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1. Introduction

The aim of this paper is to present some new estimates, which we consider
of independent interest, necessary to extend our previous work [1] on “semiglobal
existence” to nonlinear wave equations in three space dimensions from the
spherical symmetric case, considered there, to the general case. The extension
will appear shortly in a joint paper with F. John [4].

We start with a study of the reduced initial value problem

Qu=0,
u(x,0)=0,  u(x0)=g(x),

where O denotes the D’Alembertian 3> — D?— D3— D3 of the four-dimensional
Minkovski space-time and 8,, D,, D,, D; the partial derivatives with respect to
the variables t and x=(x,, x,, x3). The solution u=u(x,r) of (1.1) can be
expressed in the simple form

(1.1)

(1.2)

u(x, t)-4—1-; JJ g(y) ds,,

|x—yt=t
where dS, is the area element of the sphere |y—x|=t Throughout this paper
we shail assume g to be smooth and compactly supported in R’; however both
conditions can be appropriately relaxed.
The following well-known estimates are immediate consequences of the closed
formula (1.2):

(i) |ulx, t)l<c—leg y)| dy, xeR’, >0,

(1.3) .
(i) [udf=Crigle, 120,

where || ||.: denotes the usual L' norm in R? and | Dg] =Y’_, | Dgl. The inequality
(i) can be somewhat refined by

@) lulx 0= C%[l _IDelay
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whence, in particular,

1 _—
() (s, 015 Crr—r=liy* el

with
fiy\“Dgl: = J iy1“|Dg(y)| dy,

for every positive integer k, 0=|x|<t. Though (i") seems sharper than (i), in
practice it does not help much; when applied to nonlinear problems the gain in
powers of 1/(t—|x|) is more than compensated by the loss in powers of |y|. On
the other hand, if g is spherical symmetric, i.e., g{x) =g(r) with r=|x|, we can
express u in the form (see [1])

1 r+t
u r,t)=—J Ag(A) dA
( 2r =] J
from which we can easily derive (see [1])

1
2rir—1

(1.4) @) ju(r,ni= gl forall r#0,t

Also,
f o

(ii) . rlu(r, 8)| dfgj’o AZlg() dA =liglmy

-] a

(iii) rlu (r, t)| dréJ' Alg(r)] dA,
0 0

(iii3) rlu,(r,t)| dr= J.

J0 0

©

A+t
|A =1
One aim of this paper is to generalize the estimates (1.4) to the nonspherical

symmetric case. The lack of spherical symmetry is best measured by the angular
momentum operators

{g(A)] dA.

Alg(A)| dA +3 J Alog
4]

(15) Q|=xZD3-X3D2, 02=X3D1—x1D3, Q3=X1D2-‘XZD1,
which have the remarkable property of commuting with J,
[O,Q;]1=0 for i=1,2,3.

These operators are intimately connected to the radiation operators

3 X
(1.6) Li=D,-% Xip =123,

fmixET

which have played a major role in the recent fundamental work of F. John [2].
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Indeed, introducing R; =|x|L; and X;=x,/|x| for i=1, 2, 3, we have
(1.7) =-XxQ.

In particular, (1.7) shows that for any given solution u of (1.1) the vector
Ru must have the same asymptotic properties as those of u. Together with (1.3)
(i") this remark gives a very simple interpretation for the improved uniform decay
properties of L, u, Lou, Lyu which were derived and used in [2]. Our main results

are included in Theorems 1, 2 and 3; Theorem 3 is the most important for
applications to nonlinear problems.

THEOREM 1. Consider u = u(x,t) to be a solution of (1.1). Then,
1
i )| =C———— 1+ 03|,

forall x#0,|x|#1,
(i) j] a0l de= gl
(iii) jl Iqu(x,t)ldx

< |x]+
CL ]( +10g” - l)(lﬂg (x)] +|g(x)]) dx,

where Vu = (u,, u,,, u,,, u,,) and t=0.
Here, and elsewhere in this paper, Q*g = (@, - Q,8)1,.m=1.2.3 fOr every
k=0.

Remark 1. The inequality (i) can also be expressed in the form

, 1 .
@ LXI_lcuux,:):dsx=,|r_,|ngu,;

for all r=0, r#1, or, sharper,
(it') j lu(rX, t)] dSx =3 I |g(y)| dy,
| Xi=1 ASIyISBl |

where A=|r—t|,B=r+t.

In fact, (i) follows immediately from (i') and the classical Sobolev inequality
on the sphere |X|=1 (see Lemma 1).
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Remark 2. To remove the singularities in (i) we observe that, according to

(1.3)(®),

lu(x, )|s Cl—i—t I (Ig(ni+1Dg(y)+|D?g(y)]) dy

which, together with (i), yields
1 2 ‘_ -
TR+ =1) & WP gl + sl

=0

(i) |u(x, 0=

for any xeR*, 1> 0.

Remark 3. Asin (1.3)(i") we can sharpen (i) so that it reflects the fact that
the solutions to (1.1) decay faster in the interior of their domain of propagation:

o = l
@) luCx 01= € o T T =

2 N .
X T (Iy1+ 1Dl + Iyl + 1 Qglle)

for any p=0, xeR>?, t=0. As a consequence of (i) we dérive
yp q

1

fu(x, t)Iécm

1
(1+{x})

uniformly for xeR>, t=0.

The estimates (ii), (iii) show that the derivatives of u behave better, for large
t, than u itself. Though, somewhat less transparent, this also holds true in the
sup norm, a fact which is crucial in the proof of Theorem 3(i).

THEOREM 2. Let u=u(x,t) be a solution of (1.1); then forallr,tZ0

j IV u(rX, t)| dSx
iX|=1

1/. A 1
- c—(1+—) j L (gl +i0g+10%]) dy
r r/ Jasiyiss |}"
1

+C7[A"J—H Ig(y)!dSy+B"jH Ig(y)IdSy],
yl=A yl=B

where A=|r—t|, B=r+t

The proofs of both theorems are based on the following ‘“‘polar expression”
of formula (1.2) used by F. John in his appendix to {2]:

(1.8) u(x, :)=% J‘l Ajg(x, A, Q) dA,

r—ll
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where r=|x|, Q=(A%+r2=¢*)/2Ar and Jo(x, A, q) is the average of g on the
circle of intersection between the cone y - x =g|y| |x| with the sphere |y| =4, i.e.,

1
(1.9) Je(x, A, q)= ],;(I K A q) ZwJ emattleslmn g(y) d¢

for x#0,|q|=1, ¢ being the angular measure on the circle. The formulas (1.8),
(1.9) follow easily from (1.2) by introducing spherical coordinates 6, ¢ on the
sphere {y—x|=1¢ with the polar axis pointing in the direction from x to 0 and
introducing the new variable of integration

(1.10) AZ=r24+1*~2rtcos 8.

In the last section of this paper we shall apply Theorems 1 and 2 to prove a
theorem concerning the inhomogeneous problem

(1.11) Ou=g, u=u=0 at =0,

where g is assumed to be a smooth function of the arguments x, ¢ compactly
supported in x € R’ for each fixed 1. We define the following weighted norms for

g

M(g) "SUPI (1+[yD (L +]|yl = sDig(y, S)I

| h
(1.12) 2
N(g)=sup(J,(1+|yl)2(1+I|y|—5|)2|g(y,s)Izdy) ,
s=0 R’
and also
M(g)= Y M(D*0f),
|al+BlSk
(1.13)
NJ(g)= Y N(D°0%),
{al+|Blsk

where, for any given multi-indices a, 8, D* = D¥' D3:D5* and Q° =0 5:0%.
Given this notation we have (compare it with [2], Appendix):

THEOREM 3. The solution u(x, t) of (1.11) verifies the estimates

log (1+1¢)

(i) [Vu(xnl=C (L+[xD)(1+][x| =)

My(g)

for all xeR?, 120,

(i1) f(l |_H)IVu x, ) dx=Clog(1+1) - Ni(g)

for all t=0 and C a positive constant.
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Remark. The estimates (i), (ii) of Theorem 3 are, in general, invalid if one
replaces Vu by u itself. However, if in (1.11), g has the form g = D;h for some
i=0,1,2,3 with Dy=28, and h a smooth function compactly supported in x, we
have

log(1+1)
(L+[xD (1 +]|x| =)

(i) lu(x0)|=C M;(h),

(ii") le lIu(x )| dx=Clog (1+t)N,(h).

Before ending the introduction we make a few more remarks about the radiation
operators L,, L,, L5 and Lo=a,+Z,.3_, (x:/|x|) D; which were considered in [2].
We introduce the ‘“Lorentz operators”

(1.14) Ai=x9,+tD;, i=1,2,3,

and the dilation operators (see [3])

3
(1.15) Ao=13,+ Y x.D;.

im]

Like the angular momentum operators {};, the A; operators commute with
0O while [Ag, O] =-0. On the other hand, we can write Ly, L,, L,, L as linear
combinations of Ag, A;, A3, As,

1 3
LO"‘= (Z —-A +A0>1

t+|X| imt IX|

L= 1( énlxlz )

for i=1,2,3. The formulas (1.13) and (1.7) together with the commutation
properties of ;, A;, A, give a very simple, quantitative explanation of the
improved decay properties of L, i =0, 1,2, 3, where u is a solution of (1.1), in
both L? and L™ norms.

(1.16)

2. Proof of Theorem 1
The proof of (i) follows quite easily from (1.8). Indeed,

(2.1) fu(x, t)|_2 s tlf A? sup [g(AY)| dA.
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On the other hand,

sup |8(AY)I§C(J’ lg(AY)IdSy+J. |2g(AY)| dSy
=1 1¥1=1 ¥i=1

(2.2)
+f 0%g(AY) dsy),
|Y{=1

which is an immediate consequence of the following form of the Sobolev inequality
on spheres.

Lemma 1.  Consider f to be a smooth function defined on |Y|=1. We have

(2.3) [2}1?1 LFO= CU flle s HIQSllers) +IQ%fllxes))

where || ||Li(s) is the L' norm on the sphere S={Y eR’||Y|=1}.

Proof of Lemma 1: It suffices to prove (2.3) for Y € S in a neighborhood
of the great circle Y,=0. Introducing polar coordinates Y,=cosa, Y,=
sin & cos B, Y;=sin a sin B, we have d; =, and 3, =—sin 8, +cos B 1; and
the proof follows that of the classical Sobolev inequality.

In the proof of (ii) and (iii) we shall need the following

LeMMA 2. Let g be a smooth function with compact support and let ji(x, A, q)
be defined by (1.9). We have

(2.4) J l Js(X, A, q) dSx = J‘ g(AX) dSx
IX(=1

1X|=1

for every A>0,|q|=1.

Proof: The lemma follows from the invariance, with respect to rotations of
the measure on S, induced by the linear continuous functional g-

I|X|=l jS(Xv 1, q) dS)(.

The proof of (i) of the theorem is now easily deduced. By (1.8) and
Lemma 2,

li

j—‘—|u(x, 1) dx

J rdr I |u(rX, 1)} dSx
[x] Ix)=1

§%J' er dsxj Alj (X, A, Q) dr
| X [=1

jr—1|

g%J‘ dr-[ Ad/\j |g(AX)] dSx
I | X|=1

[&d]
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A+t

=%I Ad)«[ lg(AX) dsxj dr
0 |X|=1 |

A-i|

IA

J’ A%dA J lg(Ax)| dSx
| X|=1

[4]
=gl w3,

which proves (ii).
It remains to prove (iii). According to formula (1.8) we have, for i=1,2, 3,

1 r+t
(2.5) Du(x, 1) =;J‘ Ajpg(x, A, Q) dA.
{r=
Q=(A*+r"—1)/2ar,r=|x}#0. We now split the denvatlves D;=D,=
8/dy, i=1, 2,3, into their radial component D,,,= D, = Z,_l yi/lyl - D,,, and the
angular components

L=D,-% 2ip <Lg,
= lylF77 A
(2.6) Dig(y)=Lg(y)+ Y.D,g,

where
Y-'—"" ly|=
Iy

Accordingly, we obtain the following important decomposition of jp, (see also
(2], Appendix):

(27) jD,-g(xv A, O) =jL,g +DAng OA dq]Yg
with Q, = D,Q=(?+A*~r%/2A%r, and, as a consequence,
(2.8) D= u,+uy+uy,

where, with X, =x;/r,

r+t

1 .
u(x, 1) =5 J’ Jrg(x A, Q) da,

[r—2l

1 r+t .
uZ(x’ t)=EJ ]Y,-g(xv Av O) dA
!

r—t|

+%[(r+t)X,—(g(r+ NX)—-(x|r— X)) g(£lr— 11 X)],!
1 r+{

u3(x1 t) = —Z |
r—t|

/\QA IYg(x A O) dA

! Plus or minus sign depending on whether rz ¢ or r<1.
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Similarly, we have
(2.9) u(x, t)=ui+uj,

where

ut = [(r+ D Xg((r+1)X) = (3lr= X )g(elr—11X)],
: __i r+t _‘i
uz" 2’_ -[l'-,l /\Ql dq]g(xy A, Q) dAr

for all {x|=r#0 and Q,=—1t/Ar.
As in the proof of part (ii) of the theorem, we find

1
(2.10) Jm[ul(x, 1)| dx§J‘ I—i—lfR,-gf dx
and,

Jiluz(x,t)Idxé}’ilg(x)|dx+%J' (r+t)drj lg((r+ 1) X)} dSx
x| | x| 0 1X1=1
(2.11) +%J (r—t)er‘ 1g((r=1)X)| dSx

0 1 X|=1
<2J-1—| (x)] dx
B AR
ji 1(x 0] d <Ji1 (x)] d
(2.12) lelu' X, x = ¥ g 3

It only remains to estimate u; and u) in (2.8), respectively (2.9). To do this
we need the following (see {2}, Appendix):

LemMA 3. Consider g as above; then

'd%ig (%A, q)

fO’ a” x# 0’ q # il and ng = (jL.gijzg) jL;g)-

A ,
(2.13) gmlng(x, A q)l

Proof: We start by verifying the formula

d .
(2.14) Zq;lg(x, A q)=

3
Zl XijL.-g(xv Av q)

l“qzi
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Indeed, performing a rotation of x, it is enough to verify (2.14) for x=E, =
(1, 0,0). Thus,

2n
je(E1s A, @) =21—J g(Ag, A(1-g%)"2cos ¢, A(1—¢%)"?sin ¢) do.
)
Hence,

d ) 1 2w )
E]g(El A, q) =5 L A(Dlg—ﬁz)m cos ¢D28“(T_"‘q75)—1/‘2 sin ¢D5g) do

1 2 q q
=— -—=Y. 5 YD d
27,' Jo (Dlg 1 q 2ng 1 q 3 3g) ¢

1 qz]ng(El’A Q)

On the other hand, since Z,,l Y.L,=0, we can rewrite (2.14) as

d . A2 :
Elg(x, A ) =1 e El (Xi—qY)jig(x A, q)

and, since X+ Y =g¢,|x|=|Y|=1 we have |X,—qY;|=|X—qY|=(1~¢%)"? for
all i=1, 2, 3, which proves the lemma.

We now proceed to estimate u; and uj. From the definition of us(x, t) in
(2.8) we have, applying first Lemma 3 and then Lemma 2,

I Ly 0] d §%f dr[ dsxj' QL
| l o] {X|=1 |lr~1]

x r+t A \
(215) §-li J' dr J‘lr—ﬂ(ll—%/—z “

d .
EEIY,-g(Xs /\’ O)l dA

x(J IRg()«X)lde+J Ig(/\X)Ide)-
1X[=1 1 X|=1
Since,

(1- 2)"2‘ ((A+r—t)(r+t—A)(A+t—r)(A +r+1)/2
we have

4[1 ||u3 x, t)| dx
(2.16)

gf AtI(A,t)dA(J’ |Rg(AX)Ide+I |g(AX)|dSY>,
| X|=1 | X|=1

0
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where

_ A+¢ dr
0.0= :[lun (A tr=0(r+1=2)(A+1=r)(A+r+1))"

(2.17)

-

A+t
I ;

max (A,1) ((P(P“ t)(P_A)(/\ + ‘-P))Uz
with 2p=A+r+1.

Similarly, from (2.9),

a

1

" AtI(A, 1) dA j |Rg(AX)| dSx.

IX|=1

|uz(x, 1) dxéJ’

0

(2.18) I

On the other hand, the following lemma holds.

LemMA 4. I =1I(A,t) can be estimated by

A1 min (A, )\ '/2
ao e ueea(ns(550))

forall A, t=0,A #1.

Together with (2.17), (2.18) and (2.10)-(2.12) we thus conclude the proof
of part (iii) of the theorem.

Proof of Lemma 4: From (2.17) we have

I(A <—LJA+, a
(220 W OE27 | paeisn (=D~ VA +=p)7

We shall distinguish now between the following cases.
Case 1°. 0=AsitorAz=2t
Case 2°. Lt=A=2t, A #1t
Assume we are in the first case. If 0= A =i, then,

l IA#-: dp
2072 ), ((p-0(p-D(A+1-p)*?

I(A 1) =
(2.21)

- _1- A+t dp
=< 4[, (p=n(A+t=p)'*
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Introducing o= ((p—1))"%/A"?, we have

1{! do
I(A, t)§Ct L (1-o2)2
(2.22) 1
§CT'211'.
If A =2¢, then
l A+t dp
I(A )=
A N=57 L ((p=1)(p—A)A+1-p)'"?

- 1 A+e dp
(223 ) (= +1=p)"

1! do 1
-ct | i

Hence, I(A,1)=C1/t for case 1°. On the other hand, in the second case,

performing the change of variables o=((p—max (A,1))/|A—1)"/?, for the
integral in (2.21) we find

A du

1 J-
1/2 /2

where A =(min (¢, A)/|t—A|)"/% Taking a = u/A we obtain

(2.24) IAD<

A da

1
I(A, )= - |/2‘[ T a1z 23172
2(tA) o (1+a“A9)Y* (1-a®)

(2.25) .
=C—log (1+4A),

which completes the proof of Lemma 4.

Remark. At the end of this section we derive an L*-estimate which might
be of some interest. With the same assumptions as those of Theorem 1 we have

(2.26) I lu(x, P dx=C I (1+]yD?1og? (1 +|yDig(y)I* dy.

The proof is similar to that of part (ii) of Theorem 1. By virtue of (1.8),
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(1.9), Cauchy-Schwartz inequality and Lemma 2, we derive

J' lu(x, > dx = J‘ rdr J lu(rX, 1))* dSx
1 X]=1

]

(2.27) =3 I dr ‘[ de[J Me(X, A, Q) d)\]
1X|=1 |

0 =t

= CI(r,1) IRJ(1+IyI)2 log? (1+(y)g(y)* dy,

where

- -} r+t 1
I(rt)= d dA
() J; rj;,—n(l‘*'A)z]ng(l*')‘)

_ J’ o min (A, ¢)
- (1+A)2 log? (1+A)

d\=C

for every r, t = 0. Together with (2.27) this proves the assertion.

3. Proof of Theorem 2

As in the proof of part (iii) of Theorem 2 we shall make use of the decomposi-
tions (2.8), (2.9). We shall also need the following modifications of Lemma 2, 3.
Let
Sceray = {yeR/Iyl=2; y - x = qly||x]}
for any x#0,A =Z0=¢ = 1. Given a function on R> we define

1
—— d
A A, q) L f(y) Sy,

where A(x,A,q) is the area of S,,. Denoting by Ag =Q3+0Q3+03=
R}+ R3+ Rj the Laplace-Beltrami operator of the unit sphere S, we have the
following Green’s identity on |y|=2A;

Ji(xA,q)=

4

(3.1 L Asf(y) dS,=—-(2m)(1~¢?) i

Jr(x, A, q)

which, for ¢ =0, yields

LemMMA 3. Given g as in Lemma 3,
d

3.2
(3.2) a

]g(xv Ay Q)' §‘ ]lzsgl(xv Ay q)

forall x#0,q20,A20.
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Following the same proof as that of Lemma 2 we deduce
LEmMMA 2. Given g as above, ¢ =0,

(3.3) J J(X, A, q) dSx = L g(AX) dSx.
1X]=1

X|=1

Using both these lemmas, we obtain

d .
(3.4) J‘ l_}g(X, A, q)' deéI |Asg(AX)| dSx.
ix=11dq - dixgm
The proof of Theorem 2 as follows now easily. Indeed, from (2.8),
1 1
(3.5) J |u,(rX, t)| dSx é—j —3|Rg(y)| dy,
i X]=1 2r Jasiyss |yl
1 1
jua(rX, 1) dS §—j — ) d
J’le-l = X 2r Aslylssl)’IZIg(y l Y
(3.6) +i[A“ I lg(y)| dS,
2r Iyl=A

+B7! J F{82] dSy],
Iyl=8B

1 1
(3.7) J |us(rX, 1) de=““J A Qul1asg(y)] dy,
| X[=1 2r As]ylssm
where
P2?+ri-r2
A=lyl, AQ=—7.
Iyl Q, 2Ar
On the other hand,
,\OA=Q-(r_')(r+t).
Ar
Hence, for [r—t|sA=r+1,
|AOAI§1+|'A;'|§ p+ 2t
r
(3.8) ’
§3+'r_t',
r
ie.,
(3.9 j lus(rX, t)| dsxgi Lz(l +é)|Asg(}')| dy.
| X]=1 2r AslylSBlyl r
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The inequalities (3.5), (3.6), (3.9) prove Theorem 2 for the spatial derivatives
of u. The estimates of the time derivative follow in identical manner from (2.9).

4. Proof of Theorem 3

By Duhamel’s principle the solution to the inhomogeneous Cauchy problem

4.1) Ou=g(x,1), u=u=0 at =0
can be expressed in the form
(4.2) u(x, t) =J U(x, t—s) ds,

0

where U’(x, t) is the solution to the homogeneous problem
guU=0, U(x,0)=0, Ul(x,0)=g(x,s).
Taking the gradient V, with respect to x, ¢, in (4.2) we deduce

(4.3) Vu(x, t)=‘[ (Vs U (x, 85 =i ds.
b}

To prove part (i) of Theorem 3 we apply Theorem 2 to (4.3). Thus, for all
r,t>0,

J IVu(rX, t)| dSx
Ix|=1

t \ 1
(44) = Cl J (l +é> ds j (Ig(y, s)| +|Q2g(y, s)+1Q°g(y, $)) =3 dy
rlo r Asly|sB M

+C—I(I A"'ds‘[ Ig(y,S)ldSy+J B"dSJ Ig(y,S)ldSy),
"\Jo yl=A 0 lyl=B

where A=|r+s—t|, B=r+t—s.

We now make use of the norms M,(g) introduced by (1.12), (1.13) and of
the following straightforward

LEMMA S. Assume h is a smooth, compactly supported function in R’. Then,

1
—{h(y)| dy=C | |Dh(y)| dy,
(@ | Ikl dy Jl (y) dy.
C 1 2
REPOIdy=C | h(y)|+|Dh(y)|+|D*h(y))) dy.
® |kl dy CJ“. R +IDR)| DR dy
(c) 1h(AY)] dSy.éCI J‘ |Dh(AY)] dSy,
1yi=i A Jiy|=1
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for all A>0. Consequently,
1
(4.5) I [Vu(rX, 1) dSX-S—CTMd(g)(Il+IZ+I4);
|x|=1

where C is a positive constant and

P‘ 1
= = = ds,
h=hin) (”r)ATf‘%‘a(1+,\)2(1+1A—s|) §

J0
L=L(rt)= [ 1 ds
2m N ) Graa+a-s)
"f 1
L=IL(rt)=

ds,
La+pa+B-sh®
with A={r+s—t|,B=r+t—s.

If r=|x|z3, part (i) of the theorem is an immediate consequence of the
following lemma.

LEMMA 6. Given A=|r+s—t|,B=r+t—sand]l,, I,, I, defined above, we
have, for all r=4,¢t=0 and C a positive constant,

log (1+1)
(@ Linn=C T+)r—1
log (1+1)
®) Ln)sCH =
log (1+1)

() L(nn=C Lrrir

Indeed, if r =3 we derive, from (4.5),
log (1+¢)
(1+r)Q+|r—o

where C is a positive constant. On the other hand, using Lemma 1 and the
commutation properties of the ’s with O we conglude that

L - Vu(rX, t)| = CM,(g)

log (1+1)
(A+r(1+|r—1))

(4.6) [Vu(x, )] = CMs(g)

for all r=|x|=3,720 and C a positive constant.
If 0=|x| =1 we use, instead of Theorem 2, formula (1.2) of the introduction.
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Applying it to (4.3) we derive

(4.7) u(x, t)=-1—J (t—3) dsj g(x+(t—s5)¢ s) dS,,
l¢l=1

4170

and by virtue of Lemma 5 and the notation (1.12), (1.13) we infer that

! ds
(t=s+)(je=2s|+3)

(u(x, 0} 5 CMyg) f

or, since t—s—3S|y|St—-s+3,

[Vu(x, )] = CM,(g) J” c ds

o (t=s+3)(jt—2s/+3)

log (1+1)
1+t

=C *My(g)

log(1+t)M (g)

=C
1+e=xll 2

Together with {4.6) this proves Theorem 3(i).

Proof of Lemma 6: We start with a proof of (b). Assume rZr; then,
1+]A—-s|=14r—t and thus

¢ ds
IZ(r':)—1+r—tJ‘01+r+s—t
_ 1 log(1+r)
(4.8) Tl4r—t L4r-t
slog(1+t)
T 14—t
fo=r<y,
(t=r)/2
12=“’ 1 1 ds
° 1+¢—-r—-si+t—r—2s
I 1 1 ds
(49) (,_,)/21+t—f"525"l+f

J" 1 1
ds
e l¥ts+r—t1+:—r

log (1+¢)

=C
1+t-r

which together with (4.8) proves (b). The proof of {(c) follows exactly the same
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lines. To prove (a) we first remark that

: 1 ? 1 1
ds=
L AS2s T+ 021+ A—sh & L 1+AA'2?§B(1+A)(1+|A-sI)dS

(4.10) .
§I _I-_I__dsé l_Og_(]Lt).
ol1+A1l+s 1+|t—7|

Thus, it remains to estimate

1
H=
J' 1+A)(1+|A—s[)
Assume 3r =t Then,
(4.11) 0s3(t—r)sit+r)st-rse

Accdrdingly we split up H into H = H,+ H,+ H,, where

1 [-nrz 1
H,=- ds su )
! rJo A5A28(1+A)(1+/\—s)
1 (f(t+r)/2
H,=- ds sup 1 ’
rJou-nz  asass{(1+A)(1+]A—5s))
1" 1
Hy=~ ds su
: r J+r)/2 ASAEB(I"‘/\)(I"‘S A)

Thus, we verify easily that

1 (t=r)/2 1
H1§“J' 1 ds
rlo 1+t—r—s1+t—r—2s
(4.12)
gcl log(1+t-r)'
r 1+t-r
(e+r)/2
(4.13) H2§%I Lds<C 1 ’
(

=2 1+ 1+t—r

1(f 1
H3§—J ——ds sup (-—-1—+ ! )
(+ry22t5  asass\l1+A 1+s5—2A

| —

! 1 1 1
4.14 = + d
( ) rj(.+,>/22+S(l+lr+s-t| 1+23—(r+t)) 3

1log(1+1)

=C—
r 1+t—r
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Hence, for every r,t =0, 3r =,

log(1+t)‘

1
(4.15) H(r,t)=C(l+;) L,

On the other hand, for 3r= ¢ and r=} we have 1+|r—t|=4r. Hence,

t
1
H(r,t)sC
(r.7) 1+[r—t J:, Ar;l/\a;(B(1+A)(1+|A—SI)dS

1 ‘1 log (1+1)
= —dS=sc———-
—C1+|r—t[ L 1+SdS_C 1+|r—1’

(4.16)

which, together with (4.15), (4.10) concludes the proof of part (i) of Theorem 3.

Proof of part (ii): This is a straightforward consequence of Theorem 1 (iii)
applied to (4.3). Indeed, for all =0,

J‘ ! [Vu(x, )| dx

|x|+1
1
(4.17) =Im|Vu(x, t)| dx
<4l L Jal+e=s
= L ds .L’ iJc|(1+log |lx|—t+s|>(lng(x' s)| +lg(x, s5)|) dx.

Applying the Cauchy-Schwartz inequality and the notation (1.12), (1.13), we
derive

1
(4.18) .[(1 +M)wu(x, 1) dx = CI(t)Ny(g),

where C is a positive constant and

' ° - —_ 2 1/2
j(;)=J ds(J (1+log (A +t=s)/|A+5—1]) dA)

“19) 0 0 (1+2)2(1+]r —s))?
=I’I(t,s) ds,
0
where
([T +log ((A +5)/|A —s|))2)”2
(4.20) ““"(L (1+2)2(1+A +5—1])?
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Splitting up the interval of integration in (4.20) into A €[s—3,s+1] and
A€ R.\[s—1, s+3] and using, for the second part, the inequalities

A+s min(A,S)) A
=1 +2 =
(4.21) log °g(1 |a—s| |A=s]
as well as
1 1 1 1
i = + ’
(4.22) A+ )1 +A+s—1)) 1+t-—s(1+)& 1+Iz\+s—tl>
1 1 1 1 )
= + ’
(4.23) |A=sj(1+]x +s—1]) 1+lt—28l(l)\-sl 1+{A+s—1]

we infer that, forall 0=s=1,

1 1
. : ts)sC + .
(4.24) It s) [2+t—s 1+|t-—2s|]
Hence, J(t) = C log (1 +¢) which, to‘gether with (4.18), concludes the proof of
Theorem 3.

Acknowledgments. [ am particularly indebted to F. John for his interest in
this work and for some very helpful suggestions. I would also like to thank C.
Morawetz for useful discussions and Lin Chang-Shou for his elegant proof of
Lemma 2.

The work for this paper was supported by the National Science Foundation
under contract NSF-MCS-79-01599.

Bibliography

[1] Klainerman, S., Solutions to quasilinear wave equations in three space dimensions, Comm. Pure
Appl. Math. 36, 1983, pp. 325-344.

(2] John, F., Lower bounds for the life span of solutions of nonlinear wave equations in three dimensions,
Comm. Pure Appl. Math. 36, 1983, pp. 1-36.

[3] Morawetz, C. S., Note on time decay and scattering for some hyperbolic problems, Regional
Conference Series in Applied Mathematics 19, SIAM, Buffalo, June 3-7, 1973.

[4] John, F., and Klainerman, S., Almost global existence to nonlinear wave equations in three space
dimensions, Comm. Pure Appl. Math., issue 4, Vol. 37, 1984.

(5] Klainerman, S., Global existence for a special class of nonlinear wave equations in three space
dimensions, in preparation.

Received January, 1983.





