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For 2-D quasilinear wave equations of the form �u = F (u, Du, D2u), we show that 
the corresponding Cauchy problem admits a unique global classical solution with 
small initial data, if both the quadratic nonlinearity and the cubic nonlinearity 
satisfy the corresponding null conditions. We also prove that the classical solution 
is almost global, i.e., the lifespan of solution Tε ≥ exp(cε−2), where ε > 0 denotes 
the amplitude of the initial data and c is a positive constant, provided that the 
quadratic nonlinearity satisfies the null condition and ∂β

uF (0, 0, 0) = 0, β = 3, 4. 
These results extend Alinhac’s seminal work Alinhac (2001) [9] to the general case 
in a unified way.
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r é s u m é

Pour les équations d’onde quasilinéaires 2D de la forme �u = F (u, Du, D2u), nous 
montrons que le problème de Cauchy correspondant admet une solution classique 
globale unique avec de petites données initiales, si la non-linéarité quadratique et la 
non-linéarité cubique vérifie les conditions nulles correspondantes. Nous prouvons 
aussi que la solution classique est presque globale, ie, la durée de vie de la solution 
Tε ≥ exp(cε−2), où ε > 0 dénote l’amplitude des données initiales et c est 
une constante positive, à condition que la non-linéarité quadratique satisfasse la 
condition nulle et que ∂β

uF (0, 0, 0) = 0, β = 3, 4. Ces résultats étendent le travail 
séminal d’Alinhac Alinhac (2001) [9] au cas général d’une manière unifiée.
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1. Introduction

We consider the following Cauchy problem for 2-D quasilinear wave equations:{�u(t, x) = F (u,Du,D2u), (t, x) ∈ R
+ × R

2,

t = 0 : u = εf, ut = εg, x ∈ R
2,

(1)

where � = ∂2

∂t2 − ∂2

∂x2
1
− ∂2

∂x2
2

is the 2-D wave operator, (t, x) = (x0, x1, x2), ∂α = ∂
∂xα

(α = 0, 1, 2), D =
(∂0, ∂1, ∂2), ε > 0 is a small parameter, and f, g ∈ C∞

c (R2). Without loss of generality, we assume that f
and g are supported in |x| ≤ 1. Let

λ̂ = (λ; (λα), α = 0, 1, 2; (λαβ), α, β = 0, 1, 2). (2)

Suppose that in a neighborhood of λ̂ = 0, say for |λ̂| ≤ 1, the nonlinear term F = F (λ̂) is a sufficiently 
smooth function satisfying

F (λ̂) = O(|λ̂|1+θ), (3)

where θ ≥ 1 is an integer, and is affine with respect to λαβ (α, β = 0, 1, 2).
Our aim is to study the lifespan of classical solutions to Cauchy problem (1). By definition, the lifespan 

Tε is the supremum of all T > 0, such that there exists a classical solution to (1) on 0 ≤ t ≤ T , i.e.,

Tε
def= sup

{
T > 0 : (1) has a unique classical solution on [0, T ]

}
. (4)

Under condition (3), complete results on lifespan estimates of classical solutions to Cauchy problem (1)
have been established as follows:

θ = 1 2 3,4,. . .

Tε ≥
be(ε) bε−6

bε−1, if
∫
gdx = 0 bε−18, if ∂3

uF (0, 0, 0) = 0 +∞
bε−2, exp(bε−2),
if ∂2

uF (0, 0, 0) = 0 if ∂β
uF (0, 0, 0), β = 3, 4

Here e(ε) satisfies

ε2e(ε) ln(1 + e(ε)) = 1, (5)

and b is positive constant independent of ε. The results corresponding to θ = 1 were first established by 
Li and Zhou [1]; for the results on θ = 2, the first and third ones were shown by Li and Zhou [2] and the 
second one was proved by Katayama [3]; the result in the case θ ≥ 3 can be found in Li and Zhou [4]. We 
point out that all the above results are sharp (see Li and Zhou [5]).

On the other hand, if we add some null conditions (see Definition 1.1) on the nonlinearity, the lifespan 
can be improved significantly. In the case θ = 2, if the cubic nonlinearity satisfies the null condition, the 
global existence of classical solutions was first proved by Zhou [6] (see also [5]), then by Katayama [7]. The 
special case that F is independent of u was considered by Hoshiga [8].

For the most important and difficult case θ = 1, in the special case

F (u,Du,D2u) = gαβ(Du)∂α∂βu, (6)
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here and hereafter, we always use the summation convention that repeated indices are summed, Alinhac [9]
proved that if both the quadratic nonlinearity and the cubic nonlinearity satisfy the corresponding null 
conditions, then Cauchy problem (1) admits a unique global classical solution with small initial data; 
moreover, if only the quadratic nonlinearity satisfies the null condition, then the classical solution is almost 
global, i.e., the lifespan Tε ≥ exp(cε−2).

Lifespan estimates of classical solutions to the Cauchy problem of nonlinear wave equations have been 
an active subject for over 30 years since John and Klainerman’s pioneering works. In other spatial di-
mensions, classical references can be found in John [10,11], John and Klainerman [12], Klainerman [13–16], 
Christodoulou [17], Hörmander [18–20], Lindblad [21], Li and Chen [22,23], Li and Yu [24], Li and Zhou [25], 
etc. Especially, Klainerman’s commutative vector field method [14] offers the basic tool for treating this kind 
of problem. A systematic summary on this topic can be found in Li and Zhou’s recent monograph [5], which 
is based on the global iterative method.

A natural problem for 2-D Cauchy problem (1) is how to extend Alinhac’s work [9] to the general case, 
which was suggested as an open problem in Li and Zhou’s monograph [5]. This paper is intended to solve this 
problem. Specifically speaking, we will show that in the case θ = 1, without the additional assumption (6), 
Cauchy problem (1) admits a unique global classical solution with small initial data, if both the quadratic 
nonlinearity and the cubic nonlinearity satisfy the corresponding null conditions; and the classical solution 
is almost global, i.e., the lifespan Tε ≥ exp(cε−2), provided that the quadratic nonlinearity satisfies the null 
condition and ∂β

uF (0, 0, 0) = 0, β = 3, 4.
Now we will precisely formulate our problem. We write

F (u,Du,D2u) = Q(u,Du,D2u) + C(u,Du,D2u) + H(u,Du,D2u), (7)

where Q is the quadratic nonlinearity, C stands for the cubic nonlinearity, and H denotes the higher order 
nonlinearities, i.e., H(λ̂) = O(|λ̂|4).

Following Klainerman [15], we will give the definition of null condition. First for y = (y0, y1, y2), if 
y2
0 − y2

1 − y2
2 = 0, then y is called to be a null vector.

Definition 1.1. The quadratic nonlinearity Q(u, Du, D2u) satisfies the first null condition, if for any given 
null vector y and any given constants p, q, r, we have

Q(p, qy, ryy) = 0. (8)

Similarly, the cubic nonlinearity C(u, Du, D2u) satisfies the second null condition, if for any given null vector 
y and any given constants p, q, r, we have

C(p, qy, ryy) = 0. (9)

Remark 1.1. In [6], Zhou first observed that the first null condition (8) just means that if we insert any 
given plane wave solution of the homogeneous linear wave equation into the quadratic nonlinearity of the 
nonlinear equation, it will vanish identically. The second null condition (9) can be explained in the same 
way. See also Li and Zhou [5].

The main results of this paper are the following

Theorem 1.1. For Cauchy problem (1) with θ = 1, assume that the quadratic nonlinearity satisfies the first 
null condition (8) and the cubic nonlinearity satisfies the second null condition (9). Then for any given 
positive parameter ε small enough, (1) admits a unique global classical solution u.
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Theorem 1.2. For Cauchy problem (1) with θ = 1, assume that the quadratic nonlinearity satisfies the first 
null condition (8) and ∂β

uF (0, 0, 0) = 0, β = 3, 4. Then for any given positive parameter ε small enough, 
(1) admits a unique classical solution u with the lifespan

Tε ≥ exp(cε−2), (10)

where c is positive constant independent of ε.

Remark 1.2. Besides [4], [6], [7] and [9], some global existence results on physically meaningful equations 
in two space dimensions which fall into the form of quasilinear wave equations, such as timelike minimal 
surface [26], Faddeev model [27], curl free Chaplygin gas [28] and radially symmetric elastic waves [29], can 
be also deduced from Theorem 1.1. While, Theorem 1.2 generalizes the corresponding results in [2] and [9]
simultaneously.

Remark 1.3. The proof of Theorem 1.1 and Theorem 1.2 is also valid for some systems of quasilinear wave 
equations. Because a fully nonlinear wave equation can be reduced to a system of quasilinear wave equations 
(see [5]), the results in Theorem 1.1 and Theorem 1.2 can be extended to the fully nonlinear case. See also 
Remark 2.1.

Remark 1.4. Due to the special form (6) of the nonlinearity, the proof in [9] only involves the energy type 
method including general energy estimates and ghost weight energy estimates. To treat general nonlinearity, 
the main difficult is how to design and estimate the norms concerning the solution itself in the bootstrap 
argument, which is also the main innovation of this paper. For this purpose, we will take advantage of 
Hörmander’s L1–L∞ estimates [30] and Li and Zhou’s L2 and Lp estimates [1,4]. Together with sufficient 
using of the null condition, we can close our bootstrap argument. We should also point out that our work 
is inspired by previous works Li and Zhou [1,2,4], Zhou [6], Katayama [7] and Alinhac [9].

An outline of this paper is as follows. The remainder of this introduction will be devoted to the description 
of some notations which will be used in the sequel. In the next Section, some necessary tools used to prove 
Theorem 1.1 and Theorem 1.2 are introduced. Then the proof of Theorem 1.1 and Theorem 1.2 will be 
given in Section 3 and Section 4, respectively.

1.1. Notation

As in Klainerman [14], we first introduce some vectors fields. Denote the spatial rotation Ω = x1∂2−x2∂1, 
the scaling operator S = t∂t +x1∂1 +x2∂2, and the Lorentz boost operators Li = t∂i +xi∂t, i = 1, 2. Define 
the vector fields Γ = (D, Ω, S, L1, L2) = (Γ1, . . . , Γ7). For any given multi-index a = (a1, . . . , a7), we denote 
Γa = Γa1

1 · · ·Γa7
7 . It can be verified that (see [21])

|Du| ≤ C〈t− r〉−1|Γu|, (11)

where 〈·〉 = (1 + | · |2) 1
2 . We will also use the good derivatives (see [9])

Tα = ωα∂t + ∂α, (12)

where ω0 = −1, ωi = xi/r (i = 1, 2), r = |x|. Denote T = (T0, T1, T2). Compared with (11), we get the 
following decay estimate:

|Tu| ≤ C(1 + t)−1|Γu|. (13)
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As in Li and Yu [24], we introduce the Banach space Lp,q(R2) equipped with the norm

‖f‖Lp,q(R2) = ‖f(rω)r
1
p ‖Lp

r(0,∞;Lq
w(S1)), (14)

where 1 ≤ p, q ≤ +∞. It is easy to see that if p = q, then Lp,q(R2) becomes the usual Lebesgue space 
Lp(R2). For any given integer N , define

‖u(t, ·)‖Γ,N,p,q,χ =
∑

|k|≤N

||χ(t, ·)Γku(t, ·)||Lp,q(R2), (15)

where χ = χ(t, x) is the characteristic function of any given set in R+ ×R
2. In what follows, we also briefly 

denote

‖u(t, ·)‖Γ,N,p,q,χ =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

‖u(t, ·)‖Γ,N,p,χ, if p = q;
‖u(t, ·)‖Γ,N,p,q, if χ ≡ 1;
‖u(t, ·)‖Γ,N,p, if p = q, χ ≡ 1;
‖u(t, ·)‖p,q,χ, if N = 0;
‖u(t, ·)‖Lp,q(R2), if N = 0, χ ≡ 1.

(16)

2. Preliminaries

2.1. Commutation relations

The following lemma concerning the commutation relation between the wave operator and the vector 
fields Γ was first established by Klainerman [14].

Lemma 2.1. For any given multi-index k = (k1, . . . , k7), we have

[�,Γk]u =
∑

|a|≤|k|−1

CakΓa�u, (17)

where [·, ·] stands for the Poisson’s bracket, i.e., [A, B] = AB −BA, and Cak are constants.

2.2. Null conditions

Lemma 2.2. The quadratic nonlinearity Q(u, Du, D2u) satisfies the first null condition, if and only if

Q(u,Du,D2u) = gαβγ∂γu∂α∂βu + gαβ∂αu∂βu, (18)

and

gαβγyαyβyγ = gαβyαyβ = 0 (19)

for any given null vector y. The cubic nonlinearity C(u, Du, D2u) satisfies the second null condition, if and 
only if

C(u,Du,D2u) = hαβγδ∂δu∂γu∂α∂βu + hαβγu∂γu∂α∂βu

+ hαβγ∂αu∂βu∂γu + hαβu∂αu∂βu, (20)



JID:MATPUR AID:3008 /FLA [m3L; v1.238; Prn:12/06/2018; 9:10] P.6 (1-30)
6 D. Zha / J. Math. Pures Appl. ••• (••••) •••–•••
and

hαβγδyαyβyγyδ = hαβγyαyβyγ = hαβγyαyβyγ = hαβyαyβ = 0 (21)

for any given null vector y.

Proof. For the quadratic nonlinearity, the 3-D analogue of (18) and (19) can be found in Klainerman [15], 
Christodoulou [17] and Li and Zhou [5]. As to the proof of (20) and (21) for the cubic nonlinearity, the 
details can be found in Li and Zhou [5]. �
Remark 2.1. In what follows we will always assume that (18) and (19) hold. Without loss of generality, we 
can further assume gαβ = 0. In fact, we have

gαβ∂αu∂βu = c(|∇u|2 − |ut|2), (22)

where c is a constant. If c �= 0, the transformation v = ecu−1 can be used to cancel (22), and the properties 
satisfied by other kinds of terms will not be effected. In the fully nonlinear case, the semilinear term in the 
quadratic part also takes the form (22), so it can be canceled by the same way. Such transformation was 
first used for Nirenberg’s example in [13] (see also [31]).

Denote the bilinear form

N(u, v) = gαβγ∂γu∂α∂βv, (23)

where for any given null vector y, we have

gαβγyαyβyγ = 0. (24)

Lemma 2.3. For any given multi-index k = (k1, . . . , k7), we have

ΓkN(u, v) =
∑

b+c+d=k

Nd(Γbu,Γcv), (25)

where each Nd is a quadratic nonlinearity of the form (23) satisfying (24). Moreover, if b + c = k, then 
Nd = N .

Proof. See Hörmander [20]. �
Lemma 2.4. For any given three smooth functions u, v, w, we have

|gαβγ∂γu∂α∂βv| ≤ C
(
|Tu||D2v| + |Du||TDv|

)
, (26)

|gαβγ∂γu∂αv∂βw| ≤ C
(
|Tu||Dv||Dw| + |Du||Tv||Dw| + |Du||Dv||Tw|

)
. (27)

Here and in what follows C denotes a positive constant.

Proof. By definition (12) of good derivatives, we have the following pointwise equality:

gαβγ∂γu∂αv∂βw = gαβγTγu∂αv∂βw − gαβγωγ∂tuTαv∂βw

+ gαβγωγ∂tuωα∂tvTβw − gαβγωαωβωγ∂tu∂tv∂tw, (28)
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thus (27) follows directly from (28) and (24). (26) can be similarly proved. The details can be found in 
Alinhac [9]. �
Lemma 2.5. If the quadratic nonlinearity Q(u, Du, D2u) satisfies the first null condition (8), then we have

|ΓkQ(u,Du,D2u)| ≤ C(1 + t)−1
∑

|k1|+|k2|≤|k|

(
|DΓk1u||DΓk2+1u| + |Γk1+1u||D2Γk2u|

)
. (29)

Proof. Noting that Q(u, Du, D2u) = N(u, u), (29) follows from Lemma 2.3, Lemma 2.4 and (13). �
Similarly, we have

Lemma 2.6. If the cubic nonlinearity C(u, Du, D2u) satisfies the second null condition (9), then we have

|ΓkC(u,Du,D2u)| ≤ C(1 + t)−1
∑

|k1|+|k2|+|k3|≤|k|+3

|Γk1u||Γk2u||DΓk3u|. (30)

2.3. Sobolev and Hardy type inequalities

Lemma 2.7. If u = u(t, x) is a smooth function with sufficient decay at the infinity, then we have

|u(t, x)| ≤ C〈t + |x|〉− 1
2 〈t− |x|〉− 1

2 ‖u(t, ·)‖Γ,2,2. (31)

Proof. See Klainerman [16]. �
Lemma 2.8. If u = u(t, x) is a smooth function supported in |x| ≤ t + 1, then we have the following Hardy 
type inequality:

‖〈t− r〉−1u‖L2(R2) ≤ C‖∂ru‖L2(R2). (32)

Proof. See Alinhac [32] or Lindblad [21]. �
2.4. Estimates for linear wave equations

Consider the Cauchy problems

{�u(t, x) = F (t, x), (t, x) ∈ R
+ × R

2,

t = 0 : u = 0, ut = 0, x ∈ R
2

(33)

and

{�u(t, x) = ∂αGα(t, x), (t, x) ∈ R
+ × R

2,

t = 0 : u = 0, ut = 0, x ∈ R
2,

(34)

where α = 0, 1, 2. We also denote G = (G0, G1, G2).
The following two lemmas on L1–L∞ estimates can be found in Hörmander [30].
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Lemma 2.9. Let u satisfy (33). We have

‖〈t + | · |〉 1
2 〈t− | · |〉lu(t, ·)‖L∞(R2) ≤ C

t∫
0

(1 + τ)− 1
2+l‖F (τ, ·)‖Γ,1,1dτ, (35)

where 0 ≤ l ≤ 1
2 .

Lemma 2.10. Let u satisfy (34). We have

(1 + t) 1
2 ‖u(t, ·)‖L∞(R2)

≤ C

t∫
0

(1 + τ) 1
2 ‖G(τ, ·)‖L∞(R2) + (1 + τ)− 3

2 ‖G(τ, ·)‖Γ,3,1dτ. (36)

Lemma 2.11. Let u satisfy (33). We have

‖u(t, ·)‖Lp(R2) ≤ C

t∫
0

‖F (τ, ·)‖Lq(R2)dτ, (37)

where

2 < p < +∞,
1
q

= 1
2 + 1

p
. (38)

Proof. By (38), we can take s (0 < s < 1) such that

2
p

= −s + 1 = −1 + 2
q
. (39)

Then it follows from Sobolev inequalities and the generalized energy inequality that

‖u(t, ·)‖Lp(R2) ≤ C‖u(t, ·)‖Ḣs(R2) ≤ C

t∫
0

‖F (τ, ·)‖Ḣs−1(R2)dτ ≤ C

t∫
0

‖F (τ, ·)‖Lq(R2)dτ. (40)

The details of the proof can be found in Li and Zhou [4]. �
Lemma 2.12. Let u satisfy (33). We have

(1 + t)−δ‖u(t, ·)‖L2(R2) ≤ C

t∫
0

‖F (τ, ·)‖q,χ1 + (1 + τ)−δ‖F (τ, ·)‖1,2,χ2dτ, (41)

where 0 < δ < 1
2 and

1
q

= 1 − δ

2 . (42)

In (41), χ1 stands for the characteristic function of the set {(t, x) : |x| ≤ 1+t
2 }, χ2 = 1 − χ1.

Proof. See Li and Zhou [1]. �
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Lemma 2.13. Let u satisfy (34). We have

‖u(t, ·)‖L2(R2) ≤ C(log(2 + t))1/2‖(1 + | · |)2G0(0, ·)‖L2(R2) + C

t∫
0

‖G(τ, ·)‖L2(R2)dτ. (43)

Proof. Let uα (α = 0, 1, 2) satisfy{�uα(t, x) = Gα(t, x), (t, x) ∈ R
+ × R

2,

t = 0 : uα = 0, ∂tuα = 0, x ∈ R
2

(44)

and v satisfy {�v(t, x) = 0, (t, x) ∈ R
+ × R

2,

t = 0 : v = 0, vt = G0(0, x), x ∈ R
2.

(45)

It is easy to verify that

u = ∂αuα − v. (46)

By the general energy estimate, we get

‖Duα(t, ·)‖L2(R2) ≤ C

t∫
0

‖G(τ, ·)‖L2(R2)dτ. (47)

We also have (see [20] and [5])

‖v(t, ·)‖L2(R2) ≤ C(log(2 + t))1/2‖(1 + | · |)2G0(0, ·)‖L2(R2). (48)

Thus, (43) follows from (46)–(48). �
2.5. Some estimates on product functions and composite functions

Lemma 2.14. Assume that u and v are smooth functions supported in |x| ≤ t + 1. If the multi-indices k1, k2
satisfy |k1| + |k2| ≤ m,

1
p1

= 1
2 + 1

p2
,

1
q1

= 1
2 + 1

q2
, (49)

then we have

‖Γk1uDΓk2v‖Lp1,q1 (R2) ≤ C
(
‖u‖Γ,[m2 ]+2,p2,q2‖Dv‖Γ,m,2 + ‖Du‖Γ,m,2‖v‖Γ,[m2 ]+2,p2,q2

)
, (50)

where [n] stands for the integer part of the real number n.

Proof. The details of the proof of Lemma 2.14 can be found in Li and Zhou [5]. Because the technique in the 
proof will be frequently used in what follows, we will write it down here briefly. Note that |k1| + |k2| ≤ m. 
If |k1| ≤ [m2 ] + 1, it follows from Hölder inequality that

‖Γk1uDΓk2v‖Lp1,q1 (R2) ≤ ‖Γk1u‖Lp2,q2 (R2)‖DΓk2v‖L2(R2) ≤ C‖u‖Γ,[m2 ]+1,p2,q2‖Dv‖Γ,m,2. (51)



JID:MATPUR AID:3008 /FLA [m3L; v1.238; Prn:12/06/2018; 9:10] P.10 (1-30)
10 D. Zha / J. Math. Pures Appl. ••• (••••) •••–•••
If |k2| ≤ [m2 ] + 1, by Hölder inequality, (11) and the Hardy type inequality (32), we have

‖Γk1uDΓk2v‖Lp1,q1 (R2)

≤ ‖〈t− r〉−1Γk1u‖L2(R2)‖〈t− r〉DΓk2v‖Lp2,q2 (R2)

≤ ‖DΓk1u‖L2(R2)‖Γk2+1v‖Lp2,q2 (R2) ≤ C‖Du‖Γ,m,2‖v‖Γ,[m2 ]+2,p2,q2 . (52)

The above discussion gives (50). �
Similarly, we have

Lemma 2.15. Assume that u, v and w are smooth functions supported in |x| ≤ t + 1. If the multi-indices 
k1, k2, k3 satisfy |k1| + |k2| + |k3| ≤ m,

1
p1

= 1
2 + 1

p2
+ 1

p3
, (53)

then we have

‖Γk1uΓk2vDΓk3w‖Lp1 (R2)

≤ C
(
‖u‖Γ,[m2 ]+2,p2‖v‖Γ,[m2 ]+2,p3‖Dw‖Γ,m,2 + ‖u‖Γ,[m2 ]+2,p2‖Dv‖Γ,m,2‖w‖Γ,[m2 ]+2,p3

+ ‖Du‖Γ,m,2‖v‖Γ,[m2 ]+2,p2‖w‖Γ,[m2 ]+2,p3

)
. (54)

Lemma 2.16. Suppose that H = H(w) is a sufficiently smooth function of w = (w1, · · · , wM ) with

H(w) = O(|w|1+β), (55)

where β ≥ 0 is an integer. For any given integer S ≥ 0, if a vector function w = w(t, x) satisfies

‖w(t, ·)‖Γ,[S2 ],∞ ≤ ν0, (56)

where ν0 is a positive constant, then, when β = 0, we have

‖H(w(t, ·))‖Γ,S,p,q,χ ≤ C(ν0)‖w(t, ·)‖Γ,S,p,q,χ, (57)

and when β ≥ 1, we have

‖H(w(t, ·))‖Γ,S,p,q,χ ≤ C(ν0)
β∏

i=1
‖w(t, ·)‖Γ,[S2 ],pi,qi,χ

‖w(t, ·)‖Γ,S,p0,q0,χ, (58)

where 1 ≤ p, q, pi, qi ≤ ∞ (i = 0, 1, · · · , β),

1
p

=
β∑

i=0

1
pi
,

1
q

=
β∑

i=0

1
qi
, (59)

and C(ν0) is a constant depending on ν0.
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Proof. We have the following pointwise estimate (see [5]):

|ΓkG(w(t, x))| ≤ C(ν0)
∑

|l0|+···+|lβ |≤|k|
1≤ij≤M(j=0,··· ,β)

β∏
j=0

|Γljwij (t, x)|. (60)

(57) is a direct consequence of (60), while, (58) follows from (60) and Hölder inequality. �
Lemma 2.17. Suppose that H = H(w) is a sufficiently smooth function of w = (w1, · · · , wM ) with

H(w) = O(|w|1+β), (61)

where β ≥ 1 is an integer. If a vector function w = w(t, x) is supported in |x| ≤ t + 1 and satisfies (56), 
then we have

‖H(w(t, ·))‖Γ,S,2 ≤ C(ν0)‖Dw(t, ·)‖Γ,S,2
∑

|k|≤[S2 ]+2

‖〈t− ·〉 1
β Γkw(t, ·)‖βL∞ (62)

and

‖H(w(t, ·))‖Γ,S,2 ≤ C(ν0)(1 + t)‖Dw(t, ·)‖Γ,S,2‖w(t, ·)‖βΓ,[S2 ]+2,∞. (63)

Proof. Noting the support property of w = w(t, x), (62) and (63) follow from (60), Hölder inequality and 
the Hardy type inequality (32). �
3. Proof of Theorem 1.1

In this section we shall prove Theorem 1.1 by a bootstrap argument. Assume that u = u(t, x) is a local 
smooth solution to the Cauchy problem (1) on [0, T ]. Let

DN,T (u) = sup
0≤t≤T

(1 + t)−σ‖Du(t, ·)‖Γ,N,2 + sup
0≤t≤T

‖Du(t, ·)‖Γ,N−4,2

+ sup
0≤t≤T

∑
|k|≤[N2 ]+4

‖〈t + | · |〉 1
2 〈t− | · |〉 1

3 Γku(t, ·)‖L∞(R2)

+ sup
0≤t≤T

(1 + t)−σ‖u(t, ·)‖Γ,[N2 ]+8,p, (64)

where N ≥ 30 is an integer, σ is a suitable small number (for example we can take σ = 1
1000 ), and p

(2 < p < 3) satisfies

1
p
> σ + 1

3 . (65)

The design of norms in (64) is inspired by [9] and [7]. We will show that there exists a positive constant 
A such that for any given T > 0, we have DN,T (u) ≤ Aε under the assumption DN,T (u) ≤ 2Aε, if ε is 
sufficiently small.
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3.1. High order energy estimates

First we will give the estimate on the higher order energy ‖Du(t, ·)‖Γ,N,2. For this purpose, it is necessary 
to introduce some notations. Denote

H(u,Du,D2u) = bαβ(u,Du)∂α∂βu + H1(u,Du). (66)

Let λ̃ = (λ; (λi), i = 0, 1, 2). We have bαβ(λ̃) = O(|λ̃|3) and H(λ̃) = O(|λ̃|4). We also denote

C(u,Du,D2u) + H(u,Du,D2u) = aαβ(u,Du)∂α∂βu + F1(u,Du). (67)

Noting that aαβ(λ̃) = O(|λ̃|2), F1(λ̃) = O(|λ̃|3) and ∂3
uF1(0, 0) = 0, we can rewrite our equation as

�u = gαβγ∂γu∂α∂βu + aαβ(u,Du)∂α∂βu + F1(u,Du). (68)

Thanks to Lemma 2.1 and Lemma 2.3, Γku satisfies

�Γku = gαβγ∂γu∂α∂βΓku + gαβγ∂γΓku∂α∂βu + aαβ(u,Du)∂α∂βΓku

+
∑

b+c+d=k
b,c �=k

Nd(Γbu,Γcu) +
[
Γk, aαβ(u,Du)∂α∂β

]
u + ΓkF1(u,Du). (69)

Following Alinhac [9], we will use the ghost weight energy method. We will take the weight used in [33]. 
Let σ = t − r, q(σ) = arctan σ, q′(σ) = 1

1+σ2 = 〈t − r〉−2. By the integration by parts argument, we have

∫
R2

〈e−q(σ)∂tΓku,�Γku〉 dx

= 1
2
d

dt

∫
R2

e−q(σ)|DΓku|2 dx + 1
2

∫
R2

e−q(σ) 〈t− r〉−2 |TΓau|2 dx, (70)

∫
R2

〈e−q(σ)∂tΓku, gαβγ∂γu∂α∂βΓku〉 dx

= 1
2gαβγηαν∂t

∫
R2

e−q∂νΓku∂γu∂βΓkudx

− gαβγ

∫
R2

e−q∂tΓku∂α∂γu∂βΓkudx + 1
2gαβγ

∫
R2

e−q∂αΓku∂t∂γu∂βΓkudx

− gαβγ

∫
R2

e−qq′(σ)TαΓku∂γu∂βΓkudx + 1
2gαβγ

∫
R2

e−qq′(σ)∂αΓku∂γu∂βΓkudx (71)

and ∫
R2

〈e−q(σ)∂tΓku, aαβ(u,Du)∂α∂βΓku〉 dx

= 1
2ηαν∂t

∫
e−qaαβ(u,Du)∂νΓku∂βΓkudx
R2
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−
∫
R2

e−q∂α(aαβ(u,Du))∂tΓku∂βΓkudx + 1
2

∫
R2

e−q∂t(aαβ(u,Du))∂αΓku∂βΓkudx

−
∫
R2

e−qq′(σ)aαβ(u,Du)TαΓku∂βΓkudx + 1
2

∫
R2

e−qq′(σ)aαβ(u,Du)∂αΓku∂βΓkudx, (72)

where ηαν = diag[1, −1, −1]. Denote

Ek(u(t)) = 1
2

∫
R2

e−q(σ)|DΓku|2 dx− 1
2gαβγηαν

∫
R2

e−q∂νΓku∂γu∂βΓkudx

− 1
2ηαν

∫
R2

e−qaαβ(u,Du)∂νΓku∂βΓkudx. (73)

Since q is bounded, there exists c1 > 1, such that

c−1
1 ≤ e−q(σ) ≤ c1. (74)

Thus there exists c2 > 1, such that

c−1
2 ‖DΓku‖2

L2 ≤ Ek(u(t)) ≤ c2‖DΓku‖2
L2 . (75)

It follows from (69)–(73) that

d

dt
Ek(u(t)) + 1

2

∫
R2

e−q(σ) 〈t− r〉−2 |TΓau|2 dx

= −gαβγ

∫
R2

e−q∂tΓku∂α∂γu∂βΓkudx + gαβγ

∫
R2

e−q∂tΓku∂α∂βu∂γΓkudx

+ 1
2gαβγ

∫
R2

e−q∂αΓku∂t∂γu∂βΓkudx− gαβγ

∫
R2

e−qq′(σ)TαΓku∂γu∂βΓkudx

+ 1
2gαβγ

∫
R2

e−qq′(σ)∂αΓku∂γu∂βΓkudx +
∑

b+c+d=k
b,c �=k

∫
R2

∂tΓkuNd(Γbu,Γcu)dx

−
∫
R2

e−q∂α(aαβ(u,Du))∂tΓku∂βΓkudx + 1
2

∫
R2

e−q∂t(aαβ(u,Du))∂αΓku∂βΓkudx

−
∫
R2

e−qq′(σ)aαβ(u,Du)TαΓku∂βΓkudx + 1
2

∫
R2

e−qq′(σ)aαβ(u,Du)∂αΓku∂βΓkudx

+
∫
R2

∂tΓku
[
Γk, aαβ(u,Du)∂α∂β

]
udx +

∫
R2

∂tΓkuΓkF1(u,Du)dx. (76)

The second term on the left-hand side of (76) is called the ghost weight energy, which will play a key role 
in the control of the terms involving the highest generalized derivatives on the right-hand side of (76) after 
having applied the null condition.

Now we shall estimate all terms on the right-hand side of (76). First, by Lemma 2.4, (11), (13) and the 
Cauchy–Schwarz inequality, we have



JID:MATPUR AID:3008 /FLA [m3L; v1.238; Prn:12/06/2018; 9:10] P.14 (1-30)
14 D. Zha / J. Math. Pures Appl. ••• (••••) •••–•••
‖gαβγe−q∂tΓku∂α∂γu∂βΓku‖L1 + ‖gαβγe−q∂tΓku∂α∂βu∂γΓku‖L1

+ ‖gαβγe−q∂αΓku∂t∂γu∂βΓku‖L1

≤ C||TΓkuD2uDΓku||L1 + C||DΓkuTDuDΓku||L1

≤ 1
8 ||e

−q(σ)/2〈t− r〉−1TΓku||2L2 + C||DΓku||2L2 ||〈t− r〉D2u||2L∞

+ ||DΓku||2L2 ||TDu||L∞

≤ 1
8 ||e

−q(σ)/2〈t− r〉−1TΓku||2L2 + C||DΓku||2L2(||ΓDu||2L∞ + (1 + t)−1||ΓDu||L∞). (77)

It follows from Lemma 2.4, (13) and the Cauchy–Schwarz inequality that

‖gαβγe−qq′(σ)TαΓku∂γu∂βΓku‖L1 + ‖gαβγe−qq′(σ)∂αΓku∂γu∂βΓku‖L1

≤ C‖〈t− r〉−2TΓkuDuDΓku‖L1 + C‖〈t− r〉−2DΓkuTuDΓku‖L1

≤ 1
8 ||e

−q(σ)/2〈t− r〉−1TΓku||2L2 + C||DΓku||2L2 ||Du||2L∞

+ ||DΓku||2L2 ||Tu||L∞

≤ 1
8 ||e

−q(σ)/2〈t− r〉−1TΓku||2L2 + C||DΓku||2L2(||Du||2L∞ + (1 + t)−1||Γu||L∞). (78)

We note that the first term on the right-hand side of (77) and (78) can be absorbed into the ghost weight 
energy term on the left-hand side of (76).

By Hölder inequality, we have

∑
b+c+d=k

b,c �=k

‖∂tΓkuNd(Γbu,Γcu)‖L1 ≤ C‖∂tΓku‖L2

∑
b+c+d=k

b,c �=k

‖Nd(Γbu,Γcu)‖L2 . (79)

Owning to Lemma 2.4 and Lemma 2.3, we have

‖Nd(Γbu,Γcu)‖L2 ≤ C(1 + t)−1(‖DΓbuDΓc+1u‖L2 + ‖Γb+1uD2Γcu‖L2
)
. (80)

Applying Hölder inequality gives

‖DΓbuDΓc+1u‖L2 ≤ C‖u‖Γ,[ |k|
2 ]+2,∞‖Du‖Γ,|k|,2. (81)

Thanks to Hölder inequality, (11) and the Hardy type inequality (32), we can see that

‖Γb+1uD2Γcu‖L2

≤ C

{
‖Γb+1u‖L∞‖D2Γcu‖L2 , |b| ≤ [ |k|2 ] + 1,
‖〈t− r〉−1Γbu‖L2‖〈t− r〉D2Γcu‖L∞ , |c| ≤ [ |k|2 ] + 1,

≤ C

{
‖Γb+1u‖L∞‖D2Γcu‖L2 , |b| ≤ [ |k|2 ] + 1,
‖DΓbu‖L2‖DΓc+1u‖L∞ , |c| ≤ [ |k|2 ] + 1,

≤ C‖u‖Γ,[ |k|
2 ]+2,∞‖Du‖Γ,|k|,2. (82)
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By (79)–(82), we get∑
b+c+d=k

b,c �=k

‖∂tΓkuNd(Γbu,Γcu)‖L1 ≤ C(1 + t)−1‖u‖Γ,[ |k|
2 ]+2,∞‖Du‖2

Γ,|k|,2. (83)

Noting that a(λ̃) = O(|λ̃|2), by Hölder inequality and the estimates on composite functions given in 
Lemma 2.16, we have

‖e−q∂α(aαβ(u,Du))∂tΓku∂βΓku‖L1 + ‖e−q∂t(aαβ(u,Du))∂αΓku∂βΓku‖L1

+ ‖e−qq′(σ)aαβ(u,Du)TαΓku∂βΓku‖L1 + ‖e−qq′(σ)aαβ(u,Du)∂αΓku∂βΓku‖L1

≤ C
(
‖a(u,Du)‖L∞ + ‖D(a(u,Du))‖L∞

)
‖DΓku‖2

L2

≤ C‖u‖2
Γ,2,∞‖DΓku‖2

L2 . (84)

By Hölder inequality, we get

‖∂tΓku
[
Γk, aαβ(u,Du)∂α∂β

]
u‖L1 ≤ C‖∂tΓku‖L2‖

[
Γk, aαβ(u,Du)∂α∂β

]
u‖L2 . (85)

We have

‖
[
Γk, aαβ(u,Du)∂α∂β

]
u‖L2 ≤ C

∑
|k1|+|k2|≤|k|
|k2|≤|k|−1

‖Γk1a(u,Du)D2Γk2u‖L2 . (86)

For k1, k2 with |k1| + |k2| ≤ |k| and |k2| ≤ |k| − 1, if |k1| ≤ [ |k|2 ] + 1, then we have

‖Γk1a(u,Du)D2Γk2u‖L2 ≤ C‖Γk1a(u,Du)‖L∞‖D2Γk2u‖L2

≤ C‖Γk1a(u,Du)‖L∞‖D2Γk2u‖L2 ≤ C‖a(u,Du)‖Γ,[ |k|
2 ]+1,∞‖Du‖Γ,|k|,2

≤ C‖u‖2
Γ,[ |k|

2 ]+2,∞‖Du‖Γ,|k|,2. (87)

While, if |k2| ≤ [ |k|2 ] + 1, we have

‖Γk1a(u,Du)D2Γk2u‖L2

≤ C
∑

|l1|+|l2|≤|k1|

(
‖Γl1uΓl2uD2Γk2u‖L2 + ‖Γl1uDΓl2uD2Γk2u‖L2

+ ‖DΓl1uΓl2uD2Γk2u‖L2 + ‖DΓl1uDΓl2uD2Γk2u‖L2
)
. (88)

The combination of Hölder inequality, (11) and the Hardy type inequality (32) gives

‖Γl1uΓl2uD2Γk2u‖L2

≤ C

{
‖Γl1u〈t− r〉−1Γl2u〈t− r〉D2Γk2u‖L2 , |l1| ≤ [k1

2 ] + 1,
‖〈t− r〉−1Γl1uΓl2u〈t− r〉D2Γk2u‖L2 , |l2| ≤ [k1

2 ] + 1,

≤ C

{
‖Γl1u‖L∞‖DΓl2u‖L2‖DΓk2+1u‖L∞ , |l1| ≤ [k1

2 ] + 1,
‖DΓl1u‖L2‖Γl2u‖L∞‖DΓk2+1u‖L∞ , |l2| ≤ [k1

2 ] + 1,

≤ C‖u‖2
Γ,[ |k|

2 ]+2,∞‖Du‖Γ,|k|,2. (89)



JID:MATPUR AID:3008 /FLA [m3L; v1.238; Prn:12/06/2018; 9:10] P.16 (1-30)
16 D. Zha / J. Math. Pures Appl. ••• (••••) •••–•••
Other terms on the right-hand side of (88) can be estimated by a similar way. Thus when |k2| ≤ [ |k|2 ] + 1, 
we have

‖Γk1a(u,Du)D2Γk2u‖L2 ≤ C‖u‖2
Γ,[ |k|

2 ]+2,∞‖Du‖Γ,|k|,2. (90)

The above discussion on the two different cases gives

‖
[
Γk, aαβ(u,Du)∂α∂β

]
u‖L2 ≤ C‖u‖2

Γ,[ |k|
2 ]+2,∞‖Du‖2

Γ,|k|,2. (91)

Now we will estimate the last term on the right-hand side of (76). First we have

‖∂tΓkuΓkF1(u,Du)‖L1 ≤ C‖∂tΓku‖L2‖ΓkF1(u,Du)‖L2 . (92)

We rewrite

F1(u,Du) = F1(u, 0) +
(
F1(u,Du) − F (u, 0)

)
= F̂ (u) + F̂1(u,Du)Du, (93)

where

F̂ (u) = F1(u, 0) = O(|u|4), (94)

F̂1(u,Du) = F1(u,Du) − F (u, 0) (95)

and

F̂1(λ̃) = O(|λ̃|2). (96)

Noting (94), by the estimates on composite functions (62) given in Lemma 2.17, we have

‖ΓkF̂ (u)‖L2 ≤ C‖Du‖Γ,|k|,2
∑

|a|≤[ |k|
2 ]+2

‖〈t− r〉 1
3 Γau‖3

L∞ . (97)

Noting (96), similarly to the proof of (90), we have

‖Γk(F̂1(u,Du)Du)‖L2 ≤ C‖u‖2
Γ,[ |k|

2 ]+1,∞‖Du‖Γ,|k|,2. (98)

Thanks to (92), (93), (97) and (98), we get

‖∂tΓkuΓkF1(u,Du)‖L1

≤ C‖Du‖2
Γ,|k|,2

(
‖u‖2

Γ,[ |k|
2 ]+1,∞ +

∑
|a|≤[ |k|

2 ]+2

‖〈t− r〉 1
3 Γau‖3

L∞
)
. (99)

It follows from (75), (76), (77), (78), (83), (84), (91) and (99) that if ε is sufficiently small, then we have

‖DΓku(t, ·)‖2
L2 ≤ Cε2 + CA2ε2

t∫
0

(1 + τ)−1‖Du(τ, ·)‖2
Γ,|k|,2dτ. (100)
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Hence we have

‖Du(t, ·)‖2
Γ,N,2 ≤ Cε2 + CA2ε2

t∫
0

(1 + τ)−1‖Du(τ, ·)‖2
Γ,N,2dτ

≤ Cε2 + CA4ε4
t∫

0

(1 + τ)−1+2σdτ ≤ Cε2 + CA4ε4(1 + t)2σ. (101)

Consequently, we get

(1 + t)−σ‖Du(t, ·)‖Γ,N,2 ≤ Cε + CA2ε2. (102)

3.2. Low order energy estimates

Now we will estimate the low order energy ‖Du(t, ·)‖Γ,N−4,2. By the general energy estimate, we have

‖Du(t, ·)‖Γ,N−4,2 ≤ Cε + C

t∫
0

‖F (u,Du,D2u)‖Γ,N−4,2dτ. (103)

In order to estimate ‖F (u, Du, D2u)‖Γ,N−4,2, we first estimate ‖Q(u, Du, D2u)‖Γ,N−4,2. By Lemma 2.5, 
we have

|ΓkQ(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|≤|k|+2

|Γk1u||DΓk2u|. (104)

It follows from Lemma 2.14 that

‖Γk1uDΓk2u‖L2 ≤ C‖u‖Γ,[N2 ]+4,∞‖Du‖Γ,N,2. (105)

Due to (104) and (105), we get that

‖Q(u,Du,D2u)‖Γ,N−4,2 ≤ C(1 + τ)−1‖u‖Γ,[N2 ]+4,∞‖Du‖Γ,N,2 ≤ C(1 + τ)− 3
2+σA2ε2. (106)

For the estimate of ‖C(u, Du, D2u)‖Γ,N−4,2, we first note that Lemma 2.6 gives

|ΓkC(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|+|k3|≤|k|+3

|Γk1u||Γk2u||DΓk3u|. (107)

By Lemma 2.15, we have

‖Γk1uΓk2uDΓk3u‖L2 ≤ C‖u‖2
Γ,[N2 ]+4,∞‖Du‖Γ,N,2. (108)

Then it follows from (107) and (108) that

‖C(u,Du,D2u)‖Γ,N−4,2 ≤ C(1 + τ)−1‖u‖2
Γ,[N2 ]+4,∞‖Du‖Γ,N,2 ≤ C(1 + τ)−2+σA3ε3. (109)

Now we estimate ‖H(u, Du, D2u)‖Γ,N−4,2. It follows from the estimates on composite functions (62)
given in Lemma 2.17 that
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‖H(u,Du,D2u)‖Γ,N−4,2

≤ C
∑

|k|≤[N2 ]+4

‖〈τ − | · |〉 1
3 Γku(τ, ·)‖3

L∞(R2)‖Du‖Γ,N,2

≤ C(1 + τ)− 3
2+σA4ε4. (110)

The combination of (103), (106), (109) and (110) gives that if ε is sufficiently small, then

‖Du(t, ·)‖Γ,N−4,2 ≤ Cε + CA2ε2. (111)

3.3. Weighted L∞ estimates

Now we estimate 
∑

|k|≤[N2 ]+4
‖〈t + | · |〉 1

2 〈t −| · |〉 1
3 Γku(t, ·)‖L∞(R2). It follows from Lemma 2.1 and Lemma 2.9

that ∑
|k|≤[N2 ]+4

‖〈t + | · |〉 1
2 〈t− | · |〉 1

3 Γku(t, ·)‖L∞(R2)

≤ Cε +
t∫

0

(1 + τ)− 1
6 ‖F (u,Du,D2u)‖Γ,[N2 ]+5,1dτ (112)

In order to estimate ‖F (u, Du, D2u)‖Γ,[N2 ]+5,1, we first estimate ‖Q(u, Du, D2u)‖Γ,[N2 ]+5,1. It follows from 
Lemma 2.5 that

|ΓkQ(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|≤|k|

(
|DΓk1u||DΓk2+1u| + |Γk1+1u||D2Γk2u|

)
. (113)

By Hölder inequality, it is easy to see that

‖DΓk1uDΓk2+1u‖L1(R2) ≤ C‖Du‖2
Γ,N−4,2. (114)

It follows from Lemma 2.14 that

‖Γk1+1uD2Γk2u‖L1(R2) ≤ C‖Du‖2
Γ,N−4,2. (115)

Thanks to (113)–(115), we have

‖Q(u,Du,D2u)‖Γ,[N2 ]+5,1 ≤ C(1 + τ)−1‖Du‖2
Γ,N−4,2 ≤ C(1 + τ)−1A2ε2. (116)

For the estimate of ‖C(u, Du, D2u)‖Γ,[N2 ]+5,1, we first note that Lemma 2.6 gives

|ΓkC(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|+|k3|≤|k|+3

|Γk1u||Γk2u||DΓk3u|. (117)

Applying Lemma 2.15, we get

‖Γk1uΓk2uDΓk3u‖L1(R2) ≤ C‖u‖2
Γ,[N2 ]+4,4‖Du‖Γ,N−4,2. (118)
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Moreover, we have

‖u(τ, ·)‖Γ,[N2 ]+4,4

≤ C(1 + τ)− 1
2 ‖〈τ − r〉− 1

3 ‖L4(|x|≤τ+1)
∑

|k|≤[N2 ]+4

‖〈τ + | · |〉 1
2 〈τ − | · |〉 1

3 Γku(τ, ·)‖L∞(R2)

≤ C(1 + τ)− 1
4Aε. (119)

It follows from (117)–(119) that

‖C(u,Du,D2u)‖Γ,[N2 ]+5,1 ≤ C(1 + τ)−1‖u‖2
Γ,[N2 ]+4,4‖Du‖Γ,N−4,2 ≤ C(1 + τ)− 3

2A3ε3. (120)

For the estimate of ‖H(u, Du, D2u)‖Γ,[N2 ]+5,1, by the estimates on composite functions given in 
Lemma 2.16, we have

‖H(u,Du,D2u)‖Γ,[N2 ]+5,1 ≤ C‖u‖Γ,[N2 ]+8,p‖u‖3
Γ,[N2 ]+4,3p′ (121)

Similarly to (119), we have

‖u(τ, ·)‖Γ,[N2 ]+4,3p′

≤ C(1 + τ)− 1
2 ‖〈τ − r〉− 1

3 ‖L3p′ (|x|≤τ+1)

∑
|k|≤[N2 ]+4

‖〈τ + | · |〉 1
2 〈τ − | · |〉 1

3 Γku(τ, ·)‖L∞(R2)

≤ C(1 + τ)−
1
2+ 1

3p′ Aε. (122)

Then, it follows from (121) and (122) that

‖H(u,Du,D2u)‖Γ,[N2 ]+5,1 ≤ C(1 + τ)−
1
2− 1

p+σA4ε4. (123)

Noting (65), by (112), (116), (120) and (123), we have that if ε is sufficiently small, then∑
|k|≤[N2 ]+4

‖〈t + | · |〉 1
2 〈t− | · |〉 1

3 Γku(t, ·)‖L∞(R2) ≤ Cε + CA2ε2. (124)

3.4. Lp estimates

Finally we estimate ‖u(t, ·)‖Γ,[N2 ]+8,p. It follows from Lemma 2.1 and Lemma 2.11 that

‖u(t, ·)‖Γ,[N2 ]+8,p ≤ Cε + C

t∫
0

‖F (u,Du,D2u)‖Γ,[N2 ]+8,qdτ, (125)

where 1
q = 1

2 + 1
p .

In order to estimate ‖F (u, Du, D2u)‖Γ,[N2 ]+8,q, we first estimate ‖Q(u, Du, D2u)‖Γ,[N2 ]+8,q. By Lemma 2.5, 
we have

|ΓkQ(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|≤|k|+2

|Γk1u||DΓk2u|. (126)
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By Lemma 2.14, we have

‖Γk1uDΓk2u‖Lq ≤ C‖u‖Γ,[N2 ]+8,p‖Du‖Γ,N−4,2. (127)

Owing to (126) and (127), we have

‖Q(u,Du,D2u)‖Γ,[N2 ]+8,q ≤ C(1 + τ)−1‖u‖Γ,[N2 ]+8,p‖Du‖Γ,N−4,2 ≤ C(1 + τ)−1+σA2ε2. (128)

For the estimate of ‖C(u, Du, D2u)‖Γ,[N2 ]+8,q, we first note that by Lemma 2.6, we have

|ΓkC(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|+|k3|≤|k|+3

|Γk1u||Γk2u||DΓk3u|. (129)

It follows from Lemma 2.15 that

‖Γk1uΓk2uDΓk3u‖Lq(R2) ≤ C‖u‖Γ,[N2 ]+4,∞‖u‖Γ,[N2 ]+8,p‖Du‖Γ,N−4,2. (130)

The combination of (129) and (130) gives

‖C(u,Du,D2u)‖Γ,[N2 ]+8,q

≤ C(1 + τ)−1‖u‖Γ,[N2 ]+4,∞‖u‖Γ,[N2 ]+8,p‖Du‖Γ,N−4,2

≤ C(1 + τ)− 3
2+σA3ε3. (131)

For the estimate of ‖H(u, Du, D2u)‖Γ,[N2 ]+8,q, it follows from the estimates on composite functions given 
in Lemma 2.16 that

‖H(u,Du,D2u)‖Γ,[N2 ]+8,q ≤ C‖u‖Γ,[N2 ]+8,p‖u‖3
Γ,[N2 ]+4,6. (132)

Similarly to (119), we have

‖u(τ, ·)‖Γ,[N2 ]+4,6

≤ C(1 + τ)− 1
2 ‖〈τ − r〉− 1

3 ‖L6(|x|≤τ+1)
∑

|k|≤[N2 ]+4

‖〈τ + | · |〉 1
2 〈τ − | · |〉 1

3 Γku(τ, ·)‖L∞(R2)

≤ C(1 + τ)− 1
3Aε. (133)

By (132) and (133), we have

‖H(u,Du,D2u)‖Γ,[N2 ]+8,q ≤ C(1 + τ)−1+σA4ε4. (134)

Due to (125), (128), (131) and (134), if ε is sufficiently small, then

(1 + t)−σ‖u(t, ·)‖Γ,[N2 ]+8,p ≤ Cε + CA2ε2. (135)
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3.5. Conclusion of the proof

Thanks to (102), (111), (124) and (135), for any given T > 0,

DN,T (u) ≤ C1ε + C2A
2ε2. (136)

Assume that

DN,0(u) ≤ C3ε. (137)

Taking A = max{2C1, 2C3} and ε so small that

C2Aε ≤ 1
2 , (138)

we get

DN,T (u) ≤ Aε, (139)

which completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

In this section we shall prove Theorem 1.2 by a bootstrap argument. Assume that u = u(t, x) is a local 
smooth solution to Cauchy problem (1) on [0, T ]. Let

DN,T (u) = sup
0≤t≤T

‖Du(t, ·)‖Γ,N,2 + sup
0≤t≤T

(1 + t) 1
2 ‖u(t, ·)‖Γ,[N2 ]+4,∞

+ sup
0≤t≤T

(1 + t)− 1
2 ‖u(t, ·)‖Γ,[N2 ]+8,2, (140)

where N ≥ 30 is an integer. We will show that there exist positive constants c and A such that for any 
T ≤ exp(cε−2), we have DN,T (u) ≤ Aε under the assumption DN,T (u) ≤ 2Aε, if ε is sufficiently small.

4.1. Energy estimates

Denote

C(u,Du,D2u) + H(u,Du,D2u) = aαβ(u,Du)∂α∂βu + F1(u,Du), (141)

where aαβ(λ̃) = O(|λ̃|2), F1(λ̃) = O(|λ̃|3) and

∂3
uF1(0, 0) = ∂4

uF1(0, 0) = 0. (142)

For the estimate of ‖Du(t, ·)‖Γ,N,2, the terms on the right-hand side of (76) can be estimated by the same 
way as in Section 3.1 except the last term (note that in Section 3.1 we do not use the second null condition 
of the cubic nonlinearity). For the last term on the right-hand side of (76), we first have

‖∂tΓkuΓkF1(u,Du)‖L1 ≤ C‖∂tΓku‖L2‖ΓkF1(u,Du)‖L2 . (143)
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Similarly to (93), we rewrite

F1(u,Du) = F̂ (u) + F̂1(u,Du)Du, (144)

where

F̂ (u) = F1(u, 0) = O(|u|5), (145)
F̂1(u,Du) = F1(u,Du) − F (u, 0) (146)

and

F̂1(λ̃) = O(|λ̃|2). (147)

Noting (145), by the estimates on composite functions (63) given in Lemma 2.17, we have

‖ΓkF̂ (u)‖L2 ≤ C(1 + t)‖Du‖Γ,|k|,2‖u‖4
Γ,[ |k|

2 ]+1,∞. (148)

Similarly to (98), we have

‖Γk(F̂1(u,Du)Du)‖L2 ≤ C‖u‖2
Γ,[ |k|

2 ]+1,∞‖Du‖Γ,|k|,2. (149)

Due to (143), (144), (148) and (149), we get

‖∂tΓkuΓkF1(u,Du)‖L1

≤ C‖Du‖2
Γ,|k|,2

(
‖u‖2

Γ,[ |k|
2 ]+1,∞ + (1 + t)‖u‖4

Γ,[ |k|
2 ]+1,∞

)
. (150)

It follows from (75), (76), (77), (78), (83), (84), (91) and (150) that if ε is sufficiently small, then we have

‖DΓku(t, ·)‖2
L2 ≤ Cε2 + CA2ε2

t∫
0

(1 + τ)−1‖Du(τ, ·)‖2
Γ,|k|,2dτ. (151)

Hence we have

‖Du(t, ·)‖2
Γ,N,2 ≤ Cε2 + CA2ε2

t∫
0

(1 + τ)−1‖Du(τ, ·)‖2
Γ,N,2dτ

≤ Cε2 + CA4ε4 log(2 + t), (152)

then

‖Du(t, ·)‖Γ,N,2 ≤ Cε + CA2ε2(log(2 + t))1/2. (153)

4.2. L∞ estimates

Noting that

aαβ(u,Du)∂α∂βu

= aαβ(u, 0)∂α∂βu +
(
aαβ(u,Du) − aαβ(u, 0)

)
∂α∂βu

= ∂α
(
aαβ(u, 0)∂βu

)
− ∂α

(
aαβ(u, 0)

)
∂βu +

(
aαβ(u,Du) − aαβ(u, 0)

)
∂α∂βu (154)
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and

F1(u,Du) = F1(u, 0) +
(
F1(u,Du) − F (u, 0)

)
= F1(u, 0) + F̃1(u,Du)Du

= F1(u, 0) + F̃1(u, 0)Du +
(
F̃1(u,Du) − F̃1(u, 0)

)
Du

= F1(u, 0) + F̃1α(u, 0)∂αu +
(
F̃1(u,Du) − F̃1(u, 0)

)
Du

= F1(u, 0) + ∂α
(
Gα(u, 0)

)
+

(
F̃1(u,Du) − F̃1(u, 0)

)
Du, (155)

where Gα(u, 0) is the primitive function of F̃1α(u, 0), and using (142), we rewrite

F (u,Du,D2u) = gαβγ∂γu∂α∂βu + ∂αĜα(u,Du) + Âαβ(u)∂αu∂βu + B̂αβ(u,Du)∂αu∂βu

+ Ĉαβγ(u,Du)∂γu∂α∂βu + F̂ (u), (156)

where

F̂ (u) = F1(u, 0) = O(|u|5), (157)

Âαβ(u) = F1(u, 0) = O(|u|), (158)

Ĝα(λ̃) = O(|λ̃|3), α = 0, 1, 2, (159)

Ĝα(λ̃) is affine with respect to λα(α = 0, 1, 2), and

Ĉαβγ(λ̃), B̂αβ = O(|λ̃|), α, β, γ = 0, 1, 2. (160)

Following [2], we write the solution u to Cauchy problem (1) as

u = u0 + u1 + u2 + u3, (161)

where u0 satisfies

�u0 = gαβγ∂γu∂α∂βu (162)

with the homogeneous initial data, u1 satisfies

�u1 = ∂αĜα(u,Du) (163)

with the homogeneous initial data, u2 satisfies

�u2 = Âαβ(u)∂αu∂βu + B̂αβ(u,Du)∂αu∂βu + Ĉαβγ(u,Du)∂γu∂α∂βu (164)

with the same initial data as u, and u3 satisfies

�u3 = F (u) (165)

with the homogeneous initial data.
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It follows from Lemma 2.1 and Lemma 2.9 that

(1 + t) 1
2 ‖u0(t, ·)‖Γ,[N2 ]+4,∞

≤ Cε + C

t∫
0

(1 + τ)− 1
2 ‖Q(u,Du,D2u)‖Γ,[N2 ]+5,1dτ. (166)

By a similar argument as in the proof of (116), the combination of Lemma 2.5, Lemma 2.14 and Hölder 
inequality gives

‖Q(u,Du,D2u)‖Γ,[N2 ]+5,1 ≤ C(1 + τ)−1‖Du‖2
Γ,N,2 ≤ C(1 + τ)−1A2ε2. (167)

Due to (168) and (167), we have

(1 + t) 1
2 ‖u0(t, ·)‖Γ,[N2 ]+4,∞ ≤ Cε + CA2ε2. (168)

By Lemma 2.1 and Lemma 2.10, we have

(1 + t) 1
2 ‖u1(t, ·)‖Γ,[N2 ]+4,∞

≤ Cε + C
2∑

α=0

t∫
0

(1 + τ) 1
2 ‖Ĝα(u,Du)‖Γ,[N2 ]+4,∞dτ

+ C
2∑

α=0

t∫
0

(1 + τ)− 3
2 ‖Ĝα(u,Du)‖Γ,[N2 ]+7,1dτ. (169)

Noting (159) and the assumption that Ĝα(u, Du) is affine with respect to Du, by the estimates on composite 
functions given in Lemma 2.16, we have

‖Ĝα(u,Du)‖Γ,[N2 ]+4,∞ ≤ C‖u‖2
Γ,[N2 ]+4,∞‖(u,Du)‖Γ,[N2 ]+4,∞ ≤ C(1 + τ)− 3

2A3ε3. (170)

Similarly, we have

‖Ĝα(u,Du)‖Γ,[N2 ]+7,1 ≤ C‖u‖Γ,[N2 ]+4,∞‖u‖Γ,[N2 ]+7,2‖(u,Du)‖Γ,[N2 ]+7,2 ≤ C(1 + τ) 1
2A3ε3. (171)

The combination of (169)–(171) gives

(1 + t) 1
2 ‖u1(t, ·)‖Γ,[N2 ]+4,∞ ≤ Cε + CA3ε3 log(2 + t). (172)

Similarly to (166), we have

(1 + t) 1
2 ‖u2(t, ·)‖Γ,[N2 ]+4,∞

≤ Cε + C

t∫
0

(1 + τ)− 1
2

(
‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+5,1 + ‖B̂αβ(u,Du)∂αu∂βu‖Γ,[N2 ]+5,1

+ ‖Ĉαβγ(u,Du)∂γu∂α∂βu‖Γ,[N2 ]+5,1

)
dτ. (173)
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Noting (158) and using Lemma 2.14, we get

‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+5,1 ≤ C‖uDu‖Γ,[N2 ]+5,2‖Du‖Γ,[N2 ]+5,2

≤ C‖u‖Γ,[N4 ]+3,∞‖Du‖2
Γ,[N2 ]+5,2 ≤ C(1 + τ)− 1

2A3ε3. (174)

Similarly, we have

‖B̂αβ(u,Du)∂αu∂βu‖Γ,[N2 ]+5,1 + ‖Ĉαβγ(u,Du)∂γu∂α∂βu‖Γ,[N2 ]+5,1 ≤ C(1 + τ)− 1
2A3ε3. (175)

Owing to (173)–(175), we have

(1 + t) 1
2 ‖u2(t, ·)‖Γ,[N2 ]+4,∞ ≤ Cε + CA3ε3 log(2 + t). (176)

Similarly to (166), we also have

(1 + t) 1
2 ‖u3(t, ·)‖Γ,[N2 ]+4,∞ ≤ Cε + C

t∫
0

(1 + τ)− 1
2 ‖F̂ (u)‖Γ,[N2 ]+5,1dτ. (177)

Noting (157), by the estimates on composite functions given in Lemma 2.16, we get

‖F̂ (u)‖Γ,[N2 ]+5,1 ≤ C‖u‖2
Γ,[N2 ]+5,2‖u‖

3
Γ,[N4 ]+3,∞ ≤ C(1 + τ)− 1

2A5ε5. (178)

It follows from (177) and (178) that

(1 + t) 1
2 ‖u3(t, ·)‖Γ,[N2 ]+4,∞ ≤ Cε + CA5ε5 log(2 + t). (179)

Combining (168), (172), (176) and (179), and using (161), if ε is sufficiently small, then we have

(1 + t) 1
2 ‖u(t, ·)‖Γ,[N2 ]+4,∞ ≤ Cε + CA3ε3 log(2 + t). (180)

4.3. L2 estimates

By Lemma 2.1 and Lemma 2.12 we have

(1 + t)− 1
3 ‖u0(t, ·)‖Γ,[N2 ]+8,2

≤ Cε + C

t∫
0

‖Q(u,Du,D2u)‖Γ,[N2 ]+8, 65 ,χ1
dτ

+ C

t∫
0

(1 + τ)− 1
3 ‖Q(u,Du,D2u)‖Γ,[N2 ]+8,1,2,χ2

dτ. (181)

It follows from Lemma 2.5 that for any given k with |k| ≤ [N2 ] + 8,

|ΓkQ(u,Du,D2u)| ≤ C(1 + τ)−1
∑

|k1|+|k2|≤|k|+2

|Γk1u||DΓk2u|. (182)
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By Lemma 2.14 we have

‖Γk1uDΓk2u‖
L

6
5 (R2)

≤ C‖u‖Γ,[N2 ]+4,3‖Du‖Γ,N,2. (183)

By Hölder inequality, we have

‖u‖Γ,[N2 ]+4,3 ≤ C‖u‖
2
3
Γ,[N2 ]+4,2‖u‖

1
3
Γ,[N2 ]+4,∞. (184)

Then, it follows from (182)–(184) that

‖Q(u,Du,D2u)‖Γ,[N2 ]+8, 65 ,χ1

≤ C(1 + τ)−1‖u‖
2
3
Γ,[N2 ]+8,2‖u‖

1
3
Γ,[N2 ]+4,∞‖Du‖Γ,N,2

≤ C(1 + τ)− 5
6A2ε2. (185)

Thanks to Lemma 2.14 and the Sobolev embedding on the unit sphere: H1(S1) ↪→ L∞(S1), we have

‖Γk1uDΓk2u‖L1,2(R2) ≤ C‖u‖Γ,[N2 ]+4,2,∞‖Du‖Γ,N,2 ≤ C‖u‖Γ,[N2 ]+8,2‖Du‖Γ,N,2. (186)

Owing to (182) and (186), we have

‖Q(u,Du,D2u)‖Γ,[N2 ]+8,1,2,χ2
≤ C(1 + τ)−1‖u‖Γ,[N2 ]+8,2‖Du‖Γ,N,2 ≤ C(1 + τ)− 1

2A2ε2. (187)

By (181), (185) and (187), we have

(1 + t)− 1
2 ‖u0(t, ·)‖Γ,[N2 ]+8,2 ≤ Cε + CA2ε2. (188)

It follows from Lemma 2.1 and Lemma 2.13 that

‖u1(t, ·)‖Γ,[N2 ]+8,2 ≤ Cε2(log(2 + t))1/2 + C

2∑
α=0

t∫
0

‖Ĝα(u,Du)‖Γ,[N2 ]+8,2dτ. (189)

Noting (159) and the assumption that Ĝα(u, Du) is affine with respect to Du, by the estimates on composite 
functions given in Lemma 2.16, we have

‖Ĝα(u,Du)‖Γ,[N2 ]+8,2

≤ C‖u‖2
Γ,[N4 ]+5,∞‖u‖Γ,[N2 ]+8,2 + ‖u‖2

Γ,[N4 ]+5,∞‖Du‖Γ,[N2 ]+8,2

+ C‖u‖Γ,[N4 ]+5,∞‖Du‖Γ,[N4 ]+5,∞‖u‖Γ,[N2 ]+8,2 (190)

By the Klainerman–Sobolev inequality (31), we get

‖Du‖Γ,[N4 ]+5,∞ ≤ C(1 + τ)− 1
2 ‖Du‖Γ,N,2. (191)

The combination of (190) and (191) gives

‖Ĝα(u,Du)‖Γ,[N2 ]+8,2 ≤ C(1 + τ)− 1
2A3ε3. (192)



JID:MATPUR AID:3008 /FLA [m3L; v1.238; Prn:12/06/2018; 9:10] P.27 (1-30)
D. Zha / J. Math. Pures Appl. ••• (••••) •••–••• 27
Noting (189) and (192), we have

(1 + t)− 1
2 ‖u1(t, ·)‖Γ,[N2 ]+8,2 ≤ Cε2 + CA3ε3. (193)

Similarly to (181), we have

(1 + t)− 1
3 ‖u2(t, ·)‖Γ,[N2 ]+8,2

≤ Cε + C

t∫
0

(
‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8, 65 ,χ1

+ ‖B̂αβ(u,Du)∂αu∂βu‖Γ,[N2 ]+8, 65 ,χ1

+ ‖Ĉαβγ(u,Du)∂γu∂α∂βu‖Γ,[N2 ]+8, 65 ,χ1

)
dτ

+ C

t∫
0

(1 + τ)− 1
3
(
‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8,1,2,χ2

+ ‖B̂αβ(u,Du)∂αu∂βu‖Γ,[N2 ]+8,1,2,χ2

+ ‖Ĉαβγ(u,Du)∂γu∂α∂βu‖Γ,[N2 ]+8,1,2,χ2

)
dτ. (194)

It follows from Hölder inequality that

‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8, 65 ,χ1

≤ C
(
‖uDu‖Γ,[N4 ]+5,3,χ1

‖Du‖Γ,[N2 ]+8,2 + ‖uDu‖Γ,[N2 ]+8,2‖Du‖Γ,[N4 ]+5,3,χ1

)
. (195)

We have

‖uDu‖Γ,[N4 ]+5,3,χ1
≤ C‖u‖Γ,[N4 ]+5,∞‖Du‖Γ,[N4 ]+5,3,χ1

)
(196)

and it follows from Lemma 2.14 that

‖uDu‖Γ,[N2 ]+8,2 ≤ C‖u‖Γ,[N4 ]+6,∞‖Du‖Γ,[N2 ]+8,2
)
. (197)

Thanks to (195)–(197), we have

‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8, 65 ,χ1
≤ C‖u‖Γ,[N2 ]+4,∞‖Du‖Γ,N,2‖Du‖Γ,[N4 ]+6,3,χ1

. (198)

It follows from Hölder inequality and the Klainerman–Sobolev inequality (31) that

‖Du‖Γ,[N4 ]+6,3,χ1
≤ C‖Du‖

2
3
Γ,[N4 ]+6,2‖Du‖

1
3
Γ,[N4 ]+6,∞,χ1

≤ C(1 + τ)− 1
3 ‖Du‖Γ,N,2. (199)

The combination of (198) and (199) gives

‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8, 65 ,χ1
≤ C(1 + τ)− 5

6A3ε3. (200)

Similar argument leads to

‖B̂αβ(u,Du)∂αu∂βu‖Γ,[N2 ]+8, 65 ,χ1
≤ C(1 + τ)− 5

6A3ε3 (201)

and

‖Ĉαβγ(u,Du)∂γu∂α∂βu‖Γ,[N2 ]+8, 65 ,χ1
≤ C(1 + τ)− 5

6A3ε3. (202)
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Due to Hölder inequality and the Sobolev embedding on the unit sphere: H1(S1) ↪→ L∞(S1), we have

‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8,1,2,χ2

≤ C
(
‖uDu‖Γ,[N4 ]+5,2,∞,χ2

‖Du‖Γ,[N2 ]+8,2 + ‖uDu‖Γ,[N2 ]+8,2‖Du‖Γ,[N4 ]+5,2,∞,χ2

)
≤ C

(
‖uDu‖Γ,[N4 ]+5,2,∞,χ2

+ ‖uDu‖Γ,[N2 ]+8,2
)
‖Du‖Γ,N,2. (203)

By the Sobolev embedding on the unit sphere: H1(S1) ↪→ L∞(S1), we have

‖uDu‖Γ,[N4 ]+5,2,∞,χ2
≤ C‖u‖Γ,[N4 ]+5,∞‖Du‖Γ,[N4 ]+5,2,∞,χ2

≤ C‖u‖Γ,[N2 ]+4,∞‖Du‖Γ,N,2. (204)

Owing to (203), (204) and (197), we have

‖Âαβ(u)∂αu∂βu‖Γ,[N2 ]+8,1,2,χ2
≤ C‖u‖Γ,[N2 ]+4,∞‖Du‖2

Γ,N,2 ≤ C(1 + τ)− 1
2A3ε3. (205)

Similarly, we have

‖B̂αβ(u,Du)∂αu∂βu‖Γ,[N2 ]+8,1,2,χ2
≤ C(1 + τ)− 1

2A3ε3 (206)

and

‖Ĉαβγ(u,Du)∂γu∂α∂βu‖Γ,[N2 ]+8,1,2,χ2
≤ C(1 + τ)− 1

2A3ε3. (207)

Putting (194), (200)–(202), (205)–(207) together, we get

(1 + t)− 1
2 ‖u2(t, ·)‖Γ,[N2 ]+8,2 ≤ Cε + CA3ε3. (208)

Similarly to (181), we have

(1 + t)− 1
3 ‖u3(t, ·)‖Γ,[N2 ]+8,2

≤ Cε + C

t∫
0

‖F̂ (u)‖Γ,[N2 ]+8, 65 ,χ1
dτ + C

t∫
0

(1 + τ)− 1
3 ‖F̂ (u)‖Γ,[N2 ]+8,1,2,χ2

dτ. (209)

Noting (157), by using the estimates on composite functions given in Lemma 2.16 and (184), we have

‖F̂ (u)‖Γ,[N2 ]+8, 65 ,χ1
≤ C‖u‖3

Γ,[N4 ]+5,∞‖u‖Γ,[N4 ]+5,3,χ1
‖u‖Γ,[N2 ]+8,2

≤ C‖u‖
10
3

Γ,[N2 ]+4,∞‖u‖
5
3
Γ,N,2 ≤ C(1 + τ)− 5

6A5ε5. (210)

By the estimates on composite functions given in Lemma 2.16 and the Sobolev embedding on the unit 
sphere: H1(S1) ↪→ L∞(S1), we have

‖F̂ (u)‖Γ,[N2 ]+8,1,2,χ2
≤ C‖u‖3

Γ,[N4 ]+5,∞‖u‖Γ,[N4 ]+5,2,∞,χ2
‖u‖Γ,[N2 ]+8,2

≤ C‖u‖3
Γ,[N2 ]+4,∞‖u‖2

Γ,[N2 ]+8,2 ≤ C(1 + τ)− 1
2A5ε5. (211)

Due to (209)–(211), we get

(1 + t)− 1
2 ‖u3(t, ·)‖Γ,[N2 ]+8,2 ≤ Cε + CA5ε5. (212)
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Combining (188), (193), (208) and (212), and using (161), if ε is sufficiently small, then we have

(1 + t)− 1
2 ‖u(t, ·)‖Γ,[N2 ]+8,2 ≤ Cε + CA2ε2. (213)

4.4. Conclusion of the proof

By (153), (180) and (213), we have

DN,T (u) ≤ C1ε + C2A
2ε2 + C3A

2ε2(log(2 + t))1/2 + C4A
3ε3 log(2 + t). (214)

Assume that

DN,0(u) ≤ C5ε. (215)

Taking A = max{2C1, 2C5} and ε sufficiently small such that

C2Aε,C3Aε(log(2 + t))1/2, C4A
2ε2 log(2 + t) ≤ 1

6 , (216)

we have

DN,T (u) ≤ Aε, (217)

then, it follows from (216) that the lifespan of classical solutions to Cauchy problem (1) possesses the 
following lower bound estimate:

Tε ≥ exp(cε−2), (218)

where c is a positive constant independent of ε. Thus the proof of Theorem 1.2 is complete.
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