here [ , ] denotes the usual commutator of linear operators and dab is the

Kronecker delta.

Let vðx; tÞ ¼ tðv1ðx; tÞ; . . . ; vmðx; tÞÞ be a vector valued function defined in

R2 � ½0;TÞ. Then we set
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jvðx; tÞjk ¼
X
jajak

Xm
i¼1

jG aviðx; tÞj;

jvðtÞjk ¼ sup
x AR2

jvðx; tÞjk;

½vðx; tÞ�k ¼
X
jajak

Xm
i¼1

jwiðjxj; tÞG aviðx; tÞj;

½vðtÞ�k ¼ sup
x AR2

½vðx; tÞ�k;

hvðx; tÞik ¼
X
jajak

Xm
i¼1

ð1þ jxj þ tÞ1=2jG aviðx; tÞj;

hvðtÞik ¼ sup
x AR2

hvðx; tÞik;

kvðtÞkk ¼
X
jajak

Xm
i¼1

kG avið�; tÞkL2 ;

where k is a nonnegative integer, a ¼ ða0; . . . ; a4Þ is a multi-index, jaj ¼
a0 þ � � � þ a4 and

wiðr; tÞ ¼ ð1þ rÞ1=2ð1þ jr� citjÞ; i ¼ 0; 1; . . . ;m

with c0 ¼ 0.

We also use the notation

kvkk; t ¼ sup
0as<t

kvðsÞkk; hvik; t ¼ sup
0as<t

hvðsÞik;

½v�k; t ¼ sup
0as<t

½vðsÞ�k; jvjk; t ¼ sup
0as<t

jvðsÞjk:

Then, we find that the following lemma implies Theorem 1.1.

Lemma 2.1. Let T and J be positive constants and let uðx; tÞ ¼
tðu1ðx; tÞ; . . . ; umðx; tÞÞ A ðCyðR2 � ½0;TÞÞÞm be a solution to (1.1) and (1.2).

Choose an integer k as kb 8. Then, there exist positive constants K and e0ðJÞ
such that if

½qu�k;T þ huikþ1;T a Jeð2:3Þ

holds for some e A ð0; e0ðJÞÞ, then

½qu�k;T þ huikþ1;T aKeð2:4Þ

holds for the same e. Here K is independent of e and J.
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Proof of Theorem 1.1. We show that Lemma 2.1 implies Theorem 1.1 by

contradiction. Let kb 8 be an integer. By the local existence theorem (see K.

Kubota and K. Yokoyama [15] or Theorem 2.2 in A. Majda [16] for example),

we find that there are positive constants ek and Tk such that for any e A ð0; ekÞ
there exists a smooth solution uðx; tÞ to (1.1) and (1.2) in R2 � ½0;TkÞ. Let

L ¼ Lkð f ; gÞ > 0 be a constant satisfying ½quð0Þ�k þ huð0Þikþ1 aLe for any

e A ð0; ekÞ and set

J0 ¼ 2 maxfK ;Lg;ð2:5Þ

where K is the one determined in Lemma 2.1. Then, we can define positive

constants te by

te ¼ supft > 0 : t < Te and ½qu�k; t þ huikþ1; t a J0eg ðaTeÞ

for any e A ð0; ekÞ. Set e0 ¼ minfe0ðJ0Þ; ekg > 0. If we assume that there exists

an êe A ð0; e0Þ satisfying têe < y, then either têe ¼ Têe or

½qu�k; têe þ huikþ1; têe ¼ J0êeð2:6Þ

holds. However, using (1.6) and (1.7), we can show têe < Têe. (For the detail,

see the proof of Lemma 2.1 in [9].) Therefore, we find that (2.6) holds. On the

other hand, since êe < e0ðJ0Þ and têe < Têe, Lemma 2.1 implies that

½quðtÞ�k þ huðtÞikþ1 aK êea
J0

2
êe for 0a t < têe:

This contradicts (2.6). Therefore te ¼ y for any e A ð0; e0Þ. This completes

the proof of Theorem 1.1.

In the following sections, we shall show Lemma 2.1. For this purpose, we

prepare a proposition about the dacay rate of the Null-form in the light cone.

Set c� ¼ min1aiamfci � ci�1g=3 with c0 ¼ 0. We see c� > 0 from (1.3). More-

over, we define

LiðTÞ ¼ fðx; tÞ A R2 � ½0;TÞ : j jxj � citja c�tg; i ¼ 1; . . . ;mð2:7Þ

and

L0ðTÞ ¼ R2 � ½0;TÞ
�

6
m

i¼1

LiðTÞ:

By the definition, LiðTÞVLjðTÞ ¼ f holds for any T > 0, if i0 j and hence

there exists a positive constant C such that
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1

C
ðjxj þ tÞa j jxj � cjtjaCðjxj þ tÞð2:8Þ

holds for ðx; tÞ A LiðTÞ, if i0 j.

Owing to the strong Null-condition, we can show that the Null-form N i
j

has a good decay property in LjðTÞ. In this argument, the following operators

Z j ¼ ðZ j
1 ;Z

j
2Þ1

cjt� jxj
t

ðq1; q2Þ þ
ðx1; x2ÞS þ ð�x2; x1ÞW

jxjtð2:9Þ

play an impotant role. These were introduced in [2]. It follows from (2.9)

that

Z j
a ¼ cjqa þ

xa

jxj q0 ða ¼ 1; 2Þð2:10Þ

and

jZ jvðx; tÞjaC
j jxj � cjtj

t
jqvðx; tÞj0 þ

1

t
jvðx; tÞj1

� �
ð2:11Þ

hold. Then we have the following.

Proposition 2.1. Let T > 1 be a constant and k a positive integer. Also let

uðx; tÞ ¼ tðu1ðx; tÞ; . . . ; umðx; tÞÞ A ðCyðR2 � ½0;TÞÞÞm be a solution to (1.1) and

(1.2) and let N i
j;2 and N i

j;3 be functions defined in (1.18) and (1.19). Assume that

FA0, CA0, YA0 and XA0 hold. Then, there exists a positive constant Ck

independent of T such that

jN i
j;2ðqu jðx; tÞ; q2u jðx; tÞÞjk aCk

X
jbþcjakþ1

jZ jG bu jðx; tÞj jG cqu jðx; tÞj;ð2:12Þ

X2
a;b¼0

b
i;ab
jj qau

jðx; tÞqbu jðx; tÞ
�����

�����
k

aCk

X
jbþcjak

jZ jG bu jðx; tÞj jG cqu jðx; tÞj;ð2:12Þ

jN i
j;3ðqu jðx; tÞ; q2u jðx; tÞÞjkð2:14Þ

aCk

X
jbþcþdjakþ1

jZ jG bu jðx; tÞj jG cqu jðx; tÞj jG dqu jðx; tÞj

and X
jajak

jG afai;abg
jj qgu

jqaqbu
jðx; tÞg � a

i;abg
jj qgu

jqaqbG
au jðx; tÞjð2:15Þ

aCk

X
jbþcjakþ1
jbj; jcjak

jZ jG bu jðx; tÞj jG cqu jðx; tÞj

364 Akira Hoshiga



hold for ðx; tÞ A LjðTÞV fðy; sÞ : sb 1g, j ¼ 1; . . . ;m. Moreover, we have

jN i
j;2ðqu jðx; tÞ; q2u jðx; tÞÞjkð2:16Þ

a
Ckj jxj � cjtj
1þ jxj þ t

jqu jðx; tÞj½ðkþ1Þ=2�jqu jðx; tÞjkþ1 þ
Ck

1þ jxj þ t
P

j
kðx; tÞ;

jN i
j;3ðqu jðx; tÞ; q2u jðx; tÞÞjkð2:17Þ

a
Ckj jxj � cjtj
1þ jxj þ t

jqu jðx; tÞj2½ðkþ1Þ=2�jqu jðx; tÞjkþ1

þ Ck

1þ jxj þ t
jqu jðx; tÞj½ðkþ1Þ=2�P

j
kðx; tÞ

and X
jajak

jG afai;abg
jj qgu

jqaqbu
jðx; tÞg � a

i;abg
jj qgu

jqaqbG
au jðx; tÞjð2:18Þ

a
Ckj jxj � cjtj
1þ jxj þ t

jqu jðx; tÞj½ðkþ1Þ=2�jqu jðx; tÞjk þ
Ck

1þ jxj þ t
Q

j
kðx; tÞ

hold for ðx; tÞ A LjðTÞV fðy; sÞ : sb 1g, j ¼ 1; . . . ;m. Here we have set

P
j
kðx; tÞ ¼ ju jðx; tÞj½ðkþ1Þ=2�jqu jðx; tÞjkþ1 þ jqu jðx; tÞj½ðkþ1Þ=2�ju jðx; tÞjkþ1;

Q
j
kðx; tÞ ¼ ju jðx; tÞj½ðkþ1Þ=2�jqu jðx; tÞjk þ jqu jðx; tÞj½ðkþ1Þ=2�ju jðx; tÞjkþ1:

Proof. Since N i
j;3 and

P2
a;b¼0 b

i;ab
jj qau

jqbu
j can be treated by the same

manner as N i
j;2, we concentrate on the proof of (2.12), (2.15), (2.16) and (2.18).

Moreover, for the sake of simplicity, we assume that N i
j;2 is quasilinear, namely

we assume b
i;ab
jj ¼ 0 for any i; j ¼ 1; . . . ;m and a; b ¼ 0; 1; 2 through the proof

of the proposition. At first, we prove the following.

Lemma 2.2. Fix j A f1; . . . ;mg, let T be a positive constant and set

Nðqvðx; tÞ; q2wðx; tÞÞ ¼
X2

a;b; g¼0

habgqgvðx; tÞqaqbwðx; tÞ

for v;w A CyðR2 � ½0;TÞÞ, where habg are constants. Assume that

X2
a;b; g¼0

habgXaXbXg 1 0 for X 2
0 ¼ c2j ðX 2

1 þ X 2
2 Þ:ð2:19Þ
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Then,

jNðqvðx; tÞ; q2wðx; tÞÞjaCðjZ jvðx; tÞj jq2wðx; tÞj þ jqvðx; tÞj jZ jqwðx; tÞjÞð2:20Þ

holds.

Proof. It follows from (2.19) that

Nðqvðx; tÞ; q2wðx; tÞÞð2:21Þ

¼
X2

a;b; g¼0

habgqgvðx; tÞqaqbwðx; tÞ þ habg oa

cj

ob

cj

og

cj
q0vðx; tÞq20wðx; tÞ

� �

¼
X2

a;b; g¼0

habg

�
qgvðx; tÞ qa þ

oa

cj
q0

� �
qbwðx; tÞ

� qgvðx; tÞ
oa

cj
q0 qb þ

ob

cj
q0

� �
wðx; tÞ

þ qg þ
og

cj
q0

� �
vðx; tÞoa

cj

ob

cj
q20wðx; tÞ

�
;

where ðo0;o1;o2Þ ¼ ð�cj; x1=jxj; x2=jxjÞ. Therefore, (2.2), (2.10) and (2.21)

imply (2.20).

Next we show the following.

Lemma 2.3. Let G be an operator belonging to ðG0; . . . ;G4Þ. Then, for

any i; j ¼ 1; . . . ;m, there exists a function N̂N i
j;2ðqu j; q2u jÞ satisfying the Strong

Null-condition and

GN i
j;2ðqu j; q2u jÞ ¼ N i

j;2ðqGu j; q2u jÞ þN i
j;2ðqu j; q2Gu jÞ þ N̂N i

j;2ðqu j ; q2u jÞ:ð2:22Þ

Proof. By (2.2), we find that

qdN
i
j;2ðqu j ; q2u jÞ ¼ N i

j;2ðqðqdu jÞ; q2u jÞ þN i
j;2ðqu j; q2ðqdu jÞÞ ðd ¼ 0; 1; 2Þ

and

SN i
j;2ðqu j; q2u jÞ ¼ N i

j;2ðqðSu jÞ; q2u jÞ þN i
j;2ðqu j; q2ðSu jÞÞ � 3N i

j;2ðqu j; q2u jÞ;

which imply (2.22) for the case G ¼ qd ðd ¼ 0; 1; 2Þ and G ¼ S. When G ¼ W,

it follows from (2.2) that
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WN i
j;2ðqu j; q2u jÞ ¼ N i

j;2ðqðWu jÞ; q2u jÞ þN i
j;2ðqu j; q2ðWu jÞÞð2:23Þ

þ N̂N i
j;2ðqu j ; q2u jÞ;

where we have set

N̂N i
j;2ðqu j; q2u jÞ ¼

X2
a;b¼0

ðai;ab2
jj q1u

j � a
i;ab1
jj q2u

jÞqaqbu jð2:24Þ

þ
X2
b; g¼0

ðai;2bg
jj q1qbu

j � a
i;1bg
jj q2qbu

jÞqgu j

þ
X2
a; g¼0

ðai;a2g
jj qaq1u

j � a
i;a1g
jj qaq2u

jÞqgu j:

Hence, our task is to show that N̂N i
j;2ðqu j; q2u jÞ satisfies the Strong Null-

condition, namely we need to show for any i; j ¼ 1; . . . ;m

ðai;002
jj þ ai;020

jj þ ai;200
jj ÞX 2

0 X1 � ðai;001
jj þ ai;010

jj þ ai;100
jj ÞX 2

0 X2ð2:25Þ

þ ðai;102
jj þ a

i;012
jj þ a

i;210
jj þ a

i;201
jj þ a

i;120
jj þ a

i;021
jj ÞX0X

2
1

� ðai;021
jj þ ai;201

jj þ ai;120
jj þ ai;102

jj þ ai;210
jj þ ai;012

jj ÞX0X
2
2

þ 2ðai;022
jj þ a

i;202
jj þ a

i;220
jj � a

i;011
jj � a

i;101
jj � a

i;110
jj ÞX0X1X2

þ ðai;112
jj þ a

i;211
jj þ a

i;121
jj ÞX 3

1

þ f2ðai;122
jj þ a

i;212
jj þ a

i;221
jj Þ � 3ai;111

jj gX 2
1 X2

� f2ðai;211
jj þ a

i;121
jj þ a

i;112
jj Þ � 3ai;222

jj gX1X
2
2

� ðai;221
jj þ ai;212

jj þ ai;122
jj ÞX 3

2

¼ 0 for X 2
0 ¼ c2j ðX 2

1 þ X 2
2 Þ:

We find that the following lemma immediately leads to (2.25).

Lemma 2.4. Assume that FA0. Then we have

a
i;110
jj þ a

i;101
jj þ a

i;011
jj ¼ a

i;220
jj þ a

i;202
jj þ a

i;022
jj ¼ �c2j a

i;000
jjð2:26Þ

ai;102
jj þ ai;012

jj þ ai;210
jj þ ai;201

jj þ ai;120
jj þ ai;021

jj ¼ 0

a
i;112
jj þ a

i;121
jj þ a

i;211
jj ¼ �c2j ða

i;200
jj þ a

i;020
jj þ a

i;002
jj Þ ¼ a

i;222
jj

ai;221
jj þ ai;212

jj þ ai;122
jj ¼ �c2j ða

i;100
jj þ ai;010

jj þ ai;001
jj Þ ¼ ai;111

jj :
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Proof. It follows from the Strong Null- condition that

F i
j ðXÞ ¼ ai;000

jj X 3
0 þ ðai;100

jj þ ai;010
jj þ ai;001

jj ÞX 2
0 X1ð2:27Þ

þ ðai;200
jj þ ai;020

jj þ ai;002
jj ÞX 2

0 X2

þ ðai;110
jj þ a

i;101
jj þ a

i;011
jj ÞX0X

2
1 þ ðai;220

jj þ a
i;202
jj þ a

i;022
jj ÞX0X

2
2

þ ðai;012
jj þ ai;021

jj þ ai;102
jj þ ai;201

jj þ ai;120
jj þ ai;210

jj ÞX0X1X2

þ a
i;111
jj X 3

1 þ ðai;112
jj þ a

i;121
jj þ a

i;211
jj ÞX 2

1 X2

þ ðai;122
jj þ ai;212

jj þ ai;221
jj ÞX1X

2
2 þ ai;222

jj X 3
2

¼ 0 for X 2
0 ¼ c2j ðX 2

1 þ X 2
2 Þ:

Substituting X 2
0 ¼ c2j ðX 2

1 þ X 2
2 Þ to (2.27), we have

fc2j a
i;000
jj ðX 2

1 þ X 2
2 Þ þ ðai;110

jj þ a
i;101
jj þ a

i;011
jj ÞX 2

1ð2:28Þ

þ ðai;220
jj þ a

i;202
jj þ a

i;022
jj ÞX 2

2

þ ðai;012
jj þ ai;021

jj þ ai;102
jj þ ai;201

jj þ ai;120
jj þ ai;210

jj ÞX1X2gX0

þ c2j ða
i;100
jj þ a

i;010
jj þ a

i;001
jj ÞðX 2

1 þ X 2
2 ÞX1

þ c2j ða
i;200
jj þ a

i;020
jj þ a

i;002
jj ÞðX 2

1 þ X 2
2 ÞX2

þ a
i;111
jj X 3

1 þ ðai;112
jj þ a

i;121
jj þ a

i;211
jj ÞX 2

1 X2

þ ðai;122
jj þ a

i;212
jj þ a

i;221
jj ÞX1X

2
2 þ a

i;222
jj X 3

2

¼ 0:

Choosing ðX0;X1;X2Þ suitably in (2.28), we obtain (2.26).

Now we complete the proof of Proposition 2.1. By Lemma 2.3, we

have

jN i
j;2ðqu jðx; tÞ; q2u jðx; tÞÞjkð2:29Þ

a
X

jbþcjak

jN̂N i
j;2;b; cðqðG bu jðx; tÞÞ; q2ðG cu jðx; tÞÞÞj;

where each N̂N i
j;2;b; c satisfies the Strong Null-condition. Hence, by (2.2), (2.29)

and Lemma 2.2, we obtain (2.12). Similarly, by Lemma 2.3, we have
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X
jajak

jG afai;abg
jj qgu

jqaqbu
jðx; tÞg � a

i;abg
jj qgu

jqaqbG
au jðx; tÞjð2:30Þ

a
X

jbþcjak
jcj<k

jN̂N i
j;2;b; cðqðG bu jðx; tÞÞ; q2ðG cu jðx; tÞÞÞj:

Hence, by (2.30) and Lemma 2.2, we obtain (2.15). Moreover, (2.11), (2.12)

and (2.15) imply (2.16) and (2.18).

3. L2-Ly estimates

In this section, we devote ourselves to proving the following.

Proposition 3.1. Let k be a positive integer, d a positive and small constant

and T a positive constant. Also let uðx; tÞ ¼ tðu1ðx; tÞ; . . . ; umðx; tÞÞ A ðCyðR2 �
½0;TÞÞÞm be a solution to (1.1) and (1.2). Assume that

½qu�½ðkþ6Þ=2�;T þ hui½ðkþ4Þ=2�;T a d:ð3:1Þ

Then there exist positive constants C0 ¼ C0ð f ; g; kÞ, C1 ¼ C1ðd; kÞ and x such

that

½quðtÞ�k þ huðtÞikþ1ð3:2Þ

aC0eþ C1ð½qu�½ðkþ6Þ=2�; t þ hui½ðkþ4Þ=2�; tÞ sup
0as<t

fð1þ sÞ�xkquðsÞkkþ8g

holds for 0a t < T.

Proof. First of all, by (1.8) and the identity q0 ¼ S=t� x � ‘=t
ð‘ ¼ ðq1; q2ÞÞ, we have

jq0uðx; tÞjk aCj‘uðx; tÞjk þ
C

1þ t
juðx; tÞjkþ1 in R2 � ½0;TÞ:ð3:3Þ

Therefore it follows from (3.3) that we only need to show (3.2) with q replaced

by qj ð j ¼ 1; 2Þ in the left-hand side. Moreover, we can write the solution ui of

(1.1) and (1.2) as ui ¼ eui
0 þ LiðF iÞ. Here ui

0 is the solution of

riu
i
0 ¼ 0 in R2 � ð0;yÞ;

ui
0ðx; 0Þ ¼ f iðxÞ; q0u

i
0ðx; 0Þ ¼ giðxÞ in R2;

while LiðF Þ is the solution of

riLiðF Þ ¼ F in R2 � ð0;TÞ;

LiðFÞðx; 0Þ ¼ q0LiðFÞðx; 0Þ ¼ 0 in R2
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for F A CyðR2 � ½0;TÞÞ. Since we know that

½qu0ðtÞ�k þ hu0ðtÞikþ1 aC0ð f 1; . . . ; f m; g1; . . . ; gm; kÞð3:4Þ

for 0a t < y with u0 ¼ tðu10 ; . . . ; um
0 Þ (for the proof, see [4]), our task is reduced

to show

½‘LiðF iÞðtÞ�k þ hLiðF iÞðtÞikþ1ð3:5Þ

aC0eþ C1ð½qu�½ðkþ6Þ=2�; t þ hui½ðkþ4Þ=2�; tÞ sup
0as<t

fð1þ sÞ�xkquðsÞkkþ8g

for 0a t < T . Here and hereafter, we interpret ½‘LiðF ÞðtÞ�k as

½‘LiðF ÞðtÞ�k ¼ sup
x AR2

½‘LiðF Þðx; tÞ�k ¼ sup
x AR2

X
jajak

jwiðjxj; tÞG a‘LiðFÞðx; tÞj

for i ¼ 1; . . . ;m. To prove (3.5), the following propositions are important.

Proposition 3.2. Let k be a positive integer, T a positive constant and F a

function belonging to CyðR2 � ½0;TÞÞ. Then for any m > 0 there exists a posi-

tive constant C ¼ CðmÞ such that

hLiðFÞðx; tÞik aCM
ðiÞ
m;kðF Þðx; tÞð3:6Þ

and

½‘LiðFÞðx; tÞ�k aCM
ðiÞ
m;kþ1ðFÞðx; tÞð3:7Þ

hold for each i ¼ 1; . . . ;m, where we have set

M
ðiÞ
m;kðF Þðx; tÞð3:8Þ

¼
Xm
j¼0

sup
ðy; sÞ A

Diðx; tÞVLjðtÞ

fjyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞjF ðy; sÞjkg

and

Diðx; tÞ ¼ fðy; sÞ A R2 � ½0; t� : jy� xja ciðt� sÞg:ð3:9Þ

Proposition 3.3. If u A C2ðR2 � ½0;TÞÞ is a function satisfying kuk2;T < y,

then

jxj1=2juðx; tÞjaCkuðtÞk2ð3:10Þ

holds for 0a t < T. Here C is a numerical constant.
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We omit the proof of these propositions. For the details of Proposition

3.2, see Proposition 4.2 in [11] and Proposition 3.2 in [9]. On the other hand,

for Proposition 3.3, see Theorem 1 (iii) and (iv) in S. Klainerman [14].

Now we show (3.5). It is led by the case p ¼ 0 in the following

proposition.

Proposition 3.4. Choose positive constants k, T and d as in Proposition 3.1.

Also choose m as 0 < m < 1=6. Let uðx; tÞ ¼ tðu1ðx; tÞ; . . . ; umðx; tÞÞ A ðCyðR2 �
½0;TÞÞÞm be a solution to (1.1) and (1.2). Assume (3.1). Then, there exists a

positive constant x such that if

½qu�½ðkþ6�2pÞ=2�;T þ hui½ðkþ4�2pÞ=2�;T a d;ð3:11Þ

then

ð1þ jxj þ tÞð�1=2þmÞpð½‘LiðF iÞ�k þ hLiðF iÞikþ1Þð3:12Þ

aCð½qu�½ðkþ6�2pÞ=2�; t þ ð1� d2pÞhui½ðkþ4�2pÞ=2�; tÞ

� eþ sup
0as<t

fð1þ sÞ�xkquðsÞkkþ8�2pg
� �

holds for 0a t < T and p ¼ 0; 1; 2. Here, dab means the Kronecker delta.

Proof. At First, we show (3.12) with p ¼ 2. By (1.5), (3.6), (3.7), (3.10),

(3.11) and the fact

1þ jyj þ saCð1þ jxj þ tÞ for ðy; sÞ A Diðx; tÞ;ð3:13Þ

we have

ð1þ jxj þ tÞ�1þ2mð½‘LiðF iÞðx; tÞ�k þ hLiðF iÞðx; tÞikþ1Þ

aC
Xm
j¼0

sup
ðy; sÞ A

Diðx; tÞVLjðtÞ

fjyj1=2ð1þ jyj þ sÞ3mð1þ j jyj � cjsjÞ

� jquðy; sÞj½ðkþ2Þ=2�jquðy; sÞjkþ2g

aC½qu�½ðkþ2Þ=2�; t sup
0as<t

fð1þ sÞ�1=2þ3mkquðsÞkkþ4g;

which implies (3.12) with p ¼ 2, if we choose x as 0 < x < 1=2� 3m.

Next, we show (3.12) with p ¼ 1. By the same way to the case p ¼ 2, we

have

371Existence of Global Solutions to Systems of Quasilinear Wave Equations



ð1þ jxj þ tÞ�1=2þmð½‘LiðF iÞðx; tÞ�k þ hLiðF iÞðx; tÞikþ1Þð3:14Þ

aC
Xm
j¼0

sup
ð y; sÞ A

Diðx; tÞVLjðtÞ

(
jyj1=2ð1þ jyj þ sÞ1=2þ2mð1þ j jyj � cjsjÞ

�
Xm
l¼1

jN i
l;2ðy; sÞjkþ1 þ jF i

3ðy; sÞjkþ1 þ jHiðy; sÞjkþ1

 !)
:

When 0a sa 1, it follows from (1.8) and (3.10) that

jyj1=2ð1þ jyj þ sÞ1=2þ2mð1þ j jyj � cjsjÞð3:15Þ

�
Xm
l¼1

jN i
l;2ðy; sÞjkþ1 þ jF i

3ðy; sÞjkþ1 þ jHiðy; sÞjkþ1

 !

aC½qu�½ðkþ2Þ=2�; tkquðsÞkkþ4

aC½qu�½ðkþ2Þ=2�; tð1þ sÞ�xkquðsÞkkþ4

holds for any x A R. Hence we consider the case sb 1. Firstly we estimate

N i
l;2. If l ¼ j, by (2.16), (3.3), (3.4) and (3.12) with p ¼ 2, we have for ðy; sÞ A

Diðx; tÞVLjðtÞV fðz; tÞ : tb 1g

jyj1=2ð1þ jyj þ sÞ1=2þ2mð1þ j jyj � cjsjÞjN i
j;2ðy; sÞjkþ1ð3:16Þ

aCjyj1=2ð1þ jyj þ sÞ�1=2þ2m

� fð1þ j jyj � cjsjÞ2jqu jðy; sÞj½ðkþ2Þ=2�jqu jðy; sÞjkþ2

þ ð1þ j jyj � cjsjÞðjqu jðy; sÞj½ðkþ2Þ=2�ju jðy; sÞjkþ2

þ ju jðy; sÞj½ðkþ2Þ=2�jqu jðy; sÞjkþ2Þg

aCð½qu�½ðkþ2Þ=2�; t þ hui½ðkþ2Þ=2�; tÞ

�feþ ð1þ jyj þ sÞ�1þ2mð½‘LjðF jÞðy; sÞ�kþ2 þ hLjðF jÞðy; sÞikþ3Þg

aCð½qu�½ðkþ2Þ=2�; t þ hui½ðkþ2Þ=2�; tÞ

� eþ ½qu�½ðkþ4Þ=2�; t sup
0as<t

fð1þ sÞ�xkquðsÞkkþ6g
� �

:

On the other hand, if l0 j, by (2.8), (3.3), (3.4) and (3.12) with p ¼ 2, we have

for ðy; sÞ A Diðx; tÞVLjðtÞV fðz; tÞ : tb 1g
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jyj1=2ð1þ jyj þ sÞ1=2þ2mð1þ j jyj � cjsjÞjN i
l;2ðy; sÞjkþ1ð3:17Þ

aC½qu�½ðkþ2Þ=2�; tfeþ ð1þ jyj þ sÞ�1þ2mð½‘LlðF lÞðy; sÞ�kþ2

þ hLlðF lÞðy; sÞikþ3Þg

aC½qu�½ðkþ2Þ=2�; t eþ ½qu�½ðkþ4Þ=2�; t sup
0as<t

fð1þ sÞ�xkquðsÞkkþ6g
� �

:

Secondly we estimate F i
3 and Hi. By (1.5), (3.10) and (3.11), we have for

ðy; sÞ A Diðx; tÞVLjðtÞV fðz; tÞ : tb 1g

jyj1=2ð1þ jyj þ sÞ1=2þ2mð1þ j jyj � cjsjÞðjF i
3ðy; sÞjkþ1 þ jHiðy; sÞjkþ1Þð3:18Þ

aCjyj1=2ð1þ jyj þ sÞ�1=2þ2m½quðy; sÞ�2½ðkþ2Þ=2�jquðy; sÞjkþ2

aC½qu�2½ðkþ2Þ=2�; t sup
0as<t

fð1þ sÞ�xkquðsÞkkþ4g:

Therefore, it follows from (3.11), (3.14), (3.15), (3.16), (3.17) and (3.18) that

(3.12) holds for p ¼ 1.

Finally we show (3.12) with p ¼ 0. By (3.6) and (3.7), we have

½‘LiðF iÞðx; tÞ�k þ hLiðF iÞðx; tÞikþ1ð3:19Þ

aC
Xm
j¼0

sup
ðy; sÞ A

Diðx; tÞVLjðtÞ

(
jyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞ

�
Xm
l¼1

jN i
l ðy; sÞjkþ1 þ jRiðy; sÞjkþ1 þ jHiðy; sÞjkþ1

 !)
:

When 0a sa 1, it follows from (1.8) and (3.10) that

jyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞð3:20Þ

�
Xm
l¼1

jN i
l ðy; sÞjkþ1 þ jRiðy; sÞjkþ1 þ jHiðy; sÞjkþ1

 !

aC½qu�½ðkþ2Þ=2�; tkquðsÞkkþ4

aC½qu�½ðkþ2Þ=2�; tð1þ sÞ�xkquðsÞkkþ4

holds for any x A R. Hence we consider the case sb 1. Firstly we estimate

N i
l . If l ¼ j, by (2.16), (2.17), (3.3), (3.4) and (3.12) with p ¼ 1, we have for

ðy; sÞ A Diðx; tÞVLjðtÞV fðz; tÞ : tb 1g
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jyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞjN i
j ðy; sÞjkþ1ð3:21Þ

aCjyj1=2ð1þ jyj þ sÞm

� fð1þ j jyj � cjsjÞ2jqu jðy; sÞj½ðkþ2Þ=2�jqu jðy; sÞjkþ2

þ ð1þ j jyj � cjsjÞðjqu jðy; sÞj½ðkþ2Þ=2�ju jðy; sÞjkþ2

þ ju jðy; sÞj½ðkþ2Þ=2�jqu jðy; sÞjkþ2Þg

aCð½qu�½ðkþ2Þ=2�; t þ hui½ðkþ2Þ=2�; tÞ

� ðeþ ð1þ jyj þ sÞ�1=2þmð½‘LjðF jÞðy; sÞ�kþ2 þ hLjðF jÞðy; sÞikþ3ÞÞ

aCð½qu�½ðkþ2Þ=2�; t þ hui½ðkþ2Þ=2�; tÞ

� eþ ð½qu�½ðkþ6Þ=2�; t þ hui½ðkþ4Þ=2�; tÞ sup
0as<t

fð1þ sÞ�xkquðsÞkkþ8g
� �

:

On the other hand, if l0 j, by (2.8), (3.3), (3.4) and (3.12) with p ¼ 1, we

have for ðy; sÞ A Diðx; tÞVLjðtÞV fðz; tÞ : tb 1g

jyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞjN i
l ðy; sÞjkþ1ð3:22Þ

aC½qu�½ðkþ2Þ=2�; t

� feþ ð1þ jyj þ sÞ�1=2þmð½‘LlðF lÞðy; sÞ�kþ2 þ hLlðF lÞðy; sÞikþ3Þg

aC½qu�½ðkþ2Þ=2�; t

� eþ ð½qu�½ðkþ6Þ=2�; t þ hui½ðkþ4Þ=2�; tÞ sup
0as<t

fð1þ sÞ�xkquðsÞkkþ8g
� �

:

Secondly we consider Ri. By (3.3), (3.4), (3.12) with p ¼ 2 and the definition

of Ri, we have for ðy; sÞ A Diðx; tÞVLjðtÞV fðz; tÞ : tb 1g

jyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞjRiðy; sÞjkþ1ð3:23Þ

aC½qu�2½ðkþ2Þ=2�; t

� eþ ð1þ jyj þ sÞ�1þm
Xm
j¼1

ð½‘LiðF iÞðy; sÞ�kþ2 þ hLiðF iÞikþ3Þ
 !

aC½qu�2½ðkþ2Þ=2�; t eþ ½qu�½ðkþ4Þ=2�; t sup
0as<t

fð1þ sÞ�xkquðsÞkkþ6g
� �

:

Thirdly we consider Hi. By (3.10) and (3.11), we have for ðy; sÞ A Diðx; tÞV
LjðtÞV fðz; tÞ : tb 1g
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jyj1=2ð1þ jyj þ sÞ1þmð1þ j jyj � cjsjÞjHiðy; sÞjkþ1ð3:24Þ

aC½qu�3½ðkþ2Þ=2�; tjyj
1=2ð1þ jyj þ sÞ�1=2þmjquðy; sÞjkþ2

aC½qu�3½ðkþ2Þ=2�; t sup
0as<t

fð1þ sÞ�xkquðsÞkkþ4g:

Therefore, it follows from (3.11), (3.19), (3.20), (3.21), (3.22), (3.23) and (3.24)

that (3.12) holds for p ¼ 0. This completes the proof of Proposition 3.4.

4. Energy estimate

In this section, we describe and prove an energy inequality.

Proposition 4.1. Let k be a positive integer, d a positive and small constant,

T a positive constant and uðx; tÞ ¼ tðu1ðx; tÞ; . . . ; umðx; tÞÞ A ðCyðR2 � ½0;TÞÞÞm a

solution to (1.1) and (1.2). Assume that

½qu�½ðkþ1Þ=2�;T þ hui½ðkþ1Þ=2�þ1;T a dð4:1Þ

holds. Then, there exist positive constants C2 and C3 such that

kquðtÞkk aC2eð1þ tÞC3ð½qu�½ðkþ1Þ=2�;Tþhui½ðkþ1Þ=2�þ1;T Þð4:2Þ

holds for 0a t < T.

Proof. At first, we define a function q A C1ðRÞ by

qðlÞ ¼
ð l
�y

1

ð1þ jrjÞ2
drð4:3Þ

and set

piðx; tÞ ¼ qðjxj � citÞ and _ppiðx; tÞ ¼ q 0ðjxj � citÞ

for i ¼ 1; . . . ;m. We immediately find that

0a piðx; tÞa 2 and _ppiðx; tÞ ¼
1

ð1þ j jxj � citjÞ2
ð4:4Þ

for any ðx; tÞ A R2 � ð0;yÞ. For a vector function vðx; tÞ ¼ tðv1ðx; tÞ; . . . ;
vmðx; tÞÞ, we introduce energy functions

E0ðvðtÞÞ ¼
Xm
i¼1

ð
R2
ðjq0viðx; tÞj2 þ c2i j‘viðx; tÞj

2Þdx
 !1=2

;ð4:5Þ

EkðvðtÞÞ ¼
X
jajak

E0ðG avðtÞÞ;
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W0ðvðtÞÞ ¼
Xm
i¼1

ð
R2

epiðx; tÞðjq0viðx; tÞj2 þ c2i j‘viðx; tÞj
2Þdx

 !1=2
;ð4:6Þ

WkðvðtÞÞ ¼
X
jajak

W0ðG avðtÞÞ:

It follows from (4.4) that

1

ĈC
kqvðtÞkk a

1

C
EkðvðtÞÞaWkðvðtÞÞaCEkðvðtÞÞa ĈCkqvðtÞkkð4:7Þ

for some positive constants ĈC and C. This implies that our task for the proof

of (4.2) is to show

WkðuðtÞÞaCeð1þ tÞCð½qu�½ðkþ1Þ=2�; Tþhui½ðkþ1Þ=2�þ1; T Þð4:8Þ

for 0a t < T . We prove (4.8) by the ghost weight energy method. It follows

from (1.1), (1.4) and (2.2) that

Gi;a
0 1 q20G

aui � c2i DG
aui �

Xm
l¼1

X2
a;b¼0

A
i;ab
l ðquÞqaqbG aulð4:9Þ

¼
Xm
l¼1

X2
a;b¼0

X
baa

CbG
bðAi;ab

l ðquÞqaqbul þBiðquÞÞ �A
i;ab
l ðquÞqaqbG aul

( )

for any multi-index a. Here, Cb is a constant which is determined by the com-

mutation relation (2.2). Note that Ca ¼ 1. Hence, multiplying q0G
aui expðpiÞ

to (4.9), we obtain

epiq0G
auiG

i;a
0ð4:10Þ

¼ 1

2
q0fepiðjq0G auij2 þ c2i j‘G auij2Þg � c2i

X2
a¼1

qaðepiq0G auiqaG
auiÞ

þ epi
ci

2
_ppijZiG auij2 � q0G

aui
Xm
l¼1

X2
a;b¼0

A
i;ab
l ðquÞqaqbG aul

 !

¼ Gi;a
1 ;

where we have set

G
i;a
1 1 epiq0G

aui
Xm
l¼1

X2
a;b¼0

ð4:11Þ

�
X
baa

CbG
bðAi;ab

l ðquÞqaqbul þ BiðquÞÞ � A
i;ab
l ðquÞqaqbG aul

( )
:
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Furthermore by (1.6), we find that

Xm
i; l¼1

X2
a;b¼0

epiq0G
auiA

i;ab
l ðquÞqaqbG aul

¼
Xm
i; l¼1

X2
a;b¼0

"
1

2
q0

(
epi

 
A

i;00
l ðquÞq0G auiq0G

aul

�
X2
a;b¼1

A
i;ab
l ðquÞqaG auiqbG

aul

!)

þ
X2
a¼1

qa epi Ai;a0
l ðquÞq0G auiq0G

aul þ
X2
b¼1

A
i;ab
l ðquÞq0G auiqbG

aul

 !( )

þ _ppi
2
epi

 
ciA

i;00
l ðquÞq0G auiq0G

aul � 2
X2
a¼1

oaA
i;a0
l ðquÞq0G auiq0G

aul

� 2
X2
a;b¼1

oaA
i;ab
l ðquÞq0G auiqbG

aul � ci
X2
a;b¼1

A
i;ab
l ðquÞqaG auiqbG

aul

!

� 1

2
epi

 
q0ðAi;00

l ðquÞÞq0G auiq0G
aul þ 2

X2
a¼1

qaðAi;a0
l ðquÞÞq0G auiq0G

aul

þ 2
X2
a;b¼1

qaðAi;ab
l ðquÞÞq0G auiqbG

aul �
X2
a;b¼1

q0ðAi;ab
l ðquÞÞqaG auiqbG

aul

!#
:

Here we have set oa ¼ xa=jxjða ¼ 1; 2Þ. This impies

Xm
i¼1

epiq0G
auiG

i;a
0ð4:12Þ

¼
Xm
i¼1

"
1

2
q0

(
epi

 
jq0G auij2 þ c2i j‘G auij2

�
Xm
l¼1

A
i;00
l ðquÞq0G auiq0G

aul

þ
Xm
l¼1

X2
a;b¼1

A
i;ab
l ðquÞqaG auiqbG

aul

!)
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�
X2
a¼1

qa

(
epi

 
c2i q0G

auiqaG
aui þ

Xm
l¼1

A
i;a0
l ðquÞq0G auiq0G

aul

þ
Xm
l¼1

X2
b¼1

A
i;ab
l ðquÞq0G auiqbG

aul

!)

þ ci _ppi
2

epi jZiG auij2 þ Gi;a
2 þ Gi;a

3

#
;

where we have set

Gi;a
2 1� _ppi

2
epi
Xm
l¼1

(
ciA

i;00
l ðquÞq0G auiq0G

aulð4:13Þ

� 2
X2
a¼1

oaA
i;a0
l ðquÞq0G auiq0G

aul

� 2
X2
a;b¼1

oaA
i;ab
l ðquÞq0G auiqbG

aul

� ci
X2
a;b¼1

A
i;ab
l ðquÞqaG auiqbG

aul

)
;

Gi;a
3 1

1

2
epi
Xm
l¼1

(
q0ðAi;00

l ðquÞÞq0G auiq0G
aulð4:14Þ

þ 2
X2
a¼1

qaðAi;a0
l ðquÞÞq0G auiq0G

aul

þ 2
X2
a;b¼1

qaðAi;ab
l ðquÞÞq0G auiqbG

aul

�
X2
a;b¼1

q0ðAi;ab
l ðquÞÞqaG auiqbG

aul

)
:

By (1.7), (4.6), (4.12) and the divergence theorem, we have

WkðuðtÞÞ2 þ
Xm
j¼1

X
jajak

ð t
0

ð
R2

_ppje
pj jZ jG au jðx; sÞj2dxdsð4:15Þ

aCWkðuð0ÞÞ2 þ C

ð t
0

ð
R2

G4ðx; sÞdxds;
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for 0a t < T . Here we have set

G4ðx; tÞ ¼
Xm
i¼1

X
jajak

ðjGi;a
1 ðx; tÞj þ jGi;a

2 ðx; tÞj þ jGi;a
3 ðx; tÞjÞ:ð4:16Þ

If we can show

C

ð
R2

G4ðx; sÞdxa
1

2

Xm
j¼1

X
jajak

ð
R2

_ppje
pj jZ jG au jðx; sÞj2dxð4:17Þ

þ C

1þ s
ð½qu�½ðkþ1Þ=2�;T þ hui½ðkþ1Þ=2�þ1;TÞ

�
Xm
j¼1

ð
R2

epj jqu jðx; sÞj2kdx

for 0a t < T , then we have (4.8). In fact, it follows from (4.15) and (4.17)

that

WkðuðtÞÞ2 aCWkðuð0ÞÞ2ð4:18Þ

þ C

ð t
0

1

1þ s
ð½qu�½ðkþ1Þ=2�;T þ hui½ðkþ1Þ=2�þ1;TÞWkðuðsÞÞ2ds:

Hence (1.2), (4.18) and the Gronwall inequality imply (4.8). Therefore we aim

at proving (4.17) in the rest of this section. If 0a ta 1, (1.5) immediately

yields (4.17). Hence we have only to consider the case 1a t < T .

Firstly, we estimate Gi;a
1 . By (1.20), (2.8), (2.11), (2.12), (2.13), (2.15),

(4.1), (4.4), (4.11), the Schwarz inequality and the fact that

X
baa

G bfðF i
3 þHiÞðqu; q2uÞg � ðF i

3 þHiÞðqu; q2G buÞ
�����

�����aCjquj½ðjajþ1Þ=2�jqujjaj�1;

we have for 1a t < Tð
R2

jGi;a
1 ðx; tÞjdxð4:19Þ

a
X2

a;b; g¼0

ð
ðx; tÞ ALiðTÞ

jG aðai;abg
ii qgu

iqaqbu
iÞ

� a
i;abg
ii qgu

iqaqbG
auijepi jq0G auijdx

þ
X
b<a

X2
a;b; g¼0

ð
ðx; tÞ ALiðTÞ

jCbG
bðai;abg

ii qgu
iqaqbu

iÞjepi jq0G auijdx
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þ
Xm
j¼1

X
baa

X2
a;b¼0

ð
ðx; tÞ ALjðTÞ

jCbG
bðbi;ab

jj qau
jqbu

jÞjepi jq0G auijdx

þ
Xm
j¼1

X
baa

ð
ðx; tÞ AL c

j ðTÞ
jCbG

bfN i
j;2ðqu j; q2u jÞg

�N i
j;2ðqu j ; q2G au jÞjepi jq0G auijdx

þ
X
baa

ð
R2

jCbG
bfF i

3ðqu; q
2uÞg � F i

3ðqu; q
2G auÞjepi jq0G auijdx

þ
X
baa

ð
R2

jCbG
bfHiðqu; q2uÞg �Hiðqu; q2G auÞjepi jq0G auijdx

aC
Xm
j¼1

ð
ðx; tÞ ALjðTÞ

�
j jxj � cjtj
1þ jxj þ t

jqu jj½ðkþ1Þ=2�

þ 1

1þ jxj þ t
ju jj½ðkþ1Þ=2�þ1

�
epi jquijkjqu jjkdx

þ C
Xm
j¼1

X
jbjak

ð
ðx; tÞ ALjðTÞ

jqu jj½ðkþ1Þ=2�jZ jG bu j jepi jquijkdx

þ C
Xm
j¼1

ð
R2

epi
1

1þ t
½qu�½ðkþ1Þ=2�;T þ jquðx; tÞj2½ðkþ1Þ=2�

� �
jqu jj2kdx

a h
Xm
j¼1

X
jbjak

ð
R2

epj

ð1þ j jxj � cjtjÞ2
jZ jG bu j j2dx

þ Ch

1þ t
ð½qu�½ðkþ1Þ=2�;T þ hui½ðkþ1Þ=2�þ1;TÞ

Xm
j¼1

ð
R2

epj jqu jj2kdx

a h
Xm
j¼1

X
jbjak

ð
R2

_ppje
pj jZ jG bu jj2dx

þ Ch

1þ t
ð½qu�½ðkþ1Þ=2�;T þ hui½ðkþ1Þ=2�þ1;TÞ

Xm
j¼1

ð
R2

epj jqu jj2kdx

for any constant h > 0 and multi-index a with jaja k. Next we estimate

Gi;a
2 . By (1.20), (2.8), (2.11), (4.1), (4.13), the Schwarz inequality and the

Strong Null-condition, we have for 1a t < T
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ð
R2

jGi;a
2 jdxð4:20Þ

a

ð
ðx; tÞ ALiðTÞ

����� _ppi2 epi
X2
g¼0

(
cia

i;00g
ii qgu

iðq0G auiÞ2

� 2
X2
a¼1

oaa
i;a0g
ii qgu

iðq0G auiÞ2 �
X2
a;b¼1

ð2oaa
i;abg
ii qgu

iq0G
auiqbG

aui

þ cia
i;abg
ii qgu

iqaG
auiqbG

auiÞ
)�����dx

þ C

 ð
ðx; tÞ AL c

i ðTÞ
_ppie

pi jquiðx; tÞj0jquiðx; tÞj2kdx

þ
ð
R2

_ppie
pi jquðx; tÞj20 jquiðx; tÞj2kdx

!

a

ð
ðx; tÞ ALiðTÞ

����� _ppi2 epi

(
�ci

X2
a;b; g¼0

a
i;abg
ii

oaobog

c3i
q0u

iðq0G auiÞ2

þ
X2
g¼1

a
i;00g
ii ðciqg þ ogq0Þuiðq0G auiÞ2

� 2
X2
a;g¼1

oa

ci
a
i;a0g
ii ðciqg þ ogq0Þuiðq0G auiÞ2

�
X2
a;b¼0

1

ci
a
i;ab0
ii q0u

iðciqa þ oaq0ÞG auiðciqb þ obq0ÞG aui

�
X2

a;b; g¼1

�
2
oa

ci
a
i;abg
ii ðciqg þ ogq0Þuiq0G

auiqbG
aui

� 2
oaog

c2i
a
i;abg
ii q0u

iq0G
auiðciqb þ obq0ÞG aui

þ oaob

c2i
a
i;abg
ii ðciqg þ ogq0Þuiðq0G auiÞ2
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� ob

ci
a
i;abg
ii qgu

iðciqa þ oaq0ÞG auiq0G
aui

þ a
i;abg
ii qgu

iqaG
auiðciqb þ obq0ÞG aui

�)�����dx
þ C

1þ t
½qu�0;T

ð
R2

_ppie
pi jquij2kdx

aC

ð
ðx; tÞ ALiðTÞ

_ppie
piðjZiuij jqG auij2 þ jquij jqG auij jZiG auijÞdx

þ C

1þ t
½qu�0;T

ð
R2

epi jquij2kdx

a h
X
jajak

ð
R2

_ppie
pi jZiG auij2dx

þ Ch

1þ t
ð½qu�0;T þ hui1;TÞ

ð
R2

epi jquij2kdx;

where o0 ¼ �ci. By the similar argument, we obtainð
R2

jGi;a
3 jdxa h

X
jajak

ð
R2

_ppie
pi jZiG auij2dxþ Ch

1þ t
½qu�1;T

ð
R2

epi jquij2kdx:ð4:21Þ

Combining (4.19), (4.20) and (4.21), we have (4.17), if we take h > 0 su‰ciently

small. This completes the proof of Proposition 4.1.

5. Proof of Lemma 2.1

Finally we show Lemma 2.1. Take an integer k so that kb 8 and hence

½ðk þ 9Þ=2�a k. Let d be a positive and small constant. Assume (2.3). Then,

if we choose e1 > 0 as e1 a d=J, we have

½qu�½ðkþ6Þ=2�;T þ hui½ðkþ4Þ=2�;T a ½qu�½ðkþ9Þ=2�;T þ hui½ðkþ9Þ=2�þ1;T

a ½qu�k;T þ huikþ1;T a Jea d

for 0 < e < e1. Then we have (3.1) and (4.1) for which k is replaced by

k þ 8. Hence it follows from Propositions 3.1 and 4.1 that

½quðtÞ�k þ huðtÞikþ1

aC0eþ C1ð½qu�½ðkþ6Þ=2�; t þ hui½ðkþ4Þ=2�; tÞ sup
0as<t

fð1þ sÞ�xkquðsÞkkþ8g
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aC0eþ C1C2Je
2 sup

0as<t

fð1þ sÞC3Je�xg

a 2C0e

for e A ð0; e2Þ, if we choose e2 as

0 < e2 amin
C0

C1C2J
;

x

C3J

� �
:ð5:1Þ

Here, x is the constant determined in Proposition 3.1. Therefore, we find that

Lemma 2.1 is true, if we take

e0ðJÞ ¼ minfe1; e2g and K ¼ 2C0:
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